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CHAPTER 1 

TRANSVERSE VIBRATION 
EQUATIONS 



The different assumptions and corresponding theories of transverse vibrations of beams are 
presented. The dispersive equation, its corresponding curve ‘propagation constant- 
frequency’ and its comparison with the exact dispersive curve are presented for each 
theory and discussed. 

The exact dispersive curve corresponds to the first and second antisymmetrical Lamb's 
wave. 
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Velocity of longitudinal wave, c b = */E] p 
Velocity of shear wave, c, = *JG/p 
Stiffness parameter, Dq = EI,/(2pH) 

Young’s modulus, Poisson’s ratio and density of the beam material 

Longitudinal and shear modulus of elasticity, E { = E/( 1 — v 2 ), G = E/ 2(1 + v) 

Shear force 

Height of the plate 

Moment of inertia of a cross-section 

Propagation constant 

Longitudinal propagation constant, k b = <o/c b 

Shear propagation constant, k t = co/c t 

Bending wave number for Bemoulli-Euler rod, Lq = 

Bending moment 
Correct multipliers 

Longitudinal and transversal displacements 
Average displacement and average slope 
Cartesian coordinates 
Longitudinal and shear stress 
Dimensionless parameters, p, = k,H, 2 = kH 
Natural frequency 

Differentiation with respect to space coordinate 
Differentiation with respect to time 
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7. 7 A VERAGE VALUES AND RESOL VING 
EQUATIONS 



The different theories of dynamic behaviours of beams may be obtained from the equations 
of the theory of elasticity, which are presented with respect to average values. The object 
under study is a thin plate with rectangular cross-section (Figure 1.1). 



1.1.1 Average values for deflections and internal forces 

1. Average displacement and slope are 



-\-H jj 

’= f — dy 

J 2 H * 



-H 

+H 



4= J^dy 

-H l z 

where u x and u y are longitudinal and transverse displacements. 
2. Shear force and bending moment are 



( 1 . 1 ) 

( 1 . 2 ) 



+H 



p y = 


J ° xv 4 y 


(1.3) 




-H 






+H 




M = 


J y°xx d y 


( 1 . 4 ) 



-H 



where a x and <r v are the nonnal and shear stresses that correspond to u x and u v . 

Resolving the equations may be presented in terms of average values as follows 
(Landau and Lifshitz, 1986) 



1. Integrating the equilibrium equation of elasticity theory leads to 

2 pHw = F' y 
Plz4 =K~ Fy 

2. Integrating Hooke’s equation for the plane stress leads to 

u x (H)l 



F y = 2 HG 



w' + - 



H 



M z = E x {Lij/' + 2 Hv[u y (H) - w] } = EL\\j' + v J ya w d y 



(1.5) 

(1.6) 



(1.7) 



(1.7a) 






Cross-section 







FIGURE 1.1. Thin rectangular plate, the boundary conditions are not shown. 
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Equations (1.5)-(1.7a) are complete systems of equations of the theory of elasticity with 
respect to average values w, i p, F y and M. These equations contain two redundant 
unknowns u x (H) and u v (H). Thus, to resolve the above system of equations, additional 
equations are required. These additional equations may be obtained from the assumptions 
accepted in approximate theories. 

The solution of the governing differential equation is 

w = exp(ikx — iwt) (1-8) 

where k is a propagation constant of the wave and co is the frequency of vibration. 

The degree of accuracy of the theory may be evaluated by a dispersive curve k — co and 
its comparison with the exact dispersive curve. We assume that the exact dispersive curve 
is one that corresponds to the first and second antisymmetric Lamb’s wave. The closer the 
dispersive curve for a specific theory to the exact dispersive curve, the better the theory 
describes the vibration process (Artobolevsky et al. 1979). 



1.2 FUNDAMENTAL THEORIES AND 
APPROACHES 



1.2.1 Bernoulli-Euler theory 

The Bernoulli-Euler theory takes into account the inertia forces due to the transverse 
translation and neglects the effect of shear deflection and rotary inertia. 



Assumptions 

1. The cross-sections remain plane and orthogonal to the neutral axis (t/r = — W). 

2. The longitudinal fibres do not compress each other (o yy = 0, — >• M, = ELip'). 

3. The rotational inertia is neglected (pZ, i/r — 0). This assumption leads to 

F y =M' Z = —EI Z W" 

Substitution of the previous expression in Equation (1.5) leads to the differential equation 
describing the transverse vibration of the beam 



9V i 4 _ei l _ 

dx A D 4 0 dt 2 ’ 0 2 pH 



(1.9) 



Let us assume that displacement w is changed according to Equation (1.8). The dispersive 
equation which establishes the relationship between k and co may be presented as 



This equation has two roots for a forward-moving wave in a beam and two roots for a 
backward-moving wave. Positive roots correspond to a forward-moving wave, while 
negative roots correspond to a backward-moving wave. 

The results of the dispersive relationships are shown in Figure 1.2. Here, bold curves 1 
and 2 represent the exact results. Curves 1 and 2 correspond to the first and second 
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FIGURE 1.2. Transverse vibration of beams. Dispersive curves for different theories. 1, 2-Exact solution; 
3, 4-Bemoulli— Euler theory; 5, 6-Rayleigh theory, 7, 8— Bernoulli-Euler modified theory. 



antisymmetric Lamb’s wave, respectively. The second wave transfers from the imaginary 
zone into the real one at k t H = rc/2. Curves 3 and 4 are in accordance with the Bernoulli- 
Euler theory. Dispersion obtained from this theory and dispersion obtained from the exact 
theory give a close result when frequencies are close to zero. This elementary beam theory 
is valid only when the height of the beam is small compared with its length (Artobolevsky 
et al, 1979). 



1.2.2 Rayleigh theory 

This theory takes into account the effect of rotary inertia (Rayleigh, 1877). 
Assumptions 

1. The cross-sections remain plane and orthogonal to the neutral axis (t/r = — vr'). 
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2. The longitudinal fibres do not compress each other ( a vv = 0, M z = EfiJj'). 
From Equation (1.6) the shear force F = Ml — plpji. 



Differential equation of transverse vibration of the beam 



fiw 1 <fw 1 d 4 W 2 E 

^ + dx^¥ = (> ' ° b = p 



(1.10) 



where c b is the velocity of longitudinal waves in the thin rod. 

The last term on the left-hand side of the differential equation describes the effect of the 
rotary inertia. 

The dispersive equation may be presented as follows 



vJK + 4£q 

where k 0 is the wave number for the Bernoulli-Euler rod, and k b is the longitudinal wave 
number. 

Curves 5 and 6 in Figure 1 reflect the effect of rotary inertia. 



1.2.3 Bernoulli-Euler modified theory 

This theory takes into account the effect of shear deformation; rotational inertia is 
negligible (Bernoulli, 1735, Euler, 1744). In this case, the cross-sections remain plane, 
but not orthogonal to the neutral axis, and the differential equation of the transverse 
vibration is 



«|V = 0 2 =^ 

dx 4 Dq dt 2 c 2 dx 2 dt 2 ’ 1 p 

where c, is the velocity of shear waves in the thin rod. 

The dispersive equation may be presented as follows 

2*f ,2 = kj ± Jk 2 + 4k 4 , kf = ^ 

C t 



( 1 . 11 ) 



Curves 7 and 8 in Figure 1.2 reflect the effect of shear deformation. 

The Bernoulli-Euler theory gives good results only for low frequencies; this dispersive 
curve for the Bernoulli-Euler modified theory is closer to the dispersive curve for exact 
theory than the dispersive curve for the Bernoulli-Euler theory; the Rayleigh theory gives 
a worse result than the modified Bernoulli-Euler theory. 

Curves 1 and 2 correspond to the first and second antisymmetric Lamb’s wave, 
respectively. The second wave transfers from the imaginary domain into the real one at 
k,H = tt/2. 



1.2.4 Bress theory 

This theory takes into account the rotational inertia, shear deformation and their combined 
effect (Bress, 1859). 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



TRANSVERSE VIBRATION EQUATIONS 



6 



FORMULAS FOR STRUCTURAL DYNAMICS 



Assumptions 



1. The cross-sections remain plane. 

2. The longitudinal fibres do not compress each other (er n . = 0). 
Differential equation of transverse vibration 



3 4 w 1 ifw / 1 1 \ 3 4 m’ 1 3 4 w 

3.x 4 Dq 3 1 2 \c| cj) dx 2 dt 2 3t 4 



( 1 . 12 ) 



In this equation, the third and fourth terms reflect the rotational inertia and the shear 
deformation, respectively. The last term describes their combined effect; this term leads to 
the occurrence of a cut-off frequency of the model, which is a recently discovered 
fundamental property of the system. 



1.2.5 Volterra theory 

This theory, as with the Bress theory, takes into account the rotational inertia, shear 
deformation and their combined effect (Volterra, 1955). 

Assumption 

All displacements are linear functions of the transverse coordinates 
u x (x, y, t ) = y4/(x, t), u y (x, y, t ) = w(x, t) 

In this case the bending moment and shear force are 

M, = Efpf F y = 2 HG(w' + 1 1/) 

Differential equation of transverse vibration 

7w 1 — v 2 <Pw /I 1\ 3 4 w 1 7w 

^A + ^^W~\c 2 + 7 r )dtfd fi + & 2 ~df ={ ( ' 3) 

where c s is the velocity of a longitudinal wave in the thin plate, c 2 = (E { / p), and E { is the 
longitudinal modulus of elasticity, E l = (E / 1 — v 2 ). 

Difference between Volterra and Bress theories. As is obvious from Equations (1.12) 
and (1.13), the bending stiffness of the beam according to the Volterra model is 
(1 — v 2 )~' times greater than that given by the Bress theory (real rod). This is because 
transverse compressive and tensile stresses are not allowed in the Volterra model. 



1.2.6 Ambartsumyan theory 

The Ambartsumyan theory allows the distortion of the cross-section (Ambartsumyan, 
1956). 

Assumptions 

1. The transverse displacements for all points in the cross-section are equal: du y /dy = 0. 
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2. The shear stress is distributed according to function f(y): 



<Txy(x,y, t) = G<p(x, t)f(y) 

In this case, longitudinal and transverse displacements may be given as 

, , dw(x, t) 

u x (x,y, t) = -y • + <p(x, t)g(y) 

y 

Uy(x, y, t) = w(x, t), g(y ) = J /(£)d£ 
o 



Differential equation of transverse vibration 



where 



3 4 w 1 — v 2 (Pw /I 1 \ cfiw 1 d 4 w 

dx 4 Dq 3 1 2 acf J dx 2 d t 2 ac 2 c 2 3 f 



a = 



lh 

2 HI 0 ' 



h 



H 



j m dt, 

- H 



Io = 



H 



J yg(y)dy 

- H 



(1.14) 



Difference between Ambartsumyan and Volterra theories. The Ambartsumyan’s differ- 
ential equation differs from the Volterra equation by coefficient a at c 2 . This coefficient 
depends on f(y). 

Special cases 

1. Ambartsumyan and Volterra differential equations coincide if f(y) = 0.5. 

2. If shear stresses are distributed by the law f(y) = 0.5 (H 2 — y 2 ) then a = 5/6. 

3. If shear stresses are distributed by the law f(y) = 0.5 (H 2 " — y 2 "), then a = 

(2« + 3)/(2« + 4). 



1.2.7 Vlasov theory 

The cross-sections have a distortion, but after deformation the cross-sections remain 
perpendicular to the surfaces y = 2szH (Vlasov, 1957). 



Assumptions 

1. The longitudinal and transversal displacements are 



u x (x,y,t) = -ey- 



y 2 



2 H 2 G rJxy 



u v (x, y, t) = vi'(x, y, t) 

where e = — (du x /dy) v _ Q and uj,, is the shear stress at y = 0. 

This assumption means that the change in shear stress by the quadratic law is 

1 — — 

H 2 
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2. The cross-sections are curved but, after deflection, they remain perpendicular to the 
surfaces at 



y = H and y = —H 
This assumption corresponds to expression 




I =0 

y=±H 



These assumptions of the Vlasov and Ambartsumyan differential equations coincide at 
parameter a = 5/6. Coefficient a is the improved dispersion properties on the higher 
bending frequencies. 



1.2.8 Reissner, Goldenveizer and Ambartsumyan approaches 

These approaches allow transverse deformation, so differential equations may be devel- 
oped from the Bress equation if additional coefficient a is put before cj. 

Assumptions 



2. a xy = (x,y, t) = Gcp{x, t)f(y). 

These assumptions lead to the Bress equation (1.12) with coefficient a instead of cf. The 
structure of this equation coincides with the Timoshenko equation (Reissner, 1945; 
Goldenveizer, 1961; Ambartsumyan, 1956). 



1.2.9 Timoshenko theory 

The Timoshenko theory takes into account the rotational inertia, shear deformation and 
their combined effects (Timoshenko, 1921, 1922, 1953). 



Assumptions 



1. Normal stresses tx rv = 0; this assumption leads to the expression for the bending 
moment 






= EI : 



dip 

dx 



2. The ratio u x (H)/H substitutes for angle t p; this means that the cross-sections remain 
plane. This assumption leads to the expression for shear force 



3. The fundamental assumption for the Timoshenko theory: arbitrary shear coefficient q 
enters into the equation. 
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Mechanical presentation of the Timoshenko beam. A beam can be substituted by the 
set of rigid non-deformable plates that are connected to each other by elastic massless pads. 

The complete set of the basic relationships 

2 pHw = F' y 
pLijj = M' z -F y 
d<l/ 

M- = EL — 
z dx 

F, = 2,« C g+*) 

To obtain the differential equation of vibration eliminate from the basic relationships all 
variables except displacement. 



Timoshenko differential equation of the transverse vibration of a beam 

d*w l^w /I 1 \ 3 4 w 1 3 4 w_ 

dx 4 Dq 3 1 2 yc| qcj ) dx 2 d t 2 qc^c^ dt 4 ^ 

The fundamental difference between the Rayleigh and Bress theories, on one hand, and the 
Timoshenko theory, on the other, is that the correction factor in the Rayleigh and Bress 
theories appears as a result of shear and rotary effects, whereas in the Timoshenko theory, 
the correction factor is introduced in the initial equations. The arbitrary coefficient q is the 
fundamental assumption in the Timoshenko theory. 

Presenting the displacement in the form (1.8) leads to the dispersive equation 



2 k 2 l2 =kl + ^± 

q 

where k l 2 are propagation constants; 



H — ) + 4k 4 



q is the shear coefficient; 

k 0 is the wave number of the bending wave in the Bernoulli-Euler rod, 

■' 2 EL 



*$ = 



D 4 ’ 



D1 = 



2 pH 



k b and k t are the longitudinal and shear propagation constants, respectively. 



k 2 - — 

** “ J 



kt = 



c b and c, are the velocities of the longitudinal and shear waves 



Cb = 



G 

P 



Practical advantages of the Timoshenko model. Figure 1.3 shows a good agreement 
between dispersive curves for both the Timoshenko model and the exact curve for high 
frequencies. This means that the two-wave Timoshenko model describes the vibration of 
short beams, or high modes of a thin beam, with high precision. 
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FIGURE 1.3. Dispersive curves for the Timoshenko beam model. 1, 2-exact solution; 3, 4 — Bress model; 
5, 6-q = 7i 2 /12; 7, 8 -q = 2/3; 9, 10 -q = 1/2. 



This type of problem is an important factor in choosing the shear coefficient (Mindlin, 
1951; Mindlin and Deresiewicz, 1955). 

Figure 1.3 shows the exact curves, 1 and 2, and the dispersive curves for different shear 
coefficients: curves 3 and 4 correspond to q = 1 (Bress theory), curves 5 and 6 to 
q = 7i 2 /12, curves 7 and 8 to q = 2/3, curves 9 and 10 to q = 1/2. 



1.2.10 Love theory 

The equation of the Love (1927) theory may be obtained from the Timoshenko equation as 
a special case. 
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(a) Truncated Love equation 

3 4 m ' 1 Pw 1 3 4 w 2 _ G 

ft 

(b) Complete Love equation 

3 4 w 1 SP-w / 1 1 \ 3 4 w 

3a 4 Z)q 3f 2 \c| r/cj' / dx 2 dt 2 



11 



(1.16) 



(1.17) 



1.2.11 Timoshenko modified theory 

Assumption 

More arbitrary coefficients are entered into the basic equations. 

The bending moment and shear in the most general case are 

3i/r l dw , \ 

K=P ei 4 x , F y = 2HG^q — + si/zj 

where p, q, and s are arbitrary coefficients. 

Differential equation of transverse vibration 

3 4 m' / s \ 1 cfiw /I 1 \ 3 4 w 1 S 4 w 

3x 4 \pq) Dq 3 1 2 VPCj qcj ) dx 2 dt 2 pqclc 2 3 1 4 

The dispersive equation may be written in the form 



(1.18) 



2*7,2 — 





if 

pq 



The dispersive properties of the beam (and the corresponding dispersive curve) is sensitive 
to the change of parameters p, q and s. Two additional relationships between parameters p, 
q, s, such that 



s=pq 



and kr = pq 
A 



define a differential equation with one optimal correct multiplier. The meaning of the 
above-mentioned relationships was discussed by Artobolevsky et al. (1979). The special 
case p = q was studied by Aalami and Atzori (1974). 

Figure 1 .4 presents the exact curves 1 and 2 and dispersive curves for different values 
of coefficient p: p = 0.62, p = 0.72, p = n 2 /\2,p = 0.94 and p = 1 (Timoshenko model). 
The best approximation is p = n 2 /\2 for k,H in the interval from 0 to n. 
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FIGURE 1.4. Dispersive curves for modified Timoshenko model. 1, 2-exact solution. 
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CHAPTER 2 

ANALYSIS METHODS 



Reciprocal theorems describe fundamental properties of elastic deformable systems. Dis- 
placement computation techniques are presented in this chapter, and the different cal- 
culation procedures for obtaining eigenvalues are discussed: among these are Lagrange’s 
equations, Rayleigh, Rayleigh-Ritz and Bubnov-Galerkin’s methods, Grammel, Dunker- 
ley and Hohenemser-Prager’s formulas, Bernstein and Smirnov’s estimations. 



NOTATION 



a, h, c, d, e,f 



a ik 

c ik 

E 

El 



g 

h 

k 



L, /, h, a, b 
M 

M, J 



Specific ordinates of the bending moment diagrams 
Inertial coefficients 
Elastic coefficients 

Young’s modulus of the beam material 

Bending stiffness 

Gravitational acceleration 

Moment of inertia of a cross-section 

Stiffness coefficient 

Geometrical parameters 

Bending moment 

Mass and stiffness coefficients 

Concentrated mass and moment of inertia of the mass 



n Number of degrees of freedom 

Q Generalized force 

q, q, q Generalized coordinate, generalized velocity and generalized acceleration 

r Radius of gyration 

r ik Unit reaction 

U, T Potential and kinetic energy 

x, y, z Cartesian coordinates 

X(x) Mode shape 

y c Ordinate of the bending moment diagram in the unit state under centroid 

of bending moment diagram in the actual state 
S ik Unit displacement 

£2 Area of the bending moment diagram under actual conditions 
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i d 

( ) = — Differentiation with respect to space coordinate 

dr 

d 

(■) = — Differentiation with respect to time 

dt 

2. 1 RECIPROCAL THEOREMS 



Reciprocal theorems represent the fundamental and useful properties of arbitrary linear 
elastic systems. The fundamental investigations were developed by Betti (1872), Helm- 
holtz (1860), Maxwell (1864) and Rayleigh (1873, 1876). 



2.1.1 Theorem of reciprocal works (Betti, 1872) 

The work performed by the actions of state 1 along the deflections caused by the actions 
corresponding to state 2 is equal to the work performed by the actions of state 2 along the 
deflections due to the actions of state 1, e.g. A l2 = A 2l . 



2.1.2 Theorem of reciprocal displacements 

If a harmonic force of given amplitude and period acts upon a system at point A, the 
resulting displacement at a second point B will be the same, both in amplitude and phase, 
as it would be at point A were the force to act at point B. The statical reciprocal theorem is 
the particular case in which the forces have an infinitely large period (Lord Rayleigh, 
1873-1878). 

Unit displacement 5 ik indicates the displacement along the zth direction (linear or 
angular) due to the unit load (force or moment) acting in the kt h direction. 

In any elastic system, the displacement along a load unity of state 1 caused by a load 
unity of state 2 is equal to the displacement along the load unity of state 2 caused by a load 
unity of the state 1, e.g. <5 P = <5 21 . 



Example. A simply supported beam carries a unit load P in the first condition and a unit 
moment M in the second condition (Fig. 2.1). 

In the first state, the displacement due to load unity P = 1 along the load of state 2 is 
the angle of rotation 



9 = 



5 2l — 



1 x L 2 
24EI 



P= 1 



First state 

A 

<5n $21 

U 2 



Second state 

A 

<5,2 



M= 1 




822 



FIGURE 2.1. Theorem of reciprocal displacements. 
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111 the second state, the displacement due to load unity M = 1 along the load of state 1 is a 
linear deflection 



y = s 12 = 



1 xL 2 
24EI 



2.1.3 Theorem of the reciprocal of the reactions (Maxwell, 1864) 

Unit reaction r ik indicates the reaction (force or moment) induced in the z'th support due to 
unit displacement (linear or angular) of the Mi constraint. 

The reactive force r nm due to a unit displacement of constraint m along the direction n 
equals the reactive force r mn induced by the unit displacement of constraint n along the 
direction m, e.g. r nm = r mn . 

Example. Calculate the unit reactions for the frame given in Fig. 2.2a. 

Solution. The solution method is the slope-deflection method. The given system has one 
rigid joint and allows one horizontal displacement. The primary system of the slope-deflec- 
tion method is presented in Fig. 2.2(b). Restrictions 1 and 2 are additional ones that prevent 
angular and linear displacements. For a more detailed discussion of the slope-deflection 
method see Chapter 4. 

State 1 presents the primary system under unit rotational angle Z { = 1 and the 
corresponding bending moment diagram; state 2 presents the primary system under unit 
horizontal displacement Z 2 = 1 and the corresponding bending moment diagram. 



Mil 



X 



Eluh 



a) 



1 □ 




b) 




ru 

6EI\/h 2 



Z,= 1 



6 Eh/h 2 



d) 



FIGURE 2.2. Theorem of the reciprocal of the reactions: (a) given system; (b) primary system of the slope 
and deflection method; (c) bending moment diagram due to unit angular displacement of restriction 1; 
(d) bending moment diagram due to unit linear displacement of restriction 2. 
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Free-body diagrams for joint 1 in state 2 using Fig. 2.2(d), and for the cross-bar in state 
1 using Fig. 2.2(c) are presented as follows. 



r 

6Eh/h 2 




6EI\ Ik 






ri\ 

► 



The equilibrium equation of the constraint 1 (EM = 0) leads to 

6EI X 



The equilibrium equation of the cross-bar 1-2 (EF X = 0) leads to 

1 /4E7, 2£7A _ 6EI X 

Ylx ~ ~h\h~ + ~h~) = ~~i< r 



2.1.4 Theorem of the reciprocal of the displacements and reactions 
(Maxwell, 1864) 

The displacement in the y'th direction due to a unit displacement of the Mi constraint and 
the reaction of the constraint k due to a unit force acting in the yth direction are equal in 
magnitude but opposite in sign, e.g. 5 jlc = —r k j. 

Example. Find a vertical displacement at the point A due to a unit rotation of support B 
(Fig. 2.3). 





FIGURE 2.3. Theorem of the reciprocal of the displacements and reactions. 



Solution. Let us apply the unit force F = 1 in the direction <5 AB . The moment at the fixed 
support due to force F = 1 equals r BA = — F(a + b). 

Since F = 1 , the vertical displacement <5 AB = a + b. 
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2.2 DISPLACEMENT COMPUTATION 
TECHNIQUES 



2.2.1 Maxwell-Morh integral 

Any displacement of the linear deformable system may 



= £ (M^dx + £ J^dx-I- 
,k El i EA 



be calculated by the formula 

zffi* <2 -'» 



where M k (x), N k (x) and O k (x) represent the bending moment, axial and shear forces acting 
over a cross-section situated a distance x from the coordinate origin; these internal 
forces are due to the applied loads; 

M t {x), Nj(x) and Q t {x) represent the bending moment, axial and shear forces due to a 
unit load that corresponds to the displacement A ik .; 

i] is the non-dimensional shear factor that depends on the shape and size of the 
cross-section. Detailed information about the shear factor is presented in Chapter 1. 

For bending systems, the second and third terms may be neglected. 

Example. Compute the angle of rotation of end point C of a unifonnly loaded cantilever 
beam. 

Solution. The unit state — or the imaginary one — is a cantilever beam with a unit moment 
that is applied at the point C; this moment corresponds to an unknown angle of rotation at 
the same point C. 



Actual condition 



Unit state 



9 



J/\l/\|/\|/\l/J/\l/\l/\l/\b\l/\|/ 




X 





C 




M= 1 



The bending moments in the actual condition M k and the unit state M t are 



Xl k (x)~.^ 2 . Mi = lxr 



The angle of rotation 



,k El ^ 2EI 6EI 
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Example. Compute the vertical and horizontal displacements at the point C of a 
uniformly circular pinned-roller supported arch, due to unit loads P l = 1 and P 2 = 1 . 




Solution. The first state is the arch with a unit vertical load that is applied at point C; the 
second state is the arch with a unit horizontal load, which is applied at the same point. 




The unit displacements according to the first term of equation (2.1) are (Prokofiev et al., 
1948) 

n/4 i ji/4 i q 01925# 3 

d 1 1 = [ — (0.293./? sin o'!) 2 ./? da! + [ —[0.707(1 — cos a 2 )7?] 2 7? da 2 = — — — ^ 

q EI q El El 

n/4 j n/4 j q 

5 22 = J — (0.7077? sin o'!) 2 i? da! + [ — [ftsina, — 0.7077?(1 — cos or 2 )] 2 7? da, = 

a El q El El 

n/4 j 

3 12 = <5 21 = f —0.707 x 0.2937? 3 sin 2 oqdoq 
o EI 

V 4 1 Jp 

+ [ — [7?sina 2 — 0.7077?(1 — cos a,)] x 0.7077?(1 — cos a,)7? dct 2 = 0.0530 — 
q EI “ “ EI 



Graph multiplication method (Vereshchagin method). In the most common case, the 
bending moment diagram is the actual condition bounded by any curve. The bending 
moment diagram that corresponds to the unit condition is always bounded by a straight 
line. This latter property allows us to present the Maxwell-Morh integral for bending 
systems (Vereshchagin, 1925; Flugge, 1962; Darkov, 1989). 



1 

£7 



M;M k dr = 




( 2 . 2 ) 
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The product of the multiplication of two graphs, at least one of which is bounded by a 
straight line, equals the area fi bounded by the graph of an arbitrary outline multiplied by 
the ordinate y c to the first graph measured along the vertical passing through the centroid 
of the second one. The ordinate y c must be measured on the graph bounded by a straight 
line (Fig. 2.4). 



C - Gravity center of M k diagram 
Q - Area of M* diagram 




FIGURE 2.4. Graph multiplication method: (a) bending moment diagram that corresponds to the actual 
condition; (b) bending moment diagram that corresponds to the unit condition. 



If a bending structure in the actual condition is under concentrated forces and/or 
moments, then both of bending moment diagrams in actual and unit conditions are 
bounded by straight lines (Fig. 2.4). In this case, the ordinate y c could be measured on 
either of the two lines. 

If both graphs are bounded by straight lines, then expression (2.2) may be presented in 
terms of specific ordinates, as presented in Fig. 2.5. In this case, displacement as a result of 
the multiplication of two graphs may be calculated by the following expressions. 

Exact formula 




(2 ab + led + ad + be) 



(2.3) 



Approximate formula (Simpson-Kornoukhov’s rule) 



<5/* = + cd + 4<?/) 



(2.4) 



a 




Mi 



b 



rr 


f I IT 




1/2 

< > 


1/2 

■< > 



d 



M k 



FIGURE 2.5. Bending moment diagrams bounded by straight lines. 
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Equation (2.3) is used if two bending moment graphs are bounded by straight lines 
only. Equation (2.4) may be used for the calculation of displacements if the bending 
moment diagram in the actual condition is bounded by a curved line. If the bending 
moment diagram in the actual condition is bounded by the quadratic parabola, then the 
result of the multiplication of two bending moment diagrams is exact. This case occurs if 
the bending structure is carrying a uniformly distributed load. 

Unit displacement is displacement due to a unit force or unit moment and may be 
calculated by expressions (2.3) or (2.4). 

Example. A cantilever beam is carrying a uniformly distributed load q. Calculate the 
vertical displacement at the free end. 

Solution. The bending moment diagram due to the applied uniformly distributed force 
{M q ), unit condition and corresponding bending moment diagram M P=l are presented in 
Fig. 2.6. 






Actual 

condition 


^ Y Y Y Y Y Y Y Y Y Y 1? 

EI.l , : 

(fit 8 


1 Mg \ 
Pm \ 

Unit " 

condition 


, 1/2 


vl 9 


Q 

1 




| 





1 1/2 y c 

FIGURE 2.6. Actual state, unit condition and corresponding bending moment diagram. 



The bending moment diagram in the actual condition is bounded by the quadratic 
parabola. The vertical displacement at the free end, by using the exact and approximate 
formulae, respectively, is 



1 1 



ql 2 



ql 4 



A = — x -l x - — x — 1 x / = - 
El 3 2 4 8 El 



A = 



I 

6E1 



( \ 

ql 2 ql 2 l 

0x0 + - — x 1 x / + 4 x - — x 1 - 

2 , 8 2 

\ ctt 4c/ / 



ql 4 
8EI 



Example. Consider the portal frame shown in Fig. 2.7. Calculate the horizontal dis- 
placement of the point B. 
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El 



A 




L 





-H 




FIGURE 2.7. Portal frame: actual condition and corresponding bending moment diagram. 

Solution. The bending moment diagram, M p , corresponding to the actual loading, P, is 
presented in Fig. 2.7. 

The unit loading consists of one horizontal load of unity acting at point B. The 
corresponding bending moment diagram M ; is given in Fig. 2.8. 




FIGURE 2.8. Unit condition and corresponding bending moment diagram. 



The signs of the bending moment appearing in these graphs may be omitted if desired, 
as these graphs are always drawn on the side of the tensile fibres. The displacement of the 
point B will be obtained by multiplying the two bending moment diagrams. Using 
Vereshchagin’s method and taking into account the different rigidities of the columns 
and of the cross beam, we find 



A„ = x —h x Ph x -/; x -Ph x L xh 

B 2 3 EI 2 2 



£2 



To 



£2 



Ph 3 PLh 2 
3ETi~2EE 



2.2.2 Displacement in indeterminate structures 

The deflections of a redundant structure may be determined by using only one bending 
moment diagram pertaining to the given structure — either that induced by the applied loads 
or else that due to a load unity acting along the desired deflection. The second graph may 
be traced for any simple structure derived from the given structure by the elimination of 
redundant constraints. 

Example. Calculate the angle of displacement of the point B of the frame shown in Fig. 
2.9. The stiffnesses of all members are equal, and L = h. 
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FIGURE 2.9. Design diagram of the statically indeterminate structure. 



Solution. The bending moment diagram in the actual condition and the corresponding 
bending moment diagram in the unit condition are presented in Fig. 2.10. 




FIGURE 2.10. Bending moment diagrams in the actual and unit conditions. 



The angular displacement may be calculated by using Equation 2.3 



h ( PL PL PL PL 

= 6 M- 2 X 1 X 22 +2 X 1 X 44 + 1 X 44 - 1 X 22 



PL 2 
88 El 



2.2.3 Influence coefficients 

Influence coefficients (unit displacements) S jk are the displacement in the ith direction 
caused by unit force acting in the Ath direction (see Tables 2.1 and 2.2). 

In Table 2.2 the influence coefficients at point 1 due to a unit force or moment being 
applied at the same point 1 are: 

<5 = vertical displacement due to unit vertical force; 

/( = angle of rotation due to unit vertical force or vertical displacement 
due to unit moment; 

y = angle of rotation due to unit moment. 

Example. Calculate the matrix of the unit displacements for the symmetric beam shown 
in Fig. 2.1 1 
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TABLE 2.1 Influence coefficients for beams with classical boundary conditions (static Green 
functions); El = const. 



Beam type 






Sij — Si 





|X>| 


X i , 2 X. 

L J 


<-0-> 






2 * 
1*^1 




1 2 


1 2 X 






a 3 (l - af 



3PEI 

a 3 

3£Y 

, 1 2 „3 , 



ab(l 2 -a 2 - b 2 ) 
6/£7 



a 2 b 2 ( 2 ab 

WEl\ l - a - b + 



?) 



a 2 

2EI 






a 2 b 

\21EI 



ft 2 . 



3(/-a)p(3/-a) 



/ 3 (/- ft ) 2 / ft \ 2 
3£7 / 2 V / 

ft 2 (Z - ft ) 2 



3PEI 

il-bf 

3 El 



b 2 U - ft) 3 
\2PEI 



K) 



TABLE 2.2 Influence coefficients for beams with non-classical boundary 
conditions; El = const. 



Beam type 



Influence coefficients 



M, J 



EL 



EL 



a 


1 r|-r 


ft 3 






/ .1 





c a 2 ft, + ft 2 ft, a 3 ft 3 a 2 ft 3 

5 = ^ L + - rr — + : 



3/ 2 £/j 1PEI 2 

bk , — aft, a 3 ft aft 3 

- + 



l 2 3l 2 EI 1 3 PEI 2 

ft, + ft 2 a 3 | ft 3 

7 = ~p + WeT 1 + v 2 ei 2 



Eh 



Eh 





a 




ft 


*— 1 















ft 2 ft'i + (a + ft) 2 ft, aft 2 ft 3 

M.J d= ? + 3£^ + 3£72 

+ (<z + 6)^ , ab ( b 2 
1 ' = a 2 + 3£^ + 3H2 

& 2 + b 

‘ = ~a 2 ~ + jEh + 3Eh 




FIGURE 2.11. Clamped-clamped beam with lumped masses. 
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Solution. By using Table 2.1, case 2, the symmetric matrix of the unit displacements is 



[<y = 





9 


1 


13 




4096 


384 


12288 


p 




1 


1 


El 




192 


384 








9 








4096 



2.2.4 Influence coefficients for clamped-free beam of non-uniform 
cross-sectional area 



The distributed mass and the second moment of inertia 
m(x) = m 0 



i-n-^i ) x 

m oJ L 



EI(x) = EI 0 ( 1-*)” (2.5) 



where m 0 , 1 0 are mass per unit length and moment of inertia at clamped support ( x = 0), 
m l is mass per unit length at free end (x = /), 
n is any integer or decimal number. 

The unit force applied at x = x 0 and the position of any section x = s 0 , are as shown. 

I F=1 



l' 



-JlO_ 



X 0 



The influence coefficient (Green’s function, see also Section 3.10) satisfies the Maxwell 
theorem, or the symmetry property 

G(x, s) = G(s, x) 

and may be presented in the form (Anan’ev, 1946) 

P 



G(x, s ) = 



(1 - «)(2 - n)EI 0 



G(x, s) = 



(1 — ■?)“ "(x — s) + (2 — n)xs — x — s — 



P 



3 — n 



(l-s) 3 -" + 



3 — n 



(1 - n)( 2 - n)EI 0 

x 



(1 — x) 2 n (s — x) + (2 — n)sx — s — x — (1 — x) 3 " + 

3 — n 3 — n 



for x > s 

(2.6) 

for x < s 
(2.7) 



where x = -j.s — -j are non-dimensional parameters. 

Expressions (2.6) and (2.7) have no singular points except n = 1, n = 2 and n = 3. For 
n > 2, s^l,x^l. 
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Special case. For a uniform cross-sectional area, the parameter n = 0, which yields the 
result presented in Table 2.1, row 3. 



2.3 ANALYSIS METHODS 



2.3.1 Lagrange's equation 



Lagrange’s equation offers a uniform and fairly simple method for the formulation of the 
vibration equations of a mechanical system 



d /ar 

At Kdq, 



a t a u 

a 4i dqi 



Qi, i = 1, 2, 3, . . . , n 



( 2 . 8 ) 



where T and U are the kinetic energy and potential energy of the system; 
q t and q f are generalized coordinates and generalized velocities; 
t is time; 

Qi is generalized force, which corresponds to generalized coordinate q t \ 
n is number of degrees of freedom of the system. 

The generalized force Q h which corresponds to the generalized coordinate q t is equal to 
the coefficient at increment of generalized coordinate in the expression for virtual work. In 
the case of ideal constraints, the right-hand parts of Lagrange’s equation include only 
generalized active forces, and the unknown reactions of the constraints need not be 
considered. An important advantage is that their form and number depend neither on the 
number of bodies comprising the system nor on the manner in which they are moving. The 
number of equations equals the number of degrees of freedom of the system. 

The kinetic energy of the system is a quadratic function of the generalized velocities 

T = \ E a ikkAk (i,k=l,2,...,n) (2.9) 

z i,k= 1 



Inertial coefficients satisfy the reciprocal property, a ik = a fa -. 

The potential energy of the system is a quadratic function of the generalized 
coordinates 



U = \ £ c ik 9i9k (*> k = 1 , 2, . . . , n) (2.10) 

4 i,k= 1 

The elastic coefficients satisfy the reciprocal property, c ik = c ki . 

The differential equations of mechanical system are 

a \\4\ + a 12?2 + ■ • • + «I n4n = — c llf?l — c 1292 — • • • — C\ n q„ 

a l\4\ + a 22<72 + • ■ ■ + «2 n4n = “ c 21?l — c 22?2 ~ ' ' ' ~ CltAn tn i n 



a n i4\ + a n2 q 2 + ■ ■ ■ + a nn q n = ~c nX q x - c„ 2 q 2 c nn q n 

Lagrange’s equations can be used in the dynamic analysis of structures with complex 
geometrical shapes and complex boundary conditions. 

The system of differential equations (2.11) has the following solution 

q t = Aj exp i cot (2.12) 

where A ; is amplitude and co is the frequency of vibration. 
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By substituting Equations (2.12) into system (2.1 1), and reducing by exp i cot, we obtain 
a homogeneous algebraic equation with respect to unknown amplitudes. The condition of 
non-trivial solution leads to the frequency equation 

a n a> 2 — Cn a l2 to 2 — c 12 ■■■ a ln co 2 — 

a 2 \C0 2 — c 2 1 a 22 co 2 — c 22 ■ ■ ■ a 2n co 2 — 

A. I CU C n | Cl n2 CQ C n 2 ■ ■ • d ml CO~ 

All roots of the frequency equation or are real and positive. 

The special forms of kinetic or potential energy lead to specific forms for the frequency 
equation. 

Direct form. Kinetic energy is presented as sum of squares of generalized velocities 



c bi 

c 2n 



= 0 



(2.13) 



T = 

U = 



1 n 

^ \ ' ■ 2 
l k=\ 

1 'f 

~ E c ik qiq k 

A i,k= 1 



(i,k = 1, 2, .... n) 



(2.14) 



In this case, the differential equations of the mechanical system are solved with respect to 
generalized accelerations 



a \ 4 i — _c u 9 i ~ c nl2 — ■ ■ ■ — c ln q„ 
a 2^2 — ~ c 2\ c l\ — c 22<l2 — ■ ■ ■ — c 2 „q„ 



a ,An — c h1^7 1 — c b2?2 — • • • — C m q„ 



Presenting the generalized coordinates in the form of Equation (2.12), and using the non- 
triviality condition, leads to the frequency equation 



m x <jr — r n 


~r 12 


~ r i„ 


C 1 • 
1 • 


m 2 a> 2 — r 22 


~ r 2n 


~ r „ i 


~ r ri2 


■ ■ m n co 2 — 



(2.15) 



where r ik are unit reactions (force or moment) in the ith restriction, which prevents linear or 
angular displacement due to unit displacement (linear or angular) of the Mi restriction. The 
unit reactions satisfy the property of reciprocal reactions, r ik = r (the theorem of 
reciprocal reactions). 

Inverted form. Potential energy is presented as sum of squares of generalized coordinates 



T = 

U = 



1 " 

a E (tikkxkk O', k 

z i,k= 1 

l E C ' k C lk (f k = I 

L k= 1 



= 1 , 2 , ...,«) 
,2 



(2.16) 
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The differential equations of a mechanical system solved with respect to generalized 
coordinates are 



G 7 t = ~a n qi ~a n q 2 a u q n 

c 2 q 2 = — «2t ~ fl 22?2 — • • • — a 2 n q„ 



c „q„ = ~a n \q\ - a nl q 2 a, m q n 



Solution of these system in the form of Equation (2.12), and using the non-triviality 
condition, leads to the frequency equation in terms of coefficients a and c 



Cj — a n cj 2 —a n co 2 
—a 2l co 2 c 2 —a 22 m 2 



— a hl co 2 
—a 2n o) 2 



= 0 






(2.17) 



In terms of lumped masses m and unit displacements S ik the frequency equation becomes 



1 — m l 5 n c» 2 — m 2 8 l2 a > 2 

— m 1 d 2 i(o 2 1 — m 2 5 22 co 2 

—m 1 S„ l co 2 —m 2 S„ 2 a > 2 



-m n 5 ln m 2 

—m n 5 2n w 2 

1 - m„S„„ w 2 



= 0 



(2.18) 



where 5 ik is displacement in the fill direction due to the unit inertial load which is acting in 
the Mi direction. The unit displacements satisfy the property of reciprocal displacements 
8 ik = d ki (the theorem of reciprocal displacements). 



Example. Using Lagrange’s equation, derive the differential equation of motion of the 
system shown in Fig. 2.12. 



Solution. The system has two degrees of freedom. Generalized coordinates are = x l 
and q 2 = x 2 . Lagrange’s equation must be re-written as 



d 1 


ran 


dT 


dr ' 


KdqJ 


dq } 


d 1 


ran 


dT 


dr ' 


KdqJ 


a q 2 



2, 



Qi 



aaX/v 



F 0 sinco t 

► 



m\ AA/VV m - 



-> Xi 



SEP-Static equilibrium position 



SEP 



. JC 2 



SEP 

FIGURE 2.12. Mechanical system with two degrees of freedom. 
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where and Q 2 are the generalized forces associated with generalized coordinates x x and 
x 2 , of the system, respectively. 

The kinetic energy, T, of the system is equal to the sum of kinetic energies of the masses 
;?7[ and m 2 



T = -m 1 x}+-m 2 . x% 

so kinetic energy, T, depends only on the generalized velocities, and not on generalized 
coordinates. By using the definition of the kinetic energy, one obtains 



dT 




d | 


fdT\ 


ar 


= 0 


— 


= M\Xi 




— - ) = m <Xi 





dx 1 


dr ' 


ydxj 1 1 


9xj 




ar 




d , 


( ar\ 


dT 


= 0 


dx 2 


= m 2 x 2 


dr( 


K aF 2 ) =m2X2 


dx 2 



For calculation of Q ] and Q 2 we need to show all forces that act on the masses m { and m 2 
at positions x x and x 2 (Fig. 2.13). 

The total elementary work 8 W, which could have been done on the increments of the 
generalized coordinates 8x 1 and 8x 2 , is 

8W = Q\8q x + Q 2 8q 2 = &j[— k l x l — k 2 (pc i — x 2 ) + F 0 sin of] + 5x 2 k 2 (x l — x 2 ) 

The coefficient at 8x l is the generalized force g ls and the coefficient at 8x 2 is the 
generalized force Q 2 . 

So, generalized forces are 

Q j = — k x x x — k 2 (x j — x 2 ) + F 0 sin cot 

Q 2 = k 2 (x i — x 2 ) 

Substituting into Lagrange’s equation for q l and q 2 yields, respectively, the following two 
differential equations 



m l x l + (ki + k 2 )x j — k 2 x 2 = F 0 sin cot 



m 2 x 2 — k 2 X\ + k 2 x 2 = 0 



k\ 

A/VW- 



F 0 sinco t 

— ► 



SEP DP 



SEP 



k 2 

»?i|AAAi mitVWWW-l m 2 



Xl 



Elastic restoring force k\x\ 



8x i 



DP 

r - - 1 

I m 2\ 



X2 



8x7 



m\' 



F 0 sinco t 



■ k 2 (x\-x 2 )~ 

-► 



\m 2 \ 



>x 



FIGURE 2.13. Real displacements x x , x 2 and virtual displacements r).r , , dx 2 . SF.P — Static equilibrium 
position; DP = Displaced position. 
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These equations describe forced vibration. The solution of this differential equation system 
and its technical applications are discussed in detail by Den Hartog (1968), Weaver et al. 
(1990). 

Example. Using the direct form, derive the frequency equation of the system shown in 
Fig. 2.14. 

Solution 

1. Let mass ?n l have unit displacement in the positive direction while mass m 2 is fixed 
(Fig. 2.15(a)). The elastic restoring forces acting on mass m [ are F { = k x from the left 
side and F 2 = k 2 from the right side; the restoring force acting on mass m 2 is F 2 = k 2 . 
Reactions that act on masses m x and m 2 are r n and r 2l , respectively. The dotted 
reactions are shown in the positive direction. The equilibrium equation for mass m x and 
mass m 2 is 'LF kx = 0, which leads to 

y 1 1 k | 4" k 2 and r 2 1 = — k 2 

2 . Let mass m 2 have unit displacement in the positive direction; mass m t is fixed (Fig. 
2.15(b)). The elastic restoring force acting on mass m x is F 1 = k 2 from the right side; 
the restoring force acting on mass m 2 is F 2 = k 2 . The reactions that act on masses m x 



S *1 r 

|A/WV_ 



177 i A/WV 1712 






FIGURE 2.14. Mechanical system with two degrees of freedom. 
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Elastic restoring force F\ = k\ . 



F 2 = k 2 



— ■>- 
r\\ 



— ■*- 

7 ’ 2 \ 






b) 



I k ' 

|a/vw 


mi 

rnr 


k 2 

vwwvwww 


m 


r “ 

2 1 rt 




r - 


f 

- 1 Restoring force 


i 

> 

r ~ 


> X 

- \ 



j- — — j IVvOlUllllg i U t vv j- j 

F\ = k 2 F 2 =k 2 *—[™2\ 



r 12 r 22 



FIGURE 2.15. (a) Calculation of coefficients r n and r 21 . Direct form, (b) Calculation of coefficients r i2 

and r 22 - Direct form. 
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and m 2 are r l2 and r 22 , respectively. The equilibrium equation for mass m l and mass m 2 
is = 0, which leads to 



r 12 = —k 2 and r 22 = k 2 

The frequency equation corresponding to the direct form (2.15) may be formed immedi- 
ately 



fflifi) 2 — k, — k 2 k 2 

D = 1 12 2 =0 

k 2 m 2 co 1 — k 2 

Example. Using the inverted form, derive the frequency equation of the system shown in 
Fig. 2.14. 

Solution 

1. Let unit force F = 1 be applied to mass m, in the positive direction while mass m 2 has 
no additional restriction (Fig. 2.16(a)). In this case, displacement of the mass m { is 
<5 n = 1 /£,; the displacement mass m 2 equals <5 U , since mass m 2 has no restriction. 

2. Let unit force F = 1 be applied to mass m 2 in the positive direction. Thus mass m 2 is 
under action of active force, while mass m, has no active force applied to it (Fig. 
2.16(b)). In this case, the internal forces in both springs are equal, F = 1. 



1 *1 r 

|vwv I 


► 

r 

n\ AA/^rr 


- 1 k 2 
ii JWvVVW 


m 


r 

: [n 


- 1 

n 2-\ 




5n=l/^i 




5 2 i=1/A:i 

> 





F= 1 

► 



1 A 'i r 

kVWV- « 


r ~ 

<t\ AAA n 


- 1 k 2 

tijAAAAAAAr 


m 


—| r ~ 

2 [” 


“ 1 
»_2j 




5i2=l/Aj 




522 = 1/^1+1% 





FIGURE 2.16. (a) Calculation of coefficients <5|j and d 21 . (b) Calculation of coefficients S l2 and t) 12 

Inverted form. 



The frequency equation may be formed immediately 



D = 



m 

1 ~-T w 

k\ 



I . ,2 



m 2 r p 

--r w 

ki 



"!i ,.,2 

k< 



— O ) 1 1— /w 2 co 2 |- h — 



1 1 

k l k 2 



= 0 



The frequency equations in the direct and inverted forms are equivalent. 
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Example. The system shown in Fig. 2.17 consists of a clamped-free beam and a rigid 
body of mass M and radius of gyration r with respect to centroid C. Derive the frequency 
equation. 

Solution. Generalized coordinates are the vertical displacement =/ at the point A and 
angular displacement q 2 = (p at the same point. The corresponding generalized forces are 
concentrated force P 0 and moment M 0 , which are applied at point A. 

The kinetic energy of the system is 

T = \ A/[(/ + d(p) 2 + Sq> 2 ] = l -M[f 2 + ( d 2 + rV + 2 dfq>\ 

Kinetic energy may be presented in the canonical form (2.16) 

T — j ( a n?i + 2tfi2<Zi?2 + a 2iki) 
where a ik are inertial coefficients. 

Differential equations of motion in the inverted form are presented by Loitzjansky and 
Lur’e (1934) 



/ = -<V(°n f + a n <i>) ~ 6 fA a nf + a 2i <i>) 

= + Mdip) — <5/,/) \Md f -\-Mlr 2 + 

V = “ V( fl n7 + a l2 cp) - d^auf + a 22 q>) 

= + Mdi f>) ~ + M + rf2 )^] 

where 5^, <5^,, S tp f, 5^ are the influence coefficients. 

Calculation of influence coefficients. Bending moment due to generalized forces 

M{x) = P 0 x + M 0 



Potential energy 



1|M^) ! 

2; El 2 



PI — + 2P 0 M 0 — + My / 



y I 




FIGURE 2.17. Cantilever beam with a rigid body at the free end. 
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By using the Castigliano theorem 



/ = 

<P = 



P 



3EI P ° + 



P_ 

2EJ 



:M 0 



So, the influence coefficients are 



P _ P 

Sff ~3EI’ ~ b rt = 2EV 



l 

Yi 



The influence coefficients may be obtained from Table 2.1 immediately. 

If the generalized coordinates change by the harmonic law, then the equations with 
respect to / and cp lead to the frequency equation 



1 — V® 2 ~^/<p c ° 2 
~Kf ml 1 _ 1 <pY j2 



= 0 



where 



Iff ~ <V a ll + 3fip a 12 Ifip ~ ^ff a \2 + 22 

Iqtf = ^f<p a U + ^ipip a 12 Lptf, — &f(p a l2 + &<p<p a 22 



The parameters l in the explicit form are 



_PM 

ff ~3EI 



1 + 



v = 



Pm / l d 

JY\2l + P 



_ /3M ( A 3 dl + ' ' 2 

fq, ~3EI\ + 2 7 

_ Pm / d d 2 +r 2 \ 
w-Jn\2i + P ) 



The roots of equation D = 0 




, , 3</ , 3 {d 2 +r 2 ) 

+ I + P 



± 



, , 3 d , 3 {d 2 +r 2 )-\ 2 

+ 1 + P 



3 r 2 
~P 



where the dimensionless parameter 



£2 2 



3EI 1 

MP CD 2 



Special cases 



1. A cantilever beam with rigid body at the free end; the rotational effect is neglected. In 
this case r = 0. The frequency parameter 






2. A cantilever beam with lumped mass M at the free end; the rotational effect is 
neglected. In this case r = d = 0. The frequency parameter 



fi= 1 



and 



3 El 
MP 
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2.3.2 Rayleigh method 

The Rayleigh method, based on the Rayleigh quotient, expresses the equality of the 
maximum kinetic and strain energies for undamped free vibrations (Rayleigh, 1877). The 
method can be used to determine the upper bound of the fundamental frequency vibration 
of continuous systems. 

The Rayleigh quotient and various types of Rayleigh method procedure are presented in 
Table 2.3 (Birger et al., 1968). The vibrating object is a non-uniform beam with distributed 
masses m(x ), carrying a concentrated mass M that is placed at x = x s , and a concentrated 
force P that acts at x = Xj (version 4); the bending moment is M(x ) (version 2); the bending 
stiffness of the beam is EI(x). 



TABLE 2.3 Rayleigh’s quotients 



Version 



Formula 



Procedure 



1 



2 



3 



4 



5 



Rayleigh quotient 



j£7(x)PC(x)] 2 dx 
0 

I m(x)X 2 (x)dx + ’E M s X n( x s) 



J M 2 (x)dx 



J m(x)X 2 (x) Ax + Y M Xfas) 



1 . Choose an assumed mode shape function 

AT*); 

2. Calculate slope X'{x) 



1 . Choose an assumed mode shape 
function X(x)\ 

2. Calculate a bending moment 
M(x) = EIX"(x) 



J q(x)X(x)6oc 

o 

\m(x)X 1 Jx)dx + Y.M s Xfcs) 

0 S 



J q{x)X(x) dx + Y PjX„(Xj) 

,2 _ _0 l 

J m(x)X 2 (x)dx + 

0 S 



1 . Choose an expression for the distributed 
load q(x) 

2. Calculate X(x) by integrating. 



1 . Choose an expression for the distributed 
load q(x) 

2. Calculate X(x) by integrating. 






J m(x)X(x)dx + Y TO.) 



| m(x) A'-(x)dx + Y KX„(x s ) 



1. Use an expression that corresponds to 
the actual distributed load q = gm(x) 

2. Calculate X(x) by integrating. 



Notes 

1. The natural frequency vibration obtained by the Rayleigh quotient (method) is always 
larger than the true value of frequency: co > co rea i. 
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2. The Rayleigh quotient gives exact results if: 

(a) the chosen expressions for X coincide with the true eigenfunctions of vibration 
(versions 1 and 2); 

(b) the chosen expressions for q(x) are proportional to the true inertial forces (versions 
3 and 4). 

The assumed function expressions for beams with different boundary conditions are 
presented in Appendix C. 

3. In order to take into account the effect of rotary inertia of the beam it is necessary to add 
to the denominator a term of the form 

f mL{x)[X\x)f dr 
(0 

4. In order to take into account the effect of rotary inertia of the concentrated mass it is 
necessary to add to the denominator a term of the form 

J[X\x s )f 

where J is a mass moment of inertia and x s is the ordinate of the attached mass. 

5. The low bound of the fundamental frequency of vibration may be calculated by using 
Dunkerley’s equation. 

Example. Calculate the fundamental frequency of vibration of a cantilever beam 
[X(l) = X'([) = 0] using the Rayleigh method. 



Solution. Version 1 (Rayleigh quotient). Choose an expression for the eigenfunction in a 
form that satisfies the boundary condition at x = l 

rw= (' -y ) 2 

Differentiating with respect to x 

X"lx )= 2 T2 

The Rayleigh quotient terms become 



j EI(X") 2 dr = -jip- 



l l / x\ 4 

J mX 2 dr = m J 1 — yj dr = 



ml 

: y 



Substituting these expressions into the Rayleigh quotient leads to the fundamental 
frequency vibration: 



4 EE 

P 



)/( 



20EI 



4.47 El 



The exact eigenvalue is equal to co = 



mP 

3.5156 IE! 



m 



Version 2. Choose an expression for the bending moment in the form 

.2 
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The differential equation is 

EIX"(x)=( 1 -*)* 

Integrating twice 

EW = -i(' -1) + c < 

P / r\ 4 

E ’ X= ,2 (' “ /) +C i x+C 2 



Boundary conditions: X(/) = X’(T) = 0, so the arbitrary constants are C l = C 2 = 0. 
The eigenfunction is 



X(x) 



l 2 

12 El 




The Rayleigh quotient is 



co 



2 




El [ m 
o 



r i 2 ( 




12EI\ 


l) _ 



dx 



108£7 

5ml 4 



A frequency vibration equals 



_ 4.65 lEI 

l 2 V m 



Version 4. Choose an expression for eigenfunction X(x) in a form that coincides with an 
elastic curve due to a concentrated force P applied at the free end 



X(x) 



PP / x? 

WiXj 2 




The Rayleigh quotient is 



co 



2 



J m 



P 



PP 
3 El 




3x 

T 



+ 2 di 



140£7 

11m/ 4 



The fundamental frequency vibration equals 



_ 3.53 lEI 

l 2 V m 



Version 5. Choose an expression for eigenfunction X(x) in a form that coincides with an 
elastic curve due to a uniformly distributed load q = mg along the beam 



X{x) 



mgl 4 / 4x x 4 \ 
8£7 \ ~3l + 3p) 
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Calculate: 



The Rayleigh quotient is 



[ mX(x)dx 



m 2 gl 5 
20EI 



i 

\ mX 2 (x)dx 



o 



13 m 3 g 2 / 9 
3240 (El) 2 



2 0 

(o =g-r 



\ mX(x)dx 



[ mX 2 (x) dx 



1 62£7 
13m/ 4 



The fundamental frequency of vibration equals 



_ 3.52 I El 

1 2 V m 



2.3.3 Rayleigh-Ritz Method 

The Rayleigh-Ritz method (Rayleigh, 1877, Ritz, 1909) can be considered as an extension 
of the Rayleigh method. The method can be used not only to obtain a more accurate value 
of the fundamental natural frequency, but also to determine the higher frequencies and the 
associated mode shapes. 

Procedure 

1. Assume that the shape of deformation of the beam is in the form 

y(x) = c x X x (x) + c 2 X(x) ■ • ■ = X>,A,(x) (2.19) 

i=t 

which satisfies the geometric boundary conditions. 

2. The frequency equation may be presented in two different canonical forms 

Form 1 



k l j — m n co 2 
k n — m 2 iC0 2 



k n — m l2 co 2 
k~, 2 — m 22 co 




( 2 . 20 ) 



The parameters of the frequency equation (2.20) are the mass and stiffness coefficients, 
which are expressed in terms of shape mode X(x) 

i 

m tj = J pAXfXj Ax (2.21) 

o 

kj = \eix;x;' ±x 
0 
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Form 2 



m n — V n u> 2 m n — F| 2 ffl 2 

m 2 i — V21C0 1 m 2 2 — V 22 (o 2 




( 2 . 22 ) 



where my is the mass stiffness coefficient (2.21). In the case of transverse vibration, the 
parameter of the frequency equation (2.22) is 



= f M i M k 
0 



dx 



El 



(2.23) 



where bending moments M ; and M k are caused by the loads mX t and rnX k ; m = pA. If 
the assumed shape functions happen to be the exact eigenfunctions, the Rayleigh-Ritz 
method yields the exact eigenvalues. 



The frequency equations in the different forms for first and second approximations are 
presented in Table 2.4. 



TABLE 2.4 Rayleigh-Ritz frequency equations 



Approximation 


Form 1 




Form 2 




First 


0 

II 

\ 

S 

1 




777,, — V n a> 2 = 0 




Second 


k\\ ~ m n co 2 k l2 — m l2 co 2 
k 2 \ — m 2X (D 2 k 22 — m 22 co 2 


= 0 


m \\ — Vw^ 2 m \2 ~ ^12 0j2 
m 21 — ^21 0)2 m 22 — ^22 C ° 2 


= 0 



Example. Calculate the first and second frequencies of a cantilever beam that has a 
uniform cross-sectional area A; the beam is fixed at x = 0. 

Solution 

1. Assume that the shape of deformation of the beam is in the form 

y(x) = E = q Q 2 + c 2 0 3 

where functions X t satisfy the geometry boundary conditions at the fixed end. 

2. Using the expressions for the assumed shape functions, the mass coefficients are 

m n = J mX 2 (x)dx = [ m ( dx = — 

0 o' 1 ” 5 

^ ^ /x\ ^ ml 

77i 12 = m 2 i = f mX l (x)X 2 (x)dx = [ ml-) dx = — 

0 " b 6 

777,2 = [ mX 2 (x)dx = [ m(-\ dx = — 

0 b ''' ^ 

where m = pA is the mass per unit length. 
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3. Using the expressions for assumed shape functions the stiffness coefficients are 

I 1 /2\ 2 4EI 

k n = J EIX" 2 ( x)dx = \ El [-) dx = -jr- 

0 0 V / * 

1 1 ? fir 6FT 

k n = k 2l = J EIX"{x)X 2 {x) dx = J EI~ dr = ~ r 

0 o ' ' ' 

1 I /fir\ 2 1? FJ 

k 22 = J EIX 2 2 (x)dx = \EI I -j- J dx = 
o o \‘ / ' 

4 . The frequency equation, using the first form, is 



D = 



ml 4 
5£7 
ml 
6EI 



6 - 



m/ 4 

6£7‘ 



ml 

TEI 



= 0 



First approximation. The frequency equation yields the linear equation with respect to 
eigenvalue A 




ml 4 

~EI 



The fundamental frequency of vibration is 



4.4721 lEI 

“i = — n — v — 
l 1 V m 



Second approximation. The frequency equation yields the quadratic equation with 
respect to eigenvalues h 

A 1 - 1224 A + 15121 = 0 



The eigenvalues of the problem are 

2, = 12.4802, A 2 = 1211.519 

The fundamental and second frequencies of vibration are 

3.5327 I El 34.8068 IM 

l 1 V m l 1 V m 

The exact fundamental frequency of vibration is equal to 

3.5156 [El 

m r J— 

Comparing the results obtained in both approximations shows that the eigenvalues 
differed widely. The second approximation yields a large dividend in accuracy for the 
fundamental frequency of vibration. A significant improvement in the fundamental, 
second and higher frequencies of vibration can be achieved by increasing the number of 
terms in the expression for the mode shape of vibration. 
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2.3.4 Bubnov-Galerkin Method 

The Bubnov-Galerkin method can be used to determine the fundamental frequency and 
several lower natural frequencies, both linear and nonlinear, of the continuous systems 
(Galerkin, 1915). 

Procedure 

1. Choose a trial shape function, X(x), that satisfies the kinematic and dynamic boundary 
conditions and presents the deformable shape in the form 

y(x) = CjXjCjc) + c 2 X 2 (x) ■■■ = itciXiix) (2.24) 

i= 1 

where c ; are unknown coefficients. 

2. Formulas for mass and stiffness coefficients are presented in Table 2.5. 

3. Frequency equation (Common formula) 



k n — m n a) 2 1 k l2 — m l2 ar 1 • • • 
I . l 

k 2l — m 2 ,co 2 k 22 — m 22 ar 1 • • • 



= 0 



(2.25) 



First approximation for the frequency of vibration 

k\ | — m n co 2 = 0 (2.26) 



Second approximation for the frequency of vibration 
k n — m n w 2 k n — m l2 m 2 

k 2 [ — f}l 2 \C0 2 k 22 — 01 ot O ) 2 



(2.27) 



As may be seen from the Equation (2.21) and Table 2.5, the mass coefficients for the 
Rayleigh-Ritz and Bubnov-Gakerkin methods coincide, while the stiffness coefficients 
are different. 



TABLE 2.5 Mass and stiffness coefficients for different types of vibration 



Vibration 


Mass coefficient 


Stiffness coefficient 


Transversal 


i 

nty = J pAXjXj dx 
0 


kj = \(EIX' t ')"Xj dx 
0 


Longitudinal 


/ 

m ij = J pAXjXj dx 
0 


kg = -REAXiyXj dr 
0 


Torsional 


/ 

my = J pAXjXj dx 
0 


k,j = -KGI^yXj dx 
0 



Example. Calculate the fundamental frequency of vibration of the beam shown in Fig. 
2.18 (beam thickness is equal to unity). 
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Solution. The second moment of inertia, cross-sectional area and distributed mass at any 
position x are 

^© 3 4 3 © 3; A * = A o-r 2 b~r m * = m 0 j = 2bp* l 

1. The boundary conditions of the beam are 

y(l) = 0, /(/) = 0, EIy"{ 0) = 0; EIy"\ 0) = 0 

so the function y(x) for the transversal displacement may be chosen as 
y(x) = C 1 X l (x) + C 2 X 2 (x) 
where the assumed functions are 



W-g-l) 2 : W-G-l)’ 



l 



First approximation. In this case we have to take into account only function X l 
X? = p EIX? = EI 0 jp (. EIXir=EI 0 ^ 



The stiffness and mass coefficients are 



r r/\tr l 12x/x 2 2x \ 

*n = J (EIXl'Y'X, dx = j£7 0 — (-y-y+ ljdx = 
m u = J pAXl dx- = J m 0 7 ('72 “ y + ') dx=m oj ( 



El 0 
P 



The frequency equation is k n — m n to 2 =0. 
The fundamental frequency of vibration is 



30 £ 7 , 



m 0 / 4 



0 or w 2 = 



30 Eb 2 
3 pP 



and 00 = 5.48 



b E 

T-\T P 



Second approximation. In this case we have to take into account both functions X l and 

y 



„ 6x 4 

x Z = j-p eixZ = ei< 



( 6x 4 4 x 3 \ ,, „ /72x 2 24x 

r ° 7y ) : (^ = Ek{- r --p 
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The stiffness and mass coefficients that correspond to the second assumed function are 
I 1 /7Tv2 7A-A /v-3 7v2 v\ 2EI n 



*22 



r ..... r /72x 2 24x\ /x 3 2x 2 x\ 

= --)(e-T + ir = TF 



l 

'280 



! , L x /x 3 2X 2 x\ , 

m 2 2 = \pAX 2 dx = J " 7 ° y ( p ~-pr + y 4v 

^12 = J ) X 2 dv = J EI 0 p (jj — p + -J dx 

m 12 = f P A Xl X 2 dx = jm 0 / ( /2 ~ t + ' )(p ~ p + J 4 * 



2£/p 

5/ 3 



1 105 



Frequency equation: 




2 EI 0 m 0 l 2 \ 

5/3 280 “J 



/ 2 £/ 0 m 0 l 2 \ 2 „ 
\~5/3 105 w J = 0 



Fundamental frequency (Pratusevich, 1948) 



co = 



5.319 [eT 0 

l 2 y 772 o 



or 



co = 



5.319‘ 




The exact fundamental frequency, obtained by using Bessel’s function is 



co = 5 . 315-2 




This is the result obtained by Kirchhoff (1879). 

A comparison of the Bubnov-Galerkin method and the related ones is given in 
Bolotin (1978). 

The Bubnov-Galerkin method may be applied for deformable systems that are 
described by partial nonlinear differential equations. 



Example. Show the Bubnov-Galerkin procedure for solving the differential equation of 
a nonlinear transverse vibration of a simply supported beam. 

The type of nonlinearity is a physical one, the characteristics of hardening are hard 
characteristics. This means that the ‘Stress-strain’ relationship is a = Es. + /fe 3 , /) > 0, 
where fl is a nonlinearity parameter (see Chapter 14). 



Solution. The differential equation of the free transverse vibration is 



3 V 



i(y,0 = £^ + 6 ft^[^ 






where L(y, t) is the nonlinear operator; and /„ is the moment of inertia of order n of the 
cross-section area 



/„= J/d A 

ft) 
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For a rectangular section, b x h: I 2 = bh 2 / 12, / 4 = M 5 / 80; for a circle section of diameter 
d: I 2 = jk/ 4 /64, / 4 = nd 6 /5\2. 

The bending moment of the beam equals 



M = —y"[EI 2 + /J/ 4 (/) 2 ] 

First approximation. A transverse displacement of a simply supported beam may be 
presented in the form 



y(x, t) = f (f) sin — 



Using the Bubnov-Galerkin procedure 



• nx 

J L(x, f) sin — dx = 0 
n I 



&y (&y\. , „ T (#y\ *y , 

El2 w + m4 wW) +3lih W) dx* + m dfi 



(2.28) 



nx 

sin — dr = 0 



This algorithm yields one nonlinear ordinary differential equation with respect to an 
unknown function /i(t). 

Second approximation. A transverse displacement may be presented in the form 



y(x,t) =f(t) sin — 



+/ 2 (t) sin 



2nx 

~T 



Using the Bubnov-Galerkin method 

I 7TX 

[ L(x, t) sin — dx = 0 
o * 

(2.29) 

t '1'nx 

[ L(x, t) sin— — dx = 0 
o ' 

This algorithm yields two nonlinear ordinaiy differential equations with respect to 
unknown functions f{t) and f 2 (t). 



2.3.5 Grammel's Formula 

Grammel’s formula can be used to determine the fundamental natural frequency of 
continuous systems, and it gives a more exact result than the Rayleigh method for the 
same function X(x). Grammel’s quotients always lead to an approximate fundamental 
frequency that is higher than the exact one. Grammel’s quotients for different types of 
vibration are presented in Table 2.6. 

In Table 2.6, M(x) denotes the bending moment along the beam, m is the distributed 
mass, Mj is the concentrated masses and A) is the ordinate of the mode shape at the point of 
mass Mj. 
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TABLE 2.6 Grammel’s quotients 



Type of vibration 


Square frequency 




/ 

\mX 1 (x)dx + Y.M i Xf 


Longitudinal 


ai 2 0 

' W 2 (x)dx 
o EA 




\lX 2 (x)Ax + Y.I l X, 1 


Torsional 


w 2 - 0 , , 

' M 2 (x) dx 

l GI p 




J mx 2 (x) dx + Y. M i x f 


Transversal 


CO 2 0 

' M 2 (x)dx 
o EJ 



Example. Calculate the frequency of free vibration of a cantilever beam. 
Solution 

1. Choose the expression for X(x) in the form 



X(x) 



4x x 4 \ 

3/ + 3/V 



2. Take the distributed load in the form 



q(x) = mX(x) 




4x x 4 \ 
3I + 3F) 



3. Define the bending moment M(x) by integrating the differential equation M"(x) 
twice 



M(x) = m 




2x 3 x 6 \ 

YT + YY) 



q(x) 



4 . It follows that 



f mX 2 dx = 0.2568 ml 



, M 2 (x) dx 

Yi 



= 0.02077- 



El 



5. Substituting these expressions into the Grammel quotient, one obtains 



_ 3.51 IE! 

l 2 V m 
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2.3.6 Hohenemser-Prager Formula 

The Hohenemser-Prager formula can be used for a rough evaluation of the fundamental 
frequency of vibration of a deformable system (Hohenemser and Prager, 1932). 

The Hohenemser-Prager quotients for different types of vibration are presented in 
Table 2.7. 



TABLE 2.7 Hohenemser-Prager’s quotients 



Type of vibration 



Square of frequency vibration 



Longitudinal 



Torsional 



Transversal 



J 



'(. N') 2 Ax I^N 2 (x)&x 
I n 



0 '0 

-.2 



EA 



'( dr /jM, 2 (.r)dr 
' n 



0 GI p 



l (M ") 2 dr /'M 2 (.r)dr 
o m / o 



El 



Example. Calculate the first frequency of vibration of a cantilever beam that has a 
uniform cross-sectional area. 

Solution 

1. Assume that elastic curve under vibration coincides with the elastic curve caused by 
uniformly distributed inertial load q. In this case the bending moment M(x) = qx 2 / 2. It 
follows that 



J(M") 2 dx = ^ 

0 m 

1 M 2 dx _ q 2 l 5 
(j El ~ 20 El 

3. Substituting these expressions into the Hohenemser-Prager quotient, one obtains 

, 20£7 4.47 [El 

'' r ~ ~rnF “ ~P~ V Vi 



2.3.7 Dunkerley Formula 

The Dunkerley formula gives the lower bound of the fundamental frequency of vibration 
(Dunkerley, 1894). The Dunkerley formula may be written in two forms. Form 1 is 
presented in Table 2.8. 

The influence coefficient 5{x, x) is linear (angular) deflection of the point with abscissa 
x due to the unit force (moment) being applied at the same point. For pinned-pinned, 
clamped-clamped, clamped-free and clamped-pinned beams, the linear influence coeffi- 
cient 5(x,x) is presented in Table 2.1. 
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TABLE 2.8 Dunkerley first form 



Type of vibration 


Square frequency vibration 


Transversal and longitudinal 


co 2 = lj 


Jm(x)<5(x, .v)dx + £ M,<5(x ; ., x : ,) 

.0 


Torsional 


co 2 = 1 / 


I" f/(x)S(x, x)dv + E !Ax„ x,) 




/ 


Lo J 



Example. Calculate the fundamental frequency vibration of the cantilever uniform cross- 
section beam carrying concentrated mass Mat the free end (Fig. 2.19). 

Solution 

1. The influence function is 



It follows that 



5(x, x) = 



3 El 



i I 4 

J S(x, x)dx = 
o 



12EI 



3. Substituting these expressions into the Dunkerley quotient, one obtains 



1 



12£7 



ml 4 M P M 

1 ml 4 1 1 +4 — 

1 2EI 3 El V ml 



Special cases 

1. If M = 0, then co = 



1.86 2 [El 

l 2 V m 



For comparison, the exact value is co = - 



1.875 2 [El 



P 



— (see Table 5.3). 
m 



2. If M = ml, then co = ■ 



1.244 2 [El 



Exact value co = 



P \ 
1.248 2 I El 
l 2 V m 



(from Table 7.7). See also Table 7.6. 




FIGURE 2.19. Cantilever beam with a lumped mass at the free end. 
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Dunkerley second formula. The Dunkerley formula gives the lower bound of the funda- 
mental and second frequencies of vibration of a composite system in tenns of the frequen- 
cies of vibration of the system’s partial systems. 

The partial systems are those that are obtained from a given system if all coordinates 
except one are deleted. In the case of a deformable system with lumped masses and 
neglecting a distributed mass, the partial systems have one degree of freedom. If a 
distributed mass is also taken into account, then one of the partial systems is continuous. 

The partial systems may be obtained from a given system by using a mathematical 
model or design diagram. In the first case, the connections between generalized coordi- 
nates must be deleted. In the second case, all masses except one must be equal to zero. 

The relationship between the fundamental frequency of the actual system and partial 
frequencies is 



Since a partial frequency 



111 1 

~ 2 ~ < ^ 2 ^ 2 

COf r COf CO j £U„ 




(2.30) 



(2.31) 



then the square of the frequency of vibration of the given system is 

col ~ t 7 7 (2.32) 

°n fn i + o 22 m 2 + ■ ■ • + o kk m k 

where co Ir and co 2r are fundamental and second frequencies of vibration of the given 
system; 

co 1 , ... ,co, are partial frequencies of vibration; 

5 n „ are unit displacements of the structure at the point of attachment of mass m n . 

Each term on the right-hand side of Equation (2.30) presents the contribution of each 
mass in the absence of all other masses. The fundamental frequency given by Equation 
(2.30) will always be smaller than the exact value. 

The relationship between the second frequency of the actual system and parameters of 
system is 



2 

w 2r 



b n m \ + 5 22 m 2 -\ 1- 5 kk m k 

S l2 m 2 
S 2 1 m | & 22 tn 2 



°k-\,k m k 



u k,k-\"‘k-\ 



J kk"‘k 



(2.33) 



Example. Calculate the fundamental frequency of vibration of the cantilever uniformly 
massless beam carrying two lumped masses and M 2 , as shown in Fig. 2.20. 



y 



m m 2 

o o 



< a J 




L b , 




l 








m 2 

o 



FIGURE 2.20. Deformable system with two degrees of freedom and two partial systems. 



>X 



x 
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Solution. The first and second partial frequencies according to Equation (2.31) are 



cof = 



CO2 = 



1 



Mi <5,1 

1 



<5,, =■ 



b 22 — 



3 El 
(/ - bf 



M 2 5 22 ’ 3 El 

The fundamental frequency of vibration of the real system is 



mi ' 



1 



“ 1 “ 622^2 

The second frequency of vibration of the real system is 

2 ^11 ^1 H - ^ 22^2 ^ 11^1 ^ 22^2 



S u m i d\2 m 2 
^ 21^1 ^ 22^2 



2 EI \ 3/ 



9n m i^22 m 2 — tn\tn 2 d\ 2 



Here, unit displacement <5 12 is taken from Table 2.1. This table may also be used for 
calculation of the frequencies of vibration of a beam with different boundary conditions. 

Example. Calculate the fundamental frequency of vibration of the cantilever uniform 
beam carrying lumped mass M at the free end (Fig. 2.21). 



Solution. The partial systems are a continuous beam with distributed masses m and a 
one-degree-of-freedom system, which is a lumped mass on a massless beam. 

1. The frequency of vibration for a cantilever beam by itself is 

2 _ 1.875 4 £7 _ 3.515 2 .E7 
1 / 4 m l 4 m 

2. The frequency of vibration for the concentrated mass by itself, attached to a weightless 
cantilever beam, is 



1 _ 3 EI 

5 sl M ~ MP 



m, EI 



M 

-o 



-+x 



m. EI 

* x 



EI 



M 



o 



FIGURE 2.21. Continuous deformable system with lumped mass and two partial systems. 
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3. The square of the frequency of vibration for the given system, according to Equation 
(2.30), is 



2 2 

2 CO i U>2 
CO = — ~ 



2 

CO\ 



3.515 2 EI 



1 



co? 

i+4 

U>2 



l 4 



iii M 

1+4.1184 — 
ml 



2.3.8 Approximate estimations (spectral function method) 

The spectral function method is proficient at calculating the fundamental and second 
frequencies of vibration. In particular, this method is effective for a system with a large 
number of lumped masses. 



Bernstein’s estimations (Bernstein, 1941). Bernstein's first formula gives upper and 
lower estimates of the fundamental frequency 



1 2 2 

V^ <rai< 5 1+x /257^4 



(2.34) 



Bernstein’s second fonnula gives a lower estimate of the second frequency of vibration 



fl, - J2B 2 - B f 



where B { and B 2 are parameters 

i 

5[ = J m(x)5(x, x)dx + M t 8(x h x,-) 
o i 

; i 

B 2 = J [ m(x)m(s)S(x, 5)dx ds + M j M k S(x j , x k ) 

0 0 i k 



(2.35) 



(2.36) 



where 8 is the influence coefficient; 

M is the lumped mass; 
m is the distributed mass; 

/ is the length of a beam. 

The expressions for influence coefficient, 8, for beams with a classical boundary condition 
are presented in Table 2.1 and for a beam with elastic supports in Table 2.2. 



Example. Find the lowest eigenvalue for a cantilever beam (Fig. 2.22) 
Solution 

1. Unit displacements for fixed-free beam are (Table 2.1, case 3) 

x 3 1 

4 — TFTF • 4 — TTT, (34 — x 3 ) 

** 3EI 6 El 
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m, El 



x > 

s 



X 



FIGURE 2.22. Cantilever uniform beam. 



2. It follows that Bernstein’s parameters are 



3EI 



1 1 

TJ' 

00 



dx = 




12£7 


/ / 


i 

6 El 


JK 

00 



-|2 




dxds = 



11m 2 / 8 
1680 (El) 2 



3. Bernstein’s estimations give the upper and lower bounds to the fundamental frequency 



El 



El 



12 .360^<^< 12.364^ or 



3.5153 [El 3.516 [El 

12 \ ^ ^1 ^ 12 \ 
l z V m l- V m 



The fundamental frequency of vibration is situated within narrow limits. 

BernsteinSmirnov’s estimation. The Bemstein-Smimov’s estimation gives upper and 
lower estimates of the fundamental frequency of vibration 



1 

Wi 




(2.37) 



In the case of lumped masses only, the distributed mass of the beam is neglected 



5 i = E du m i 

B 2 = T, + 2 E %km,m k 



where S u , 5 ik are principal and side displacements, respectively, in the system, due to unit 
forces applied to concentrated masses m t and m k (Smirnov, 1947). 

Example. Find the fundamental frequency vibration for a beam shown in Fig. 2.23. 

Solution 

1. Bending moment diagrams due to unit inertial forces that are applied to all masses are 
shown in Fig. 2.23 
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FIGURE 2.23. Pinned-pinned beam with an overhang carrying concentrated masses; Mj, M 2 , M 3 are 
bending moment diagrams due to unit concentrated forces which are applied to masses m { , m 2 , and m 3 , 
respectively. 



2. Displacements calculated using the unit bending moment diagrams by Vereshchagin’s 
rule are 



s ik = ES Miix) ~ k(x) ^ 



^11 — ^99 — 



El 

SP 



^13 — ^31 — — 



22 “ 486 Yl' 
8/ 3 



<5 1? — (5?i — 



<>ik ~ <>ki 

iP 



486£7 



486 El 

3. Bemstein-Smirnov’s parameters 

5| = 5 n mi + 5 2 2 m 2 + <533^3 = 



^23 — ^32 — 



10 P 

' 486 El ' 



48/ 3 



m 



486 El 



Snn — 



24/ 3 
486 El 



— ^ 11^1 4~ ^ 22^2 4” ^ 33^3 4~ 2((5 12 /w 1 7773 4~ ^ 937779/773 4“ <5 23 / 77 1 / 773 ) 



= 1620 



mP 

486£7 



4. The fundamental frequency lies in the following range: 
(a) using the Bemstein-Smirnov estimation 



"1 



1 
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(b) using Bernstein’s first formula 




The fundamental frequency of vibration is situated within narrow limits. 

Example. Estimate the fundamental frequency of vibration for a symmetric three-hinged 
frame with lumped masses, shown in Fig. 2.24(a); M 2 = M 4 = M, M x = M 3 = 2 M, l = h, 
El = constant; AS = axis of symmetry. 

Solution. The given system has five degrees of freedom. The vibration of the sym- 
metrical frame may be separated as symmetrical and antisymmetrical vibrations; the 
corresponding half-frames are presented in Figs. 2.24(b) and Fig. 2.24(c). 



Symmetrical vibration 



1. The half- frame has two degrees of freedom. The frequency equation in inverted form is 



M l 5 ll co 2 — 1 
M l S 2l co 2 



M 2 <5 j 2 to 

M 2 5 2 ^(o — 1 



= 0 



where 5 ik are unit displacements. 
Fundamental frequency of vibration 



2(^11^22 ~ &\ 2 )M\M 2 

x M\5 n + M 2 d 22 - yj{M x 5 n +M 2 5 22 f - 4M l M 2 (S u 5 22 - d\ 2 f 



2. The bending moment diagram due to unit inertial forces is presented in Fig. 2.25. 

3. Unit displacements obtained by multiplication of bending moment diagrams are 



5 p 4/ 3 3/ 3 

<5 U = , <5„= , <5 12 = <5,,=-? — 

11 192£7 22 192EI 12 21 192 El 




Mi 



Z/2 



1/2 



umJ 



Mi 



AS 



A b ) 



1/2 



1/2 



Mi , 

-•H 



Mi AS 



A c) 



FIGURE 2.24. (a) Symmetrical three-hinged frame; (b) and (c) corresponding half-frame for symmetrical 

and antisymmetrical vibration. 
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FIGURE 2.25. Symmetrical vibration analysis. Bending moment diagrams due to unit forces P { = 1 and 
p 2 = i. 



4. Frequency vibration 



2(5 x 4 - 3 2 ) x 2 x 1 

\92EI 
MP 



(0 = 3.91 




2x5+lx4- 



y<2 x 5 + 1 x 4) 2 - 4 x 2 x 1(5 x 4 - 3 2 ) 2 



Antisymmetrical vibration 

1. The half-frame has three degrees of freedom (see Fig. 2.26). 

2. Unit displacements obtained by multiplication of bending moment diagrams are 



384£7’ 



C>22 

C>12 

<^13 

<^23 



5/3 _ 80/3 
24EI ~ 384F7 ’ 33 

_ P _ 3/ 3 
21 “ 128 El ~ 384£7 
_ / 3 6/ 3 

31 _ 64£7 _ 384E7 

5/ 3 120/ 3 

32 ~ 16£7 “ 384£7 



_P_ 

2EI 



192 / 3 
384£7 



3. Bernstein parameters 



5, 

5 2 

5 2 



M/ 3 

E 5 ii m i = (2 X 1 + 1 x 80 + 2 x 192) 

E + 2 E 

[(2 2 x l 2 + l 2 x 80 2 + 2 2 x 192 2 ) 



466 Ml 2 
384EI 



+ 2(2 xlx 3 2 +2x2x 6 2 + lx2x 120 2 )] x 



M 2 / 6 
(38 4EI) 2 



211784M 2 / 6 

(384£/) 2 
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P !=1 



i 






1 / 8 



AS 



Mi 



A 




a= i 




FIGURE 2.26. Antisymmetrical vibration analysis. Bending moment diagrams due to unit forces P\ = 1, 
P 2 = 1 and P 3 = 1 . 



4. Bernstein first formula 

1 j 2 

sfB 2 B, + 72 B 2 - B] 

1 , 2 
M/V211784 466M/ 3 / ^ 21 1784 \ 

384*7 ^84£7 ^ 1+ V 2 ^66^“7 



So the fundamental frequency vibration satisfies the following condition 



0.9134 



< co < 0.9136 
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Source: Formulas for Structural Dynamics: Tables, Graphs and Solutions 



CHAPTER 3 



FUNDAMENTAL EQUATIONS 
OF CLASSICAL BEAM 
THEORY 



This chapter covers the fundamental aspects of transverse vibrations of beams. Among the 
aspects covered are mathematical models for different beam theories, boundary conditions, 
compatibility conditions, energetic expressions, and properties of the eigenfunctions. The 
assumptions for different beam theories were presented in Chapter 1 . 



NOTATION 



A Cross-section area 

D Rayleigh dissipation function 

DS Deformable system 

E, G Young’s modulus and modulus of rigidity 

El Bending stiffness 

F, V Shear force 

g Gravitational acceleration 

G(x, £, t, t) Green function 

E[ Heaviside function 

I : Moment of inertia of a cross-section 

j Pure imaginary number, j 2 = — 1 

k Shear factor 

k lT , k Iot Stiffness coefficients of elastic supports 

k b Flexural wave number 

/ Length of the beam 

MCD Mechanical chain diagram (Mechanical network) 

nij, kj Mass and stiffness coefficients 

M, J Concentrated mass and moment inertia of the mass 

N, M Axial force, bending moment 

P(t), P 0 Force and amplitude of a force 

r Dimensionless radius of gyration, r 2 Al 2 = 7 

r tr , r rot Transversal and rotational stiffness of foundation 
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K 

s 



U, T 
U, V 

VPD 

w{x, c,p) 

X 

X(x) 
x, y, z 

y 

Y> 

Z m , Zp, z k 

Z, Y 

6 

&ik 

A 

A, P 

t 



p , m 

C 7 , 8 

(p, N, B 

* 

CO 



0 



(■) 



d 
dv 
d 
d t 



Reaction of the foundation 
Dimensionless parameter, s 2 kAGl 2 = El 
Time 

Potential and kinetic energy 

Real and imaginary parts of an impedance, Z = U +jcoF 

Vibroprotective device 

Transfer function 

Spatial coordinate 

Mode shape 

Cartesian coordinates 

Transverse deflection 

Krulov-Duncan functions 

Impedance of the mass, damper and stiffness 

Impedance and admittance, Z = P/v,Y = v/P 

Dirac delta function 

Unit displacement 

Frequency parameter, a 4 EI = ml 4 a> 2 
Damping coefficients 
Dimensionless coordinate, ^ = x/l 
Velocity 

Density of material and mass per unit length, m = pA/g 
Stress and strain 

Linear operators of differential equations, boundary and initial conditions 
Bending slope 

Natural frequency, co 2 = A 4 El /ml 4 
Differentiation with respect to space coordinate 



Differentiation with respect to time 



3. 1 MA THEM A TICAL MODELS OF 
TRANSVERSAL VIBRATIONS OF UNIFORM 
BEAMS 



The differential equations of free transverse vibrations and the equations for the normal 
functions of uniform beams according to different theories are listed in Table 3.1. 

Different mathematical models take into account the following effects: the Bress- 
Timoshenko theory — bending, shear deformation and rotary inertia and their joint 
contribution; the Love theory — bending, individual contributions of shear deformation 
and rotary inertia; the Rayleigh theory — bending and shear; and the Bemoulli-Euler 
theory — bending only. 

The natural frequency of vibration equals 




where A is the frequency parameter. 
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TABLE 3.1 Mathematical models of transverse vibration of uniform beams accordingly different theories 
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Dimensionless parameters r and s are 

? = - 2 - EI 
Al 2 ’ kAGl 2 

where r is the dimensionless radius of gyration, G is the modulus of rigidity, and k is the 
shear factor, m = pA, l is the length of the beam. 

3.1.1 Bernoulli-Euler theory 

Presented below are differential equations of the transverse vibration of non-uniformly thin 
beams under different conditions. A mathematical model takes into account the effect of 
longitudinal tensile or compressive force, and different types of elastic foundation. 

1. Simplest Case. The design diagram of an elementary part of the Bernoulli-Euler 
beam is presented in Fig. 3.1. 




FIGURE 3.1. Notation and geometry of an element of the Bernoulli-Euler beam. 



The differential equation of the transverse vibration of the thin beam is 



dx 2 



EI(x) 



dx 2 



d 2 }’ 

+ P A W = ° 



(3.1) 



The slope, bending moment and shear force are 



e -t U - E, % §) 



If a deformable system has certain specific conditions, such as a beam on an elastic 
foundation, a beam under axial force, etc, then additional terms must be included in the 
differential equation of vibration. Various effects and their corresponding differential 
equations for Bernoulli-Euler beams are presented in Table 3.2. These data allow us to 
take into account not only different effects but also to combine them to form differential 
equations for different beam theories. 

Example. Form the differential equation of a transverse vibration of a non-uniform 
beam. The ends of the beam are shifted. Take into account the effect of axial force and 
the one-parametrical Winkler foundation with viscous damping. 
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Differential equation of transverse vibration 

Effect Conditions (Bemoulli-Euler model, El / const) Comments 
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Solution. The differential equation may be formed by the combination of different effects 



d 

dx 2 



EI(x) 



<Py 

dx 2 



d 2 y dy 9 2 y 

± N - + k( x)y + l3- + p A( x) w 



0 



Other models 

1. Visco-elastic beam. External damping of the beam may be represented by distributed 
viscous damping dashpots with a damping constant c(x) per unit length (Humar, 1990). 
In addition, the material of the beam obeys the stress-strain relationship 



a = 



Ee + pE 



8e 

Jt 



2 . 



In this case, the differential equation of the transverse vibration of 
presented in the form 



dx 2 



“< 4')4 



Hl(x) 



9 3 v 



dtdx 2 



+ c(x)f t + P A(x)^ 



Different models of transverse vibrations of beams are presented in 



the beam may be 
= 0 

Chapter 14. 



3.2 BOUNDARY CONDITIONS 



The classical boundary condition takes into account only the shape of the beam deflection 
curve at the boundaries. The non-classical boundary conditions take into account the shape 
deflection curve and the additional mass, the damper, as well as the translational and 
rotational springs at the boundaries. 

The classical boundary conditions for the transversal vibration of a beam are presented 
in Table 3.3. 

The non-classical boundary conditions for the transversal vibration of a beam are 
presented in Table 3.4. 

Example. Form the boundary condition at x = 0 for the transverse vibration of the beam 
shown in Fig. 3.2(a). Parameters Aq, and f}\ are the stiffness and damper of the translational 
spring, A 3 and /? 3 are stiffness and damper of the rotational spring (dampers /? j and /1 3 are 
not shown); m and J are the mass and moment of inertia of the mass. 

Solution. Elastic force R in the transversal spring, and elastic moment M in the rotational 
spring are 



R — k l y + [l l -^, M — A 3 0 + /? 3 — 
where y and 9 = ( dy/dx ) are the linear deflection and slope at x = 0. 
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TABLE 3.3 Classical boundary conditions for transverse vibration of beams 



Boundary 


At left end (x = 0) 


At right end (x = l) 


conditions 


(the boundary conditions at the 


(the boundary conditions at the 




right end are not shown) 


left end are not shown) 


Clamped end 


i , , v 




(y = 0.0 = 0) 


i 1 1 






3 v 

y = 0; — = 0 
dx 


3 y 

v = 0; — = 0 
dx 


Pinned end 






(y = 0, M = 0) 


Jr 53 


1 A x 




o 

II 

^ I 

!x 

© 

II 


o 

II 

o 

II 


Free end 






(V = 0, M = 0) 








— [eI^\ = 0; EI ^ = 0 
dx \ dx 2 J dx 2 


Uei^\ = o- ei%= 0 

dx \ dx 2 J dx 2 


Sliding end 




, Ini j . 


o' 

II 

CD 

i o' 
II 




1 — HU ' 




-(eI^\ = 0; ^=0 
dx \ dx 2 J dx 


-(ei^)= o; ^ = 0 

dx \ dx 2 J dx 



Notation 

y and d are the transversal deflection and slope; 

M and V are the bending moment and shear force. 



Boundary conditions may be obtained by using Table 3.4: 



3 

3x 



Ei#i 
dx 2 

FT^ y l 



dx 3 3x3 1 



M 



3 2 y 

dt 2 



J 



$y 

3x3 1 2 



Example. Form the boundary condition beam shown in Figs 3.2(b) and 3.2(c). 

Solution 

Case ( b ) 

*0,0 = 0, fro, 0 = 0 

ox 

-EI g (/, t) = {J + Md 2 ) ^ (/, y) + J (/, t) + k mt | (/, f) 

3 3 y 3 2 v (Py 

EI ^ = M ^ t) + Md d^ {lt) 
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TABLE 3.4 Non-classical boundary conditions for transverse vibration of beams 
Boundary 

conditions At left end (x = 0) At right end (x = l ) 



Sliding end 
with 

translational 

spring 



Pinned end 
with 
torsional 
spring 



Free end 
with 
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Concentrated 

damper 
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Parameters , and k 2 are stiffnesses of translational springs; k 2 and k 4 are the stiffnesses of rotational springs; 
M and J are the lumped mass and the moment of inertia of the mass. 
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FIGURE 3.2. Nonclassical boundary condition. Beam with mass and with transitional and rotational 
springs and dampers (a), Bearn with a heavy tip body and with a rotational spring (b) and a translational 
spring (c). 



Case (c) 



>>(0,0 = 0, f(o, o = o 

OX 

#y„ A n . n .\ . 



_ £/ ^ (/ ,0 = (/ + mO ^ 2 



(/, 0 + Md (/ , 0 



El 0 (/, 0 = M J (Z, 0 + Md ^ (/, 0 + *y</. 0 

The frequency equations for cases (b) and (c) are presented in Sections 7.11.2 and 7.11.3, 
respectively. 



3.3 COMPATIBILITY CONDITIONS 



Table 3.5 contains compatibility conditions between two beam segments. 

Table 3.6 contains compatibility conditions between two elements of the frame with 
immovable joints. 



3.4 ENERGY EXPRESSIONS 



Kinetic energy of a system. The total kinetic energy of a system is defined as 



T = Y.Ti 

i=i 



(3.2) 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



FUNDAMENTAL EQUATIONS OF CLASSICAL BEAM THEORY 



68 FORMULAS FOR STRUCTURAL DYNAMICS 



TABLE 3.5 Compatability conditions for two beam segments 



Design diagram 


Compatibility condition 
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TABLE 3.6 


Compatability conditions for frame elements 


Type of joint 


Compatibility condition 
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The expressions for kinetic energy of the transversal and rotational displacements of a 
beam and lumped masses are presented in Table 3.7(a). 

Notation 

y total transverse deflection; 
p mass density of a beam material; 
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TABLE 3.7(a) Kinetic energy of transverse vibration of a beam 



Kinetic energy 


of distributed masses 


Kinetic energy of lumped masses 


Transversal 


Rotational 


Linear 


Rotational 


displacement 


displacement 


displacement 


displacement 


S) dv 


25 P \dxSt 3 1) 




-NJ.( — ^ 

2 i '\Sxdt) x=Xi 


TABLE 3.7(b) Potential energy of a beam 


Potential energy caused by 


Bending 


Shear deformation 


Two-parameter elastic foundation 


2 q \3x 2 3.v ) 


1 / 

- J kG Affix 
2 0 


^J/dx + 
z 0 


wj/>y dv 

2 i \dx) 



E modulus of elasticity; 

A(x) cross-sectional area; 

I(x) second moment of inertia of area; 

J moment of inertia of the concentrated mass; 

i ft bending slope; 

/? shear angle; the relationships between y, fi and t/r are presented in Chapter 1 1 . 
Potential energy of a system. The total potential energy of a system is defined as 

U=T,Ui (3.3) 

i=t 

The expressions for the potential energy of the beam according to the Timoshenko theory 
(for more details see Chapter 11) are presented in Table 3.7(b). 

Notation 

G modulus of rigidity; 

k shear coefficient; 

k tt f translational stiffnesses of elastic foundation; 
k mt/ - rotational stiffnesses of elastic foundation. 

The potential energy accumulated in the translational and rotational springs, which are 
attached at x = 0, is calculated as 



u« = \Kf( 0) t/ ro t = ^ ot (g) 



(3.4) 
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where k lr and k mt are the stiffnesses of the translational spring and the elastic clamped 
support, respectively. The energy stored in the springs is always positive and does not 
depend on the sign of either the force (moment) or the spring deflection (angle of rotation). 

Work. Expressions for the work done by active forces are presented in Table 3.8. 



TABLE 3.8 Work done by active forces 



Transverse load 


Axial distributed 


Axial tensile load 




load 


(for compressive load negative sign) 


1 * 

- J q(x)y dx 

Z x 0 




?jf-) 2 dx 
2 (J \dx) 



3.4.1 Rayleigh dissipative function 

The real beam, transversal and rotational dampers dissipate the energy delivered to them. 
The dissipation function of the beam is 

-!]&*/« (|g) 2 * (3.5) 

where P b is the viscous coefficient of the beam material. 

The dissipation functions of the transversal and rotational dampers, which are placed at 
x = 0, are 



Ar = ■ 



am 

d t ' 



9x3 1 



(3.6) 



where /f tr and /i rot are coefficients of the energy dissipation in the transversal and rotational 
springs. 

The Lagrange equation (2.8), with consideration of the energy dissipation, is presented 
as 



d / dT\ dT dU dD 
d t V 9 *?, / 3 <h + 3 <li + 3 ki 



i — 1, 2, 3, . . . , n 



(3.7) 



3.5 PROPERTIES OF EIGENFUNCTIONS 



The solution of the fourth-order partial differential equation (3.1) can be obtained by using 
the technique of the separation of variables 

y = X(x)T(t ) (3.8) 

where X{x) is a space-dependent function, and T(t) is a function that depends only on time. 
The function X(x) is called the eigenfunction. 
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3.5.1 Theorems about eigenfunctions 

1. Eigenfunctions depend on boundary conditions, the distributed mass and stiffness along 
a beam and do not depend on initial conditions. 

2. Eigenfunctions are defined with an accuracy to the arbitrary constant multiplier. 

3. Normalizing eigenfunctions satisfies the condition 

i 

J m(x)Xj dr = 1 (3.9) 

o 

4. The number of a nodals (the number of sign changes) of an eigenfunction of order k is 
equal to k — 1 . The fundamental shape vibration has no nodals. 

5. Two neighbouring eigenfunctions X(r) and Xj +l (x) have alternating nodals. 



3.5.2 Orthogonality conditions for Bernoulli-Euler beams 

The property of the orthogonality of eigenfunctions can be used to obtain the solution of 
the differential equation of vibration in a closed form. The important definitions, such as 
the modal mass, modal stiffness, and modal damping coefficients may be obtained by 
using the orthogonality conditions of eigenfunctions. 

General expression for the orthogonality condition of eigenfunctions 

i i 

EI(Xf )'X k |f, - EIXj'X ' k |(, + J ElX"X'l dr = mj J m(x)XjX k dr j = 1 , 2, 3, . . . (3.10) 

o o 

(a) Classical boundary conditions. For a beam with fixed ends, free ends, and simply 
supported ends, the boundary conditions are, respectively 

X(0) = X(l ) = X'(0) = X'(l) 

X"(0) = X"(l ) = X'"(0) = X"\l) 

X(0) = X(l) = X"(0) = X”{1) 

In these cases the general expression for the orthogonality condition may be rewritten 
as 



i 



jEI(x)X!%' dr 
o 



i 

= aiyj m(x)XjX k dr 
' o 



(3.11) 



Case j f k 

1. Eigenfunctions are orthogonal over the interval (0, l) with respect to m(x) as the 
weighting function 



i 

f m(x)Xj(x)X k (x)dx = 0 
o 
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If lumped masses M s on a beam have spatial coordinates x s then 

J m(x)X i (x)Xj(x)dx + Y, M s X A x s) x Ms) = 0 

0 s 

2. The second derivatives of eigenfunctions are orthogonal with respect to EI(x) as a 
weighting function 



\EI(x)Xj'X^ dx = 0 
o 

3. Because ^ ) [EI(x)X"]"X k dx = 0, then for a uniform beam, El = constant, and eigen- 
functions and their fourth derivatives are orthogonal 



\Xj v X k dx = 0 
0 

Case j = k. The modal mass and modal stiffness coefficients are 

i 

m.j = J m(x)X J 2 dx 

0 

1 

kj = \EI(x)(Xf) 2 dx 
0 

The yth natural frequency coj is defined as 

J EI(x)(X") 2 dx 

2 K j 0 

a>j = — = 

1 [ m(x)X 2 dx 

o 

Fundamental conclusion. A mechanical system with distributed parameters may be 
considered as an infinite number of decoupled simple linear oscillators. The mathematical 
models are second-order ordinary differential equations whose solutions can be presented 
in a simple closed form. 

Example. Derive the differential equation of a Bernoulli-Euler beam using Equation 
(3.7). 

Solution. Transverse displacement is presented in the form of Equation (3.8) 



(3.12) 



(3.13) 



y(x, 0 = E X k (x)T k (t) 

k=0 

The kinetic energy, according to Table 3.7(a), is 



ISp a (x) 

z o 




2 1 1 
d* = ,.f pA(x) 



E-^(x)j 



2 

dx 
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Taking into account the orthogonality conditions, the kinetic energy may be rewritten in 
the form 



1 k=oo l 

T = \pA{x)Xi{x)dx{T) 2 
z k => 0 0 

The potential energy, according to Table 3.7(b), is 

1 1 (tf-vY 1 1 A=oo \ 2 

U = j J EI(x) (J) dx = - J EI(x) ( ZJZ(x)T t (t)J dx 

Taking into account the orthogonality properties, the potential energy may be rewritten in 
the form 



1 k=o o l 

= \EI{x)[X^x)f dxTlit) 
z *=0 0 

The dissipation function, according to Equation (3.5), is 

= \ = I h4t x!<x,t ‘) 2 ^ 

Taking into account the orthogonality properties, the dissipation function may be rewritten 
in the form 



(J l k=o o 

D = ^ f E EI(x)[Xl'(x)fdxT 2 k (t ) 

z 0 /t=0 

Substituting expressions of U, T and D into Equation (3.7) leads to the following 



\ pA(x)X 2 k (x)dxf k {t) + \EI(x)[XZ(x)fdxT k (f) + p b \ EI{x)[X^x)fdxT k {t) = 0 
0 0 0 

which leads to the equation corresponding to the Mi mode of vibration 

T(t) + 2h k T(t) + co 2 T{t) = 0 

where the frequency of vibration and the damper coefficient are 



co 



2 

k 



JEI(x)X ? 2 dx 2 

o ,, Pb m k 

J m(x)Xj: dr 



The expression for the square of the frequency of vibration is the Rayleigh quotient (Table 
2.3); Equation (3.13). 
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(b) Non-classical boundary conditions. Consider a beam with a lumped mass, trans- 
versal and rotational springs at x = l shown in Fig. 3.3. 



m(x), EI(x ) 




x 



l 




FIGURE 3.3. Non-classical boundary conditions at the 
right end x = /; boundary conditions at the left end have 
not been shown. 



Case j ^ k. Orthogonality conditions over the interval (0, /) are presented in the form 



J m(x)Xj(x)X k (x)dx + MXj(l)X k ( l) = 0 



$ei{x)x;'x'; d* + KXjWAt) + k,x;mi{i) = o 



(3.14) 



Case j = k. The modal mass and modal stiffness coefficients are as follows: 



ntj = j m{x)Xf dr + MXf(l) + JX- 2 (l) 



kj = J EI{x){X") 2 dr + k tr X 2 (l ) + k r (X’) 2 (I) 
0 



The jth natural frequency co is defined as 



(3.15) 



l 

SEI(x)(Xf) 2 dx 
2 kj o 

CDi = — = 



' KX?{1) k,x ,2 d) 

1 T" ~t~ 

.S'* 5* 



j 



m • / 

[ m(x)Xj 2 dx 



MX 2 (l) JX 2 (l) 
1 + — —+ 1 
M* M* 



(3.16) 



where the mass and stiffness of the beam corresponding to the y'th eigenform are as follows: 



M* = j m(x)X 2 dr 



.S'* = $EI{x){Xl'f dr 



(3.17) 



Equation (3.16) is an extension of the Rayleigh quotient (Table 2.3) to the case of a non- 
classical boundary condition, such as elastic supports and a mass with an inertial effect 
under rotation. 
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3.7 MECHANICAL MODELS OF ELASTIC 
SYSTEMS 



Mechanical chain diagrams (MCDs) are abstract models of deformable systems (DSs) with 
vibroprotective devices (VPDs) and consist of passive elements, such as springs, masses 
and dampers, which are interlinked in a definite way. The MCD and DS equivalency 
resides in the fact that the dynamic processes, both in the source DS and its generalized 
diagram, coincide. The MCDs for mechanical systems with concentrated parameters 
(MSCP) have been extensively studied (Lenk, 1975; Harris, 1996). 

A MCD allows one to perform a complete analysis of a DS by algebraic methods and to 
take into account structural and parametrical changes in the DS and VPD. This analysis 
allows one to determine amplitude-frequency and phase-frequency characteristics; and to 
define the forces that arise in separate elements of the system, calculate dynamic 
coefficients, and so on. 

The fundamental characteristics of the mechanical systems are impedance ‘force/ 
velocity’ and admittance ‘velocity/force’. The transitional rules from a MSCP to a 
mechanical chain diagram have been detailed in a number of publications (Harris, 
1996). The amplitude-frequency and phase-frequency characteristics for a MSCP, which 
are represented in the form of their equivalent MCDs, are well-known (Harris, 1996). 



3.7.1 Input and transitional impedance and admittance 

Figure 3.4 presents an arbitrary deformable system with distributed parameters (a beam, a 
plate, etc) and peculiarities (holes, ribs, non-uniform stiffness, non-classical boundary 
conditions, etc). The boundary condition is not shown. The system is supplied with 
additional vibroprotective devices of the arbitrary structure such as mass m, stiffness k and 
damper f! with following impedances 

ZJjoj) = j mm 

Z k (jco) = k/jco (3.18) 

Zfi( j®) = P 

or their combinations (vibro-isolators, vibro-absorbers, vibro-dampers). A concentrated 
hamionic force affects the system in direction 1. The impedance of additional devices is 
equal toZ=C/ + ja)Hin direction 2. 

Expressions for the input and transitional impedance and admittance are presented in 
Table 3.10. (Karnovsky and Lebed, 1986; Kamovsky et al., 1994). The input character- 
istics are related to the case when points 1 and 2 coincide; the transitional characteristics 
mean that points 1 and 2 are not matches. These expressions take into account the 



P=Poexp(j cot) 



X 



x 



ii. 

|vi 



_ DS 

v 2rf I x 

T '\Z=U+j(oV 



FIGURE 3.4. Deformable system with additional device with 
impedance Z = U +)(oV. 
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TABLE 3.10 Input and transitional impedance and admittance for beams with additional devices 





Input 

(Points 1 and 2 coincide) 


Transitional 
(Points 1 and 2 
not coincide) 


Comments 


Impedance 


Z in P 0>) = 7 

$22 V 22^ d" 1 

p 2 DV + p 2 DU + pd n 


zjip) = - 
V 2 

1 4" JCU^22^ 
jo)<5 2 i 


D = < 5 11 < 5 2 2 — i*i2 
P = j®. j = V- i 


Admittance 


Tnp (P)='~ 


Ztm(A)=Jr 






p 3 DV + p 2 DU + pd u 


j®^21 






22 V P& 22 ^ d" 1 


1 “I - JC0^22^ 





properties of an arbitrary deformable system and additional passive elements mounted on 
the deformable system. The properties of a deformable system are represented by the unit 
displacements <5 n , 5 n , ^21 and <522- The calculations of unit displacements for bending 
systems are presented in Section 2.2. The properties of passive elements are represented by 
the real U and imaginary part Fof their impedance, Z = U + jcoV. 



3.7.2 Mechanical two-pole terminals 

‘Force-velocity’ and ‘velocity-force’ describes the dynamics of a DS in terms of the force 
and velocity, which are measured at the same point or at different points. The networks for 
characteristics Z and Y, which are presented in Table 3.10, are synthesized by the 
techniques of Brune, Foster, Cauer (D’Azzo and Floupis, 1966; Kamovsky, 1989). 

A mechanical two-pole terminal, which realizes the input impedance Z inp (p) of a DS 
with an additional vibroprotective device of impedance Z = U + jcoV is presented in Fig. 
3.5. 

Mechanical two-pole terminal, which realizes the input admittance Y inp (p) of a DS with 
an additional vibroprotective device of impedance Z = U + j coV, is presented in Fig. 3.6. 

The structure of the MCD does not change for different DSs. The peculiarities of the 
DS, such as boundary conditions, non-uniform stiffness, etc, display themselves only in the 
parameters of the MCD. The presence of the additional devices on the DS, such as 
concentrated or distributed masses, or vibroprotective devices (VPD) of any structure, is 
represented by additional blocks on the MCD. 

Regular connections 

Parallel elements: Several passive elements with impedances Z 1; Z 2 , . . . are 

connected in parallel (Fig. 3.7(a)). 

Theorem 1. The total mechanical impedance of the parallel combination of the 
individual elements is equal to the sum of the partial impedances. 
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kj = 



DS„ 



z t - 



j(o 



m 



Q 



WW- 



1 

k o = 8 
On 



z t . = - 



J® 



. Deformable system 

/Vibroprotective device 



Z m = y'co m 



■I 



S( 2 

P = U T t 

5 n 

Zb=P 



FIGURE 3.5. Network describing the input impedance Z mp (p ) of a DS with an additional device of 
impedance Z = U + j coV. 




FIGURE 3.6. Network describing the input admittance Fj n p(/?) of a DS with an additional device of 
impedance Z = U + j coV. 




FIGURE 3.7. Regular connections: (a) parallel elements; (b) series elements. 
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Series elements. Several ideal passive elements with impedances Z { , Z 2 , . . . are 
connected in series (Fig. 3.7(b)). 

Theorem 2. The total mechanical impedance of the passive elements connected in series 
may be calculated from 

1 " 1 

(3-19) 

Asir i A' 

Theorem 3. The natural frequency of vibration of a deformable system with any 
additional impedance device Z str = U + j coV is 

Im Z str = 0 (3.20) 

where Z s tr is the impedance of the total structure. 



3.7.3 Mechanical four-pole terminal 



(F x Vj — F 2 V 2 ) takes into account two forces and two transversal velocities at different 
points 1 and 2 (Fig. 3.8). 

The matrix of the condition may be presented in the form (Johnson, 1983) 

sinh X cos X + cosh X sin X . coP cosh X cos X — 1 
sin X + sinh X 

ED? 2 sinh X sin X 
jco/ 3 sin X + sinh X 

where F 1 , V x are the shear force and linear velocity at the left end of the beam; and F 2 , V 2 
are at the right end. Admittances Y a and Y b may be presented in the form 



FIX 3 sin X + sinh X 
sinh X cos X + cosh X sin X 
sin X + sinh X 



v 2 



(3.21) 




. EIX? sinh X cos X + cosh X sin X — sin X — sinh X 

Y = j 

a coP cosh X cos X — 1 ^2 22 ) 

. EIX? sin X + sinh X 

b ^ coP cosh X cos 2—1 

The matrix equation may be easily presented in the following different forms (Kamovsky, 
1989). 





El. I 





FIGURE 3.8. Mechanical four-pole terminal. 
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The relationships between the bending moment and shear force on the one hand and the 
linear and angular velocities on the other at the any point x of the infinite beam are 



" M{x ) " 


= [2] 


'y(x)~ 


. F{x) _ 


. fax) . 








k 2 

EI k -F 


Kd = 




CO 



(1 + j )EI 



k l 



pA 

El 



— (1 ~ })EI— 

CO 




CO 



[20 



k 2 
El — 

CO 

-(l+j w— 

CO 



(i ~i)Ei- 



-EI- 



(3.23) 



where Z R and Z L are the right- and left-wave impedance matrices respectively, k b is the 
flexural wave number; and y = j coy, 9 = — j a>y are transversal and angular velocities. The 
matrices Z R and Z L describe the process of propagation of the waves to the right and left, 
respectively, from a sole point force excitation (Pan and Hansen, 1993). 



3.7.4 Mechanical eight-pole terminal 

This takes into account the bending moment, shear force, transversal and rotational 
velocities at two different points (Fig. 3.9). The fundamental matrix equation of the 
dynamical condition of the uniform beam is (Johnson, 1983) 



'FC 

M x 

»i 

.01. 



cos X + cosh X 



(sin X + sinh 2) 



/ 



(sin 2 — sinh 2)- 3 



ja>P 

)r ED? 



—(cos X — cosh X) - — 
EIX 



X 

—(sin/. — sinh 2) y 



cos X + cosh X 



(cos X — cosh X) ^ L °\ 
EIX 2 

(sin 2 + sinh X) yyy 



—(sin X + sinh X) 



EIX J 
j wP 



(cos X — cosh X) 

]wE 

cos X + cosh X 
X 



(sin / — sinh X) 



—(cos X — cosh X) 

](i)l A 

—(sin! — sinh X) 

joj/ 



—(sin X + sinh X) 



1 



cos X + cosh X 



M, 



l 0 2 
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FIGURE 3.9. Notation of the beam for its presentation as a mechanical eight-pole terminal. 



The dispersive relationship and frequency parameter are 



; 4 PA 2 1 11 

k = — or , A = kl 

El 



(3.24) 



3.8 MODELS OF MATERIALS 



Table 3.11 contains mechanical presentation and mathematical models of the visco-elastic 
materials. Here a and s are normal stress and axial strain, E is modulus of elasticity, and )/ 
is the visco-elasticity coefficient (Bland, 1960; Bolotin, Vol. 1, 1978). 

The fundamental characteristics of several models are presented in Table 3.12. 

Example. Derive the differential equation of the transverse vibration of the beam. The 
properties of the material obey the Kelvin- Voigt model 

- 3s 

a = Ee + ii — 

1 dt 



Solution. The strain of the beam may be presented as 



£ = 



Z 

P 



= -zy 



n 



where p is the radius of curvature, and z is the distance from the neutral axis to the studied 
fibre of the beam. 

The normal stress and bending moment are 



a = —Ezy" — r]z 



<Pv 

dtdx 2 



r <Py 9 3 v 

M x = J <7Z dA - -E-^2 1 - 1 



(A) 



dtdx 2 



where I = cL4. 

Substituting the expression for distributed load under free vibration 



<Py 

q = - m W 
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TABLE 3.11 Mechanical presentation and mathematical models of visco-elastic materials 
Model Diagram Equation 



Maxwell 



Kelvin- Voigt 



Kelvin-Voigt 
generalized linear 
model 

Kelvin 

generalized model 



Maxwell 

generalized model 



Three-element 
model of 
viscous-elasticity 



Relaxation medium 
E 3 

^ 

a L a 

Elastic-viscous medium 



E 




11 

E\ E n 




1 do a 3e 

E dt+ rj 3 1 





1 da 1 &£ 3 e 

ETt + n a - x °tf + Jt 



TABLE 3.12 Time dependent characteristics of visco-elastic materials 

Diagram a — t Diagram s — t 

Model (e = const) (a = const) 







Kelvin-Voigt 
generalized linear model 





£k 



t 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



FUNDAMENTAL EQUATIONS OF CLASSICAL BEAM THEORY 



FUNDAMENTAL EQUATIONS OF CLASSICAL BEAM THEORY 



into equation M" = —q yields the differential equation 



9 4 y d 5 v 

EI df + t,I aidf 



d 2 )’ 

+ m W = 0 



The second term describes the dissipative properties of the beam material. 
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3.9 MECHANICAL IMPEDANCE OF BOUNDARY 
CONDITIONS 



The boundary bending moment and shear force are expressed as the product of the 2x2 
impedance matrix Z and a column vector containing the linear and angular velocities of the 
beam at the boundary 



M 

F 




[Z] 



Z Fy Zpg 



(3.25) 



Table 3.13 presents the impedance ‘force-linear velocity and ‘moment-angular 

velocity' Z 2 = Z M g for several typical supports (Pan and Hansen, 1993). The cross terms 
Z/My and Zpe of the impedance matrix are zero. 



TABLE 3.13 Impedance Z, (force-linear velocity) and Z 2 (moment-angular velocity) for different 
boundary conditions 





Left end condition 




Boundary condition 
at x = — 0.5Z, 


Impedance 
Z x and Z 2 


Pinned 


*=-0.5 L 


X 


y = o 


Zj = oo 




A 




/' = o 


Z 2 = 0 


Fixed 


*= i0 .5L |.v 


X 


>’ = o 


Zy = oo 




1 1 




y = o 


Z 2 = oo 


Free 


*= - 0.5 L ♦>’ 


X 


/' = 0 


Z, = 0 






-> 


f = 0 


Z 2 = 0 


Translational spring 


*= - 0.5L t y 


X 


f = 0 


Zi =j-± 




X . 






CO 




^ Lr 




Ely"' + k tt y = 0 


z 2 = 0 


Rotational spring 


*= - 0.5 L | v 


X 


y = o 












Z x = oo 








O 

II 

0 

1 


7 - i k, °' 
7-2 — ~ J — 


Lumped mass 


*= - 0.5 L i.v 


X 


f = 0 


Z x = —jcoM 




O ‘ • 




Elf + My = 0 


Z 2 = 0 




M 








Dashpot 


x= - 0.5L +.V 


X 


/ = 0 


Zi = -i? 




1, 1 


> 


Elf + rjy = 0 


Z 2 = 0 




±n 
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3. 10 FUNDAMENTAL FUNCTIONS OF THE 
VIBRATING BEAMS 



The mathematical model of transverse vibration may be presented in operation form. 
The differential equation of transverse vibration of an elastic system is 



L[y(x, r)] = f(x, t), x e D, t > t 0 


(3.26) 


Initial conditions 




N[y(x, t)\ = y 0 (t 0 , x), x e D, t = t 0 


(3.27) 


Boundary conditions 




B[y{x, f)] = g(x, t), x e dD. t > t 0 


(3.28) 


where L = linear operator of differential equation; 
N = linear operator of boundary conditions; 
B = linear operator of initial conditions; 




D = open region; 
dD = boundary points. 





A standardizing function, w(x, t), is a non-unique linear function of f(x), y a (x) 
and g(x), which transforms the mathematical model (3 .26) — (3 .28) with non-homogeneous 
initial and boundary conditions to the mathematical model with homogeneous initial and 
boundary conditions 

L[\ix, r)] = w(x, t), x e D, t > t 0 
A[y(x, t)] = 0, x e D, t = t 0 
B[y{x, t)] = 0, x e dD, t > t 0 

Green s function (impulse transient function, influence function), G(x, < %, t, r), is a solution 
of the differential equation in the standard form. Green’s function satisfies the system of 
equations 

L[G(x, f t, t)] = S(x — l,, t — t), x e D, t > t 0 
N[G(x, t, t)] = 0, x e D, t = t 0 
B[G{x, t, t)] = 0, x e dD, t > t 0 

where x = point of application of disturbance force; 

£ = point of observation; 

t = moment of application of disturbance force; 
t = moment of observation. 

Causality principle. The Green’s function 

G(x, £, t, t) = 0, x e D, for t < t 

It means that any physical system cannot react to the disturbance before the moment this 
disturbance is applied. 
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The solution of system (3.26)-{3.28) is 

y(x, f) = J J G(x, t, T)d£ dr (3.29) 

t 0 D 

This formula allows us to find the response of any linear system due to arbitrary 
standardizing function w, which takes into account the effect not only of internal forces 
f(t), but also kinematic disturbance. 

The transfer function is the Laplace transform of Green’s function 

OO 

W(x, £,p) = J e~ pt G(x, t)dt, peK (3.30) 

o 

where K is set of a complex numbers. 



3.10.1 One-span uniform Bernoulli-Euler beams 

The differential equation of the transverse vibration is 
d 2 y(x, t) 2 9 4 t(-T. t) 



df- 



- + a 



dx 4 



■ =/(*. t) 



Initial conditions 



y(x, 0) = y 0 (x), 8,> ^ 0) = y,(x) 



(3.31) 



(3.32) 



Case 1. Boundary conditions 



ffvfl). 0 

dx 2 



= g i(0. 



t) 

dx 2 



&(/)’ 



9 3 y(0, t) 
dx 3 



= gl(t) 



9 3 V(/, t) 
dx 3 



g4(0' 



0 < x < /, a f 0 



(3.33) 



The standardizing function is a linear combination of the exciting force f(i), initial 
conditions y 0 (t) andy^r) and kinematic actions gft), i = 1, . . . , 4 (Butkovskiy, 1982). 



w(x, t) =f(x, t)+y 0 (x)5'(t)+yi(x)5(t) 

~ a 2 d'(x)gi(t) + a 2 d(x)g 2 (t) - a 2 S'(l - x)g 3 (t ) - a 2 d(x)g 4 (t) (3.34) 



Green s function 



G{x, 1 1) 



4^ X n (x)X„(Q 
ah k 2 X 2 (l) 



sin ak^t 



where the eigenfunction 



(3.35) 



X n (x) = (sinh k n l — sin A„/)(cosh k n x + cos k„x) — (cosh k n l — cos £„/)(sinh k n x + sin k n x) 
and eigenvalue k n are non-negative roots of equation 

cosh kl cos kl = 1 
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Transfer function 



W{x , £,p) 



4™ X n {x)X„(j) 1 

at i A?(0 p 2 + a 2 k*’ Pn 



±j ak 2 , n = 1,2,... 



(3.36) 



Case 2. Boundary conditions 



v(0, 0 = gj(0, 8j ^ ^ = g 2 (f) 

9y(/, f) 

;</, t) = g 3 (0, = g 4 (0> 0 <x<l af 0 

Standardizing function (Butkovskiy, 1982) 



w(x, t) =f(x, t ) +y o (x)<5'(0 +y 1 (x)<5(0 

- a 2 5 , "(x)g 1 (0 - a 2 <5"(x)g 2 (0 - a 2 S"'(l - x)gft ) + a 2 <5"(x)g 4 (0 

Green s function 



where 



G(x, £, t) 



4^ X„(x)X„(Q 
«»=i M ©] 2 



sin ak 2 t 



(3.37) 



(3.38) 



(3.39) 



X„(x) = (sinh k n l — sin£„/)(cosh£„x — cos £„x) — (cosh£„/ — cos £„/)(sinh k n x — sin£„x) 

k n are non-negative roots of the equation cosh kl cos kl = 1 . 

Transfer function 



W(x, fp) 



4™ X n (x)X„(Q 1 

«»=i K'(/)] 2 p 2 +a 2 k?f P " 



±j ak 2 , n = 1,2,... 



(3.40) 



Case 3. Boundary conditions 



y(0, t) = gft). 



9 2 v(0. f) 

dx 2 

9 2 v(/, t ) 



= g 2 (0 



y(7, t) = gft), = gfO’ 0 <x<l, afO 



Standardizing function (Carslaw and Jaeger, 1941; Butkovskiy, 1982) 



w(x, t) =f(x, i)+y 0 (x)d'{i)+y x (x)5{f) 

+ a 2 5"'(x)gi(t) + a 2 S'(x)g 2 (t) + a 2 S"'(l - x)gft) + a 2 S'(x)gft ) 

Green s function 

2/ “ 1 . mix . nnx . an 2 n 2 
G(x, C, t) = — L -ysin — sin — sm— z— < 
arc 7 „_i n~ 1 I r 



(3.41) 



(3.42]) 



(3.43) 
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Transfer function 

W(x, £,p) = y E sin”^sin”^ \ 2 4 

p 2 +— 

1 I sin o(/ — £) sinh qx sinh ql — sinh q(l — C) sinh qx sin ql 

W(x, i,p) = —r \ 3 -^ — 

2a l | q i sin ql sinh ql 

0 <*<£</ 

1 I sin g(/ — x) sinh q C, sinh ql — sinh q(l — x) sinh ql; sin ql 
q 3 sin ql sinh ql 
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(3.44) 



W(x, fp) = 



2a 1 

0 < Z < x < l 



where 



/ p an n 

q = J j = ±j u ’ « = i> 2 , . . . 

V a l 



3.10.2 Clamped-free beam of non-uniform cross-sectional area 

The distributed mass and the second moment of inertia are changed accordingly Equation 
2.5. In this case, Green function may be obtained using Equations 2.6 and 2.7. Green’s 
functions for two-span uniform Bernoulli-Euler beams with classical boundary conditions 
and intermediate elastic support are presented by Kukla (1991). 



3.10.3 Two-span uniform beam with intermediate elastic support 

The differential equation of the transverse vibration of a uniform beam with an 
intermediate elastic support is 

(fy(x, t) (fy(x, t ) 

m , + El + k(x)v( x, t) = 0, k(x) = kd(x - *,) (3.45) 

3 1 1 3x 4 

where 5 is the Dirac delta function; k is the stiffness coefficient of the translational spring 
that is attached to the beam at the point x x (Fig. 3.10). 



X 




EI,m f 


X 


*1 


ik tr * 






/ 













FIGURE 3.10. Two-span uniform beam with intermediate elastic support; the boundary conditions are not 
shown. 
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The frequency equation 



2C sW -g/«,U) = 0,{,=i 



El 



(3.46) 



Functions e(/i.) and fit .A) for beams with different boundary conditions are presented in 
Table 3.14 (Kukla, 1991). 



TABLE 3.14 Functions g(X) and /( c , /) for beams with different boundary conditions 



Type beam 


g(2) 


/«!*) 


Pinned-pinned 

Sliding-sliding 

Free-free 


sin 1 sinh X 
sin X sinh X 
1 — cos X cosh X 


sin 1 sinh Ic^ sinh 1(1 — £j) — sinhl sinl^ sinl(l — £j) 
sin X cosh l£j cos 1(1 — fj) + sinh X cos Xt,\ cos £(1 — 
sin X cosh Xt, x cosh 1(1 — £,{) 

— sinh X cos X cosh 1(1 — £ 1 ) + sinl£i coshl^ 

— cos X£j sinhl^ + sin 1(1 — cosh 1(1 — £j) 

— cos 1(1 — sinh 1(1 — 



Special cases 

1. The beam without intermediate support (k = 0). In this case, the frequency equation is 

gU) = 0. 

2. The beam with an intermediate rigid support (k — > oo). In this case, the frequency 
equation is f(t \ , X) = 0. 



3.10.4 Static Green function for a beam with elastic support at x 1 

The parameters, which define the position of the elastic support, are 

ti = *i //, z\ = K\ and zj = 2(1 - £,) 

and the parameters, which define the position of any section along the beam, are 
t = x/l, z = Xt and z' = 2(1 — t) 

The Green function may be formed after solution of the frequency equation (3.46). 
1. Pinned-pinned beam 



G(x,,i ;.) 


1 | 


/ sinz'j sinz 


sinhzj sinhz\ 


22 3 


^ sinl 


sinh X ) 


G(x h t,X) 


1 | 


/ sinz' sinz. 


sinhz' sinliz^ 


22 3 ' 


l sin 2 


sinh X 



(3.47) 
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2. Sliding-sliding beam 

„ . . , 1 /cosh z!, cosh- cos zi cos z\ „ 

= >inh-l + sini ),(<(, 

_ , 1 /coshc' coshz, cos z' coszA „ 

G s ,- s ,(x i, Z, X) = — T + — ), £ > 



2Z 3 V sinh/ 



sin/ 



3. Free-free beam 



89 



(3.48) 






4X 3 1 V sin Z sinh 1 ) 

cc 

4/ 3 2 \ sin Z sinh Z ) 



1 . (cost! coshzA 

4 tA-I I 



(3.49) 



where 



A | = [(cos zj smhZ — coshz] sin/)(cos / sinh / — cosh /sin/) 
+ (sin / + sinh Z)(sinZ coshz] — cos z] sinh/)] 
x [sin/ sinh /(I — cos / cosh/)] -1 
A 2 = [(sin/cosh/ + cos ZsinhZ)(cos z\ sinh/ — sin/coshz]) 
+ (sin / + sinh Z)(sin/ coshz] — cos z { sinh/)] 
x [sin/ sinh /(I — cos / cosh/)] -1 



3.10.5 One-span sliding-sliding uniform beam 



The differential equation of the transverse vibration is 



d 2 y(x, t ) 



+ EI 



<(y(x, t) 
dx 4 



F(l)d(x - b) 



where 8 is the Dirac function. 

Boundary conditions 

dv(°, f)_ ayo, f) _ 9y(U)_ n 9 3 .v(/0_ n 

dx ' dx 3 ’ dx ’ dx 3 



(3.50) 



(3.51) 



Case 1. Beam with uniformly distributed mass (Fig. 3.11). Green’s function G(x, b) is 
displacement at any point x due to unit load P at the point x = b. 



I 



l 



m, El 



FIGURE 3.11. Sliding-sliding uniform beam carrying 
concentrated load. 
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Green’s function may be presented as (Rassudov and Mjadzel, 1987) 



G|{ = y. P = -j) = Y 4 (i - P)H(i - P) 



sinh A sin A 



y 4 (i)F 3 (i-/i)-^F 2 (i)y 1 (f-/i) 

A 



y t (0 



(3.52) 



+ [y 4 (i)7,« - P) - Y 2 (1)Y 3 (1 - PWAO 



where H is the Heaviside function and Y t {i = 1,2, 3,4) are Krylov-Duncan functions 
(Krylov, 1936; Duncan, 1943) 



Y ] (AQ = ^(coshA^ + cos AO 

Y 2 (/.c) = ' (sinh )1 + sin AO 
2a 

y 3 (A0 = —^2 (cosh At — cos AO 

2 A 

F 4 (A0 = — ^(sinhAt!; — sin AO 



(3.53) 



The properties of Krylov-Duncan functions will be discussed in Section 4.1. 

The frequency equation and parameters A are presented in Table 5.4. 

Special cases. Green’s functions G( 0 /l) for specific parameters ^ = x/l, fi = b/l are 
presented below. 

Force F = 1 applied at point ft = 0 



G(0, 0) = 0.5F(cosh A sin A + cos A sinh A) 

G(l, 0) = 0.5F(sin A + sinh A) 

G(£ 0 . 0) = 0.5F[cos A(1 — 0) sinA + cos A(1 — c 0 ) sinh A] 



where parameter F = = . 

A 3 sinh A sin A 

Force F = 1 applied at point fi = 1 



G( 0, 1) = 0.5F(sinA + sinh A) 

G(l, 1) = 0.5F(coshAsinA + cos AsinhA) 
G(0, 1) = 0.5F(cosh AO sinA + cos AO sinh A) 
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Force F = 1 applied at point ft = So 

G(0, i^o) = 0.5F[cosh2(l — So) sin 2 4- cos 2(1 — £ 0 )sinh2] 

G( 1, So) = 0.5F(cosh2^ 0 sin 2 + cos 2£ 0 sinh2) 

G(^o, So) — 0.5F[cosh2(l — £ 0 )cosh2<!; 0 sin! + cos 2(1 — £ 0 )cos 2£ 0 cosh 2] 



Case 2. Beam with distributed and lumped masses (Fig. 3.12). The mass of the system 
may be presented as follows: 



m(x) = m + Y 5 (* — Xj) 

i 

where m ; is the lumped masses at x = x t ; and (5 is the Dirac function. 



m. 



m, El 



xn 



m 



m 2 



FIGURE 3.12. Sliding-sliding uniform beam with lumped 
masses. 



Green’s function 



G(£ 0 , 0) = - \[H 0 C + Xm 2 (AC - BD) 

x [Hi + H 0 2[(m l + m 2 )A + m 0 E] + A 2 [m 1 m 2 (A 2 — B 2 ) 

+ (nti + m 2 )fn 0 AE — m 0 (m l C 2 + ;)j 2 D 2 )]) -1 (3.54) 



where the dimensionless masses and parameters are 



m 0 = 
A = 



^ beam 

G( 0, 0) 



B = 



^ beam 

G(1,0) 



m 2 = 

, C = 

1 



‘Abeam 

G( 0, So) 



H n = sinh2sin2, F = 5- 

2 3 sinh 2 sin 2 



D = 



G( I , So) 



E = 



G(S 0 , So) 
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Source: Formulas for Structural Dynamics: Tables, Graphs and Solutions 



CHAPTER 4 

SPECIAL FUNCTIONS FOR 
THE DYNAMICAL 
CALCULATION OF BEAMS 
AND FRAMES 



Chapter 4 is devoted to special functions that are used for the dynamical calculation of 
different kind of beams and frames. Analytical expressions, properties and fundamental 
relationships, as well as tables of numerical values, are presented. 



NOTATION 



A 


Cross-sectional area 


E 


Young’s modulus 


El 


Bending stiffness 


4 


Moment of inertia of a cross-section 


i = El /l 


Bending stiffness per unit length 




, , map- 


k 


Frequency parameter, k = j7 


1 


Length of a beam 


r ik 


Unit reactions 


S, T, U, V 


Krylov-Duncan functions 


t 


Time 


X{x) 


Mode shape 


X 


Spatial coordinate 


y 


Transversal displacement 


p , m 


Density of material and mass per unit length 


8, 


Displacement influence functions 


£ 


Dimensionless coordinate, £ = x/l 


X 


Frequency parameter, X = kl 


m. m 


Harmonic angular and linear displacement 
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cj){X), {[/(A) Zal’tsberg functions 

A 2 

co Natural frequency, co = 

4. 1 KRYLOV-DUNCAN FUNCTIONS 




The transverse vibration of the uniform Bernoulli-Euler beam is described by the partial 
differential equation 



cPy 9 2 y 

EI ^ +pA W = ° 



(4.1) 



where y = y(x, t) 
P 
A 
E 
I 



transverse displacement of a beam; 
mass density; 
cross-sectional area; 
modulus of elasticity; 

moment of inertia of the cross-section about the neutral axis. 



Solution 

1. The travelling wave method. D’Alembert’s solution. A solution of differential 
equation (4.1) may be presented in the form 

v(x, t) = A cos ( cot — kx) 

where A = amplitude of vibration; 

co = frequency of free vibration; 
k = propagation constant; 
t = time; 

x = longitudinal coordinate of the beam. 

Dispersion relationship 



Phase and group velocities are 

n , 2 P A 

c = . C=2J— where fl = — 

V a V a El 

2. The standing wave method. Fourier s solution. A solution of differential equation 
(4. 1 ) may be presented in the form 



y(x, t) = X(x)T(t) 



(4.2) 



where X(x) = space-dependent function (shape function, mode shape function, eigen- 
function); 

T(t) = time-dependent function. 
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A shape function X(x) depends on the boundary conditions only. After separation of 
variables in (4.1) the function X(x) may be obtained from the equation 



X IV ( x ) — A' 4 X(x) = 0, where k = 




(4.3) 



Note that differentiation is with respect to x, but not with respect to i; = x/I, as presented in 
Table 3.1. 

The common solution of this equation is 



X(x) = A cosh kx + B sinh kx + C cos kx + D sin kx (4.4) 

where A, 5, C and D may be calculated by using the boundary conditions (see Chapter 
3.2). 

The natural frequency co of a beam is defined by 



to = 





where 2 = kl 



(4.5) 



4.1.1 Definitions of Krylov-Duncan functions 

The common solution of differential equation (4.3) may be presented in the following 
form, which significantly simplifies solution of the problems 

X(kx) = C,5(Ax) + C 2 T(kx ) + C 3 U (kx) + C 4 V(kx ) 

S{kx) = ^ (cosh kx + cos kx) 

T(kx) = \ (sinh kx + sin kx) (4.6) 

[/(Ax) = \ (cosh Ax — cos kx) 

V(kx) = j(sinhAx — sinAx) 

where X(kx) = general expression for mode shape; 

5(Ax), T(kx), [/(Ax), V(kx) = Krylov-Duncan functions (Krylov, 1936; Duncan, 
1943; Babakov, 1965). 

C t = constants, expressed in terms of initial parameters, as 
follows 

C, =X(0), C 2 = V(0). C 3 = ^X"(0), C 3 = ' ki X'"(Q) 



4.1.2 Properties of Krylov-Duncan functions 



Matrix representation of Krylov-Duncan functions and their derivatives at x = 0 
Krylov-Duncan functions and their derivatives result in the unit matrix at x = 0 



5(0) = 1 5'(0) = 0 S"( 0) = 0 

7\0) = 0 T'(0) = 1 T"( 0) = 0 

U(0) = 0 [/'(0) = 0 U"( 0) = 1 

V(0) = 0 V\0) = 0 V"(0) = 0 



S"'( 0) = 0 
T'"( 0) = 0 
[/"'( 0 ) = 0 
V"'(0) = 1 



(4.7) 
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Higher order derivatives of Krylov-Duncan functions. Krylov-Duncan functions and 
their derivatives satisfy a circular relationship (see Table 4.1). 



Integra l relationships of Krylov-Duncan functions (Kiselev, 1 980) 



[ S(kx)dx = - T(kx); 

[ T(kx)dx = - [/(Ax); 

\ U(kx)dx = - V(kx); 

f V(kx ) dx = -S{kx); 
k 



J xS(kx)dx = - T(kx ) - 
J xT(kx)dx = -U(kx) 
J xU(kx)dx = - V(kx) 
(xF(Ax)dx = -S(kx) 



U(kx) 

V(kx) 

S(kx) 

T(kx) 

-Jf- 



(4.8) 



Combinations of Krylov-Duncan functions 



ST — UV = j (cosh kx sin kx 4- sinh kx cos kx) 

TJJ — SV = \ (cosh kx sin kx — sinh kx cos kx) 

S 2 — U 2 coshfacos kx; T 2 — V 2 = 2(SU — V 2 ) = sinh Lx sin he (4.9) 

U 2 — TV = i(l — cosh Ax cos kx); S 2 — TV = |(1 + cosh Ax cos kx) 

T 2 -SU = SU- V 2 = i sinh kx sin kx; 2SU = T 2 + V 2 



Laplace transform of Krylov-Duncan functions (Strelkov, 1964) 



US) 



p 4 — A 4 



m 



kp 2 

> 4 - A 4 



L(U) 



k 2 p 

p 4 — A 4 



UV) 



A 3 

d^A 4 



(4.10) 



TABLE 4.1 Properties of Krylov-Duncan functions 



S(x) 




Function 


First 

derivative 


Second 

derivative 


Third 

derivative 


Fourth 

derivative 


S(x) 


kV(x) 


k 2 U(x) 


A 3 T(x) 


k 4 S(x) 


m 


kS(x) 


k 2 V(x) 


k 2 U(x) 


k A T(x) 


U(x) 


kT(x) 


k 2 S(x) 


k 3 V(x) 


k 4 U(x) 


V(x) 


kU(x) 


k 2 T(x) 


k 2 S(x) 


k 4 V(x) 
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Krylov-Duncan functions as a series (Ivovich, 1981) 



, ( fa ) 4 ( fa ) 8 ( fa ) 12 

S{kx) = 1 + — + — + — + • 



T(kx) = ( kx ) 



U(kx) = ( kx ) 



(kx) 4 (kxf 
1 + ■ 
5! 9! 



1 (kx) 4 (kx? 

2 + 6 ! + 10 ! + ' 



(4.11) 



V(kx) = (kxf 



1 (kx) 4 (kxf 

- + - — — + - — — + • 

6 7! 11! 



Krylov-Duncan functions are tabulated in Table 4.2 (Birger, Panovko, 1968). 

To obtain a frequency equation using Krylov-Duncan functions, the following general 
algorithm is recommended. 

Step 1. Represent the mode shape in the form that satisfies boundary conditions at x = 0. 
This expression will have only two Krylov-Duncan functions and, respectively, 
two constants. The decision of what Krylov-Duncan functions to use is based on 
Equations (4.7) and the boundary condition at x = 0. 

Step 2. Determine constants using the boundary condition at x = l and Table 4. 1 . Thus, 
the system of two homogeneous algebraic equations is obtained. 

Step 3. The non-trivial solution of this system represents the frequency equation. 

Detailed examples for using this algorithm are given below. 

Example 1. Calculate the frequencies of vibration and find the mode shape vibration for 
a pinned-pinned beam. The beam has mass density p, length /, modulus of elasticity E , and 
moment of inertia of cross-sectional area I. 

Solution. Boundary conditions: 

At the left end (x = 0): (1) X(0) = 0 (Deflection = 0); 

(2) X"(0) = 0 (Bending moment = 0); 

At the right end (x = /): (3) X(l) = 0 (Deflection = 0); 

(4) X"(l) = 0 (Bending moment = 0). 

At x = 0 the Krylov-Duncan functions and their second derivatives equal zero. According 
to Equations (4.7) these are T(kx) and V(kx) functions. Thus, the expression for the mode 
shape is 



X(x) = C 2 T(kx) + C 4 V(kx) 

Constants C-, and C 4 are calculated from boundary conditions at x = I 

X(l) = C 2 T(kl) + C A V(kl) = 0 
X"(l) = k 2 [C 2 V(kI) + C 4 T(kl)\ = 0 
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TABLE 4.2 Krylov-Duncan functions 



kx 


S(kx) 


T(hc) 


U(kx) 


V{kx) 


0.00 


1.00000 


0.00000 


0.00000 


0.00000 


0.01 


1.00000 


0.01000 


0.00005 


0.00000 


0.02 


1.00000 


0.02000 


0.00020 


0.00000 


0.03 


1.00000 


0.03000 


0.00045 


0.00000 


0.04 


1.00000 


0.04000 


0.00080 


0.00001 


0.05 


1.00000 


0.05000 


0.00125 


0.00002 


0.06 


1.00000 


0.06000 


0.00180 


0.00004 


0.07 


1.00000 


0.07000 


0.00245 


0.00006 


0.08 


1.00000 


0.08000 


0.00320 


0.00009 


0.09 


1.00000 


0.09000 


0.00405 


0.00012 


0.10 


1.00000 


0.10000 


0.00500 


0.00017 


0.20 


1.00007 


0.20000 


0.02000 


0.00133 


0.30 


1.00034 


0.30002 


0.04500 


0.00450 


0.40 


1.00106 


0.40008 


0.07999 


0.01062 


0.50 


1.00261 


0.50026 


0.12502 


0.02084 


0.60 


1.00539 


0.60064 


0.18006 


0.03606 


0.70 


1.01001 


0.70190 


0.24516 


0.05718 


0.80 


1.01702 


0.80273 


0.32036 


0.08537 


0.90 


1.02735 


0.90492 


0.40574 


0.12159 


1.00 


1.04169 


1.00833 


0.50139 


0.16686 


1.10 


1.06106 


1.11343 


0.60746 


0.22222 


1.20 


1.08651 


1.22075 


0.72415 


0.28871 


1.30 


1.11920 


1.33097 


0.85170 


0.36691 


1.40 


1.16043 


1.44487 


0.99046 


0.45942 


1.50 


1.21157 


1.56338 


1.14083 


0.56589 


1/271 


1.25409 


1.65015 


1.25409 


0.65015 


1.60 


1.27413 


1.68757 


1.30333 


0.63800 


1.70 


1.39974 


1.81864 


1.47832 


0.82698 


1.80 


1.44013 


1.95801 


1.66823 


0.98416 


1.90 


1.54722 


2.10723 


1.87551 


1.16093 


2.00 


1.67277 


2.26808 


2.08917 


1.35828 


2.10 


1.82973 


2.44253 


2.32458 


1.57937 


2.20 


1.98970 


2.63280 


2.57820 


1.82430 


2.30 


2.18547 


2.84133 


2.85175 


2.09562 


2.40 


2.40978 


3.07085 


3.14717 


2.39537 


2.50 


2.66557 


3.32433 


3.46671 


2.72586 


2.60 


2.95606 


3.60511 


3.81295 


3.08961 


2.70 


3.08470 


3.91682 


4.18872 


3.48944 


2.80 


3.65520 


4.26346 


4.59747 


3.92846 


2.90 


4.07181 


4.64940 


5.04277 


4.41016 


3.00 


4.53883 


5.07949 


5.52882 


4.93837 


3.10 


5.06118 


5.55901 


6.06032 


5.51743 


71 


5.29597 


5.77437 


6.29597 


5.77437 


3.20 


5.64418 


6.09375 


6.64247 


6.15212 


3.30 


6.29364 


6.69006 


7.28112 


6.84781 


3.40 


7.01592 


7.35491 


7.98277 


7.61045 


3.50 


7.81818 


8.09592 


8.75464 


8.44760 


3.60 


8.70801 


8.92147 


9.60477 


9.36399 


3.70 


9.69345 


9.84072 


10.54205 


10.37056 


3.80 


10.78540 


10.86377 


11.57637 


11.47563 
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TABLE 4.2 ( Continued ) 



kx 


S(kx) 


T(kx) 


U(kx ) 


V(kx) 


3.9 


11.99271 


12.00167 


12.71864 


12.68943 


4.0 


13.32739 


13.26656 


13.98093 


14.02336 


4.1 


14.80180 


14.67179 


15.37662 


15.49007 


4.2 


16.43020 


16.23204 


16.92046 


17.10362 


4.3 


18.27794 


17.96347 


18.62874 


18.87964 


4.4 


20.21212 


19.88385 


20.51945 


20.83545 


4.5 


22.40166 


22.01274 


22.61246 


22.99027 


4.6 


24.81751 


24.37172 


24.92966 


25.36541 


4.7 


27.48287 


26.98456 


27.49526 


27.98448 


3ti/2 


27.83169 


27.32720 


27.83169 


28.32720 


4.8 


30.42341 


29.87746 


30.33591 


30.87362 


4.9 


33.66756 


33.07936 


33.48105 


34.06181 


5.0 


37.24680 


36.62214 


36.96314 


37.58106 


5.1 


41.19599 


40.54105 


40.81801 


41.46686 


5.2 


45.55370 


44.87495 


45.08518 


45.75840 


5.3 


50.36263 


49.66682 


49.80826 


50.49909 


5.4 


55.67008 


54.96409 


55.03539 


55.73685 


5.5 


61.52834 


60.81919 


60.81967 


61.52473 


5.6 


67.99531 


67.29004 


66.21974 


67.92131 


5.7 


75.13504 


74.44067 


74.30033 


74.99136 


5.8 


83.01840 


82.34183 


82.13288 


82.80633 


5.9 


91.72379 


91.07172 


90.79631 


91.44562 


6.0 


101.33790 


100.71687 


100.37773 


100.99629 


6.1 


111.95664 


111.37280 


110.97337 


111.55491 


6.2 


123.68604 


123.19521 


122.68950 


123.22830 


In 


134.37338 


133.87245 


133.37338 


133.87245 


6.3 


136.64336 


136.15092 


135.64350 


136.13411 


6.4 


150.96826 


150.46912 


149.97508 


150.35257 


6.5 


166.77508 


166.39259 


165.79749 


166.17747 


6.6 


184.24925 


183.92922 


183.29902 


183.61768 


6.7 


203.55895 


203.30357 


202.64457 


202.89872 


6.8 


224.89590 


224.70860 


224.02740 


224.21449 


6.9 


248.47679 


248.35764 


247.66106 


247.77920 


7.0 


274.53547 


274.48655 


273.78157 


273.82956 


7.1 


303.33425 


303.28381 


302.64970 


302.62707 


7.2 


335.16205 


335.25434 


334.55370 


334.46067 


7.3 


370.33819 


370.50003 


369.81211 


369.64954 


7.4 


409.21553 


409.44531 


408.77698 


408.54660 


7.5 


452.18406 


452.92446 


451.73742 


451.54146 


7.6 


499.67473 


500.03281 


499.42347 


499.06489 


7.7 


552.16384 


552.58097 


552.01042 


551.58780 


7.8 


610.17757 


610.64966 


610.12361 


609.65112 


5/2tc 


643.99272 


644.49252 


643.99272 


643.49252 


7.9 


674.29767 


674.81986 


674.34367 


673.82102 


8.0 


745.16683 


745.73409 


745.31233 


744.74473 


8.1 


823.49532 


823.95189 


823.73886 


823.28200 


8.2 


910.06807 


910.70787 


910.40722 


909.76714 


8.3 


1005.75247 


1006.41912 


1006.18385 


1005.51695 


8.4 


1111.50710 


1112.19393 


1112.02639 


1111.33933 
( continued ) 
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TABLE 4.2 (Continued) 



kx 


S(kx) 


T(kx) 


U(kx) 


V(kx) 


8.5 


1228.39125 


1229.09140 


1228.99326 


1228.29291 


8.6 


1357.57558 


1358.28205 


1358.25430 


1357.54765 


8.7 


1500.35377 


1501.05950 


1501.10242 


1500.39658 


8.8 


1658.15549 


1658.85342 


1658.96658 


1658.26850 


8.9 


1832.56070 


1833.42607 


1833.42614 


1832.74284 


9.0 


2025.31545 


2025.97701 


2026.22658 


2025.56489 


9.1 


2238.34934 


2238.98270 


2339.29706 


2238.66360 


9.2 


2473.79487 


2474.39373 


2474.76971 


2474.17079 


9.3 


2734.00871 


2734.56071 


2735.00094 


2734.44255 


9.4 


3021.59536 


3022.10755 


3022.59505 


3022.08297 


3n 


3097.41192 


3097.91193 


3098.41197 


3097.91193 


9.5 


3339.43314 


3339.89411 


3340.43031 


3359.96926 


9.6 


3690.70306 


3691.11321 


3691.68775 


3691.27754 


9.7 


4078.92063 


4079.26590 


4079.88299 


4079.53766 


9.8 


4508.47103 


4508.25298 


4508.90146 


4508.61946 


9.9 


4982.14802 


4982.35202 


4983.03721 


4982.32136 


10.0 


5596.19606 


5506.34442 


5507.03599 


5506.88844 



A non-trivial solution of the above system is the frequency equation 



T(kl) 
V(kl ) 



V(kl ) 
T(kl) 



= 0 — > T 2 (kl) 



V 2 (kl) = 0 



According to Equation (4.9), this leads to sin kl = 0. The roots of the equation are 



kl = n, 2 k, . . . 

Thus, the frequencies of vibration are 



co = 




3.1416 2 

~ 2 





Mode shape 



X(x) = C 2 T(kx) + C 4 V (he) = C 2 



T(kfc) + 



Q 

C 2 



V(k,-x) 



Find the ratio C 4 /C 2 



X(I) = C 2 T(kl ) + C 4 V{kl) = 0 
X"(l) = k 2 [C 2 V(kl) + C 4 T(kl)\ = 0 

so the ratio C 4 /C 2 from first and second equations is 

C 4 _ m,/) _ V(kjl) 

C 2 ~ V(k t l) ~ T(kf) 
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and the mode shape (eigenfunction) is 

X(x) = C 2 T(kx) + C 4 V (kx) = C 2 T(k t x) - V(k iX ) 

L V(k t l) 



TW) 



X(x) = C 2 U(kx) + C 4 V (kx) = C 2 

According to Table 4.2, the Krylov-Duncan functions 

r(7t) = V(n), T(2n) = V(2n), . . . 

so the mode shape is 

X(x) = C 2 [T(k i x) - V(k iX )\ 



Example 2. Calculate the frequencies of vibration and find the mode of shape vibration 
for a clamped-free beam. 



Solution. The boundary conditions are as follows: 

At the left end (x = 0): (1) X(0) = 0 (Deflection = 0) 

(2) X"(0) = 0 (Slope = 0) 

At the right end (x = /): (3) X"(l) = 0 (Bending moment = 0) 

(4) X”'(l) = 0 (Shear force = 0) 

At the left end (x = 0), the Krylov-Duncan functions and their first derivatives equal zero. 
These are U(kx) and V(kx) functions. Thus, the expression for mode shape is 

X(x) = C 3 U (kx) + C 4 V(kx) 

Constants C 3 and C 4 are calculated from boundary conditions at x = /: 



X"(l) = k 2 [C 3 S(kl) + C 4 T{kl)\ = 0 
X"\l) = £ 3 [C 3 V(kl) + C 4 S(kt)\ = 0 

A non-trivial solution of the above system is the frequency equation 



S(kl) 

V(kl) 



T(kl ) 
S(kl) 



= 0 -> S 2 (kl) 



V(kl)T(kl ) = 0 



According to Equation (4.9) this leads to 



cosh kl cos kl + 1 = 0 
The roots of the frequency equation are 



kl= 1.8754, 4.694, 7.855, 10.996,... 
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Thus, the frequencies of vibration are 




1.875 2 [El _ 4.694 2 [M 

P V m ’ 2 P V m ’ 



Mode shape 



X(x) 



C 3 U(kx) + C 4 V(kx) = C 3 



U(k,x) + C ^ 
l 3 



V(kiX) 



The ratio C4/C3 may be obtained using Equation 4.7 



X"(l) = k 2 [C 3 S(kl) + C 4 T(kl)\ = 0 
X"\l) = k?[C 3 V{kl) + C 4 S(kl)\ = 0 



so the ratio C 4 /C 3 from first and second equations is 

C 4 _ S(kil) _ V(k i l) 

C 3 “ T(kJ) ~ S(kjl) 

and the mode shape (eigenfunction) is 



X(x) 



C 3 U (kx) + C 4 V (kx) = C 3 



U(kjX) 



W) 

Tikfi 




or 



X(x) = C 3 U (kx) + C 4 V(kx) = C 3 






Appendix A contains eigenfunctions for one-span beams with different boundary con- 
ditions. It is assumed that the eigenfunctions are normalized, i.e. 



\x 2 (x)dx = 1 



Example. Find an expression for the mode shape of vibration for a uniform beam with 
standard boundary conditions at x = 0. 

Solution. According to the general algorithm, relationships (4.7) and the boundary 
conditions (Table 3.3), the mode shape of vibration for a beam with standard boundary 
conditions at x = 0 may be presented as follows: 
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Type of support Boundary conditions Mode shape 

at left end (x = 0) at left end X(he ) 



| , : — > x y= o C 3 U (he) + C 4 V (he) 

dy 

Clamped end — = 0 

(y = 0, 0 = 0) dX 




Pinned end 



(y = 0,M = 0) 



y = o 

d 2 y 

EI ^=° 



Cj5(fc r) + C 2 T(kx ) 



Free end 
(Q = 0, M = 0) 

Sliding end 

(Q = 0,0 = 0 ) 




C 2 T(kx) + C 3 U(kx) 



C l S(kx ) + C 3 U(kx) 



Two unknown constants C,- are determined using boundary condition for x = 1. 



4.1.3 State equation (Strelkov, 1964; Babakov, 1965; Pilkey, 1994) 



The relationship between states of two different points, for example at x = / and x = 0 is 



where y 

e 

M 

Q 

A 



y( 0 
9(1) 
M(l ) 
Q(i) 



= A 



y( o) 
0 ( 0 ) 
M( 0 ) 
2 ( 0 ) 



transverse displacement of the beam; 
angle of rotation; 
bending moment; 
shear force; 

system matrix, which may be written in the form 



(4.12) 



S(kl) 


\ T (kf) 


m u ™ 


\t(M) 




kV(kl ) 


S(kl) 


( 4 . 13 ) 


Elk 2 U (kl) 


EIkV(kl) 


S(kl) 




_ EIk 2 T(kl) 


Elk 2 U (kl) 


kV(kl) 


S(kl) 
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The state equation (4.12) and the system matrix (4.13) are the fundamental relationships in 
the theory of the vibration of beams with a uniformly distributed mass (see the initial 
parameter method. Chapter 5.1). 

Example. Calculate the frequencies of vibration for a free-free beam. 

Solution. The state equation (4.12) for the given system may be presented as two 
systems 



>•(/) = S(kl)y(0) + l - T(kl)0(()) 
9(1) = kV(kl)y( 0) + S(kl)9( 0) 
kU(kl)y(0) + V(kl)9( 0) = 0 
kT(kl)y(0) + U(kl)9( 0) = 0 



The relationship between amplitudes at x = 0 and x = l may be obtained from the first 
system. 

A non-trivial solution of the second system is the frequency equation 



kU(kl) 

kT(kl) 



V(kl) 

U(kl) 



= 0 U 2 (kl ) 



V(kl)T(kl) = 0 



According to Equations (4.9) this leads to 



1 — cosh kl cos kl = 0 



The roots of the equation are 



0, 3.9266, 7.0685,... 
Thus, the frequencies of vibration are 



3.9266 2 lEI 7.0685 2 Ie! 

COj =0, co 2 = — - — J— r» 3 = — - — 

E V m E V m 

The frequency of vibration aq = 0 corresponds to the rigid body mode. 



Special cases 

1. Stiffness matrix. A stiffness matrix for a massless beam may be obtained from the 
system matrix (4.13). If a uniformly distributed mass approaches zero (m — > 0) then, 
according to Equation (4.3), parameter k approaches zero as well (k —*■ 0). If the functions 
sin, cos, sinh and cosh are approximated by polynomial series and only the first terms are 
taken into account, then the stiffness matrix for a massless beam becomes 



k = 



2. Mass matrix. A mass matrix may be obtained from the system matrix (4. 13) if the 
length of a distributed mass approaches zero (/ — *■ 0) and the distributed mass of a beam is 
represented as single lumped mass (im — > M). If the functions sin, cos, sinh and cosh are 



' 1 -l l 2 /2EI 

0 1 —l/EI 

0 0 1 

0 0 0 



P/6EI ' 
l 2 /2EI 
l 

1 



(4.14) 
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approximated by polynomial series and only the first terms are taken into account, then the 
mass matrix becomes 



M = 



1 

0 

0 

Mco 2 



0 0 
1 0 
0 1 
0 0 



0 

0 

0 

1 



(4.15) 



System matrix (4.13), stiffness matrix (4.14) and mass matrix (4.15) are called transfer 
matrices. Detailed information concerning transfer matrices is presented by Ivovich 
(1981), Pilkey (1994). 



4.1.4 Relationship between frequency parameters A for different frame 
elements 

In the general case, all elements of a frame hav e differen t parameters m, El and length 1. 
This yields different frequency parameters k = ^ mco 2 /El for different elements. However, 
for the system as a whole, the frequency vibration co is determined by frequency 
parameters k of each element as follows 

a 2 =k 4 E o I E = k M ( 4 . 16) 

m 0 m l 

where m 0 , EI 0 , l 0 and k 0 are the parameters of any element, which is conditionally referred 
as the base element; 

Mj, EI ol , l { and k { are the parameters of other elements of the frame. 

Equation (4.16) leads to the relationship 



k { = k 0 £ u where 



4 m \ E 0 I 0 



Frequency parameter 



_ kf l — *o«i/i t - — ^ot"£i 
l o ‘o 



which leads to the relationship 



Ai = An-rl — 



h 4 m | E 0 I 0 



l 0 V m 0 Ef | 



(4.17) 



Example. The frame with different parameters m, El, and / is presented in Fig. 4.1. 
Represent the frequency parameter ). x of the horizontal element in terns of frequency para- 
meter a 0 of the vertical element. 
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1 1 =2/ 0 ; m i=4 m 0 ; EI\=2EI 



|A t =2.3784 Aq 



/o m Q EIq 



a) 



Ao 



b) 



FIGURE 4.1. (a) Design diagram; (b) relationship between frequency parameters. 



Solution. Let the vertical element be the base element. According to Equation (4.17) the 
frequency parameter of the horizontal element in terms of the frequency parameter of the 
vertical element is 



j _ • h 4 m i E 0 I 0 
0 l 0 \ m 0 E l I l 



Substituting the given data of the system (Fig. 4.1(a)) in the equation above, obtains 



q = 1 0 x 2 x ^4 x i = 2.37844 

Thus, the frequency parameter Tq of the horizontal element is reduced to the frequency 
parameter 7. 0 of vertical element. 

The same algorithm is applicable for frames with any numbers of elements. 



4.2 DYNAMICAL REACTIONS OF MASSLESS 
ELEMENTS WITH ONE LUMPED MASS 



For the solution of the eigenvalues problem for frames with elastic uniform massless 
elements and a lumped mass, slope-deflection may be applicable. In this case, the 
dynamical reactions of the one-span beams must be used. These reactions are presented 
in Table 4.3. (Kiselev, 1969) 

Dynamical reactions are reactions due to unit harmonic angular and linear 
displacements £(t), respectively 



< p(t ) = 1 x sin Or, £(f) =1 x sin Or (4.18) 

where 0 is the frequency of hannonic displacements. 

For the cases presented in Table 4.3 the frequencies of free vibrations are 



3l 3 EI r , „ 

oj 0 = , _ , , tor cases 1-4 
Ma 3 b 3 



UPEI 

°° Mb 2 a 3 (?>a + 4b) 



for cases 5-7 



(4.19) 

(4.20) 
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TABLE 4.3 Dynamical reactions of massless elements with one lumped mass 



Af(0I_ 


^ M ^10 








G 


t® — rV 


Bending 


Shear 




Q(0) T 


e-ff ® J 

/ J 0(0 


moments 


forces 




r 




M(0) 


2(0) 


Functions 



9(0 

0> 



4EI 



( 2 ) 



4 } 

<p(d 



(3) 



H — 
1 1 






(4) 









9(0 



<51 fr 






(6) l. { 

^(o n vL- 



(7) ^ '"•""-,■0^(0 

ir 



-Fi/i 



2£7, 



-F 2 /i 



6EI 

-~pr F 3A 



6EI 

~-pr F 4A 



6EI 

~-pr F sA 



6EI 

- ~pr F io/' 



6EI , 



6EI 

—pT^ 



6 £/„ 

—,r F ^ 



YIEI 



-Fj/i 



12EI , 



-FtsU 



12 El 



F n n 



1 2EI 



~F n b 



12EI , 



F \ 4A 



F ‘-'- a ( l+ u) 

3a6 + 6 2n i 



F s = l-il + 



(>+^) 



F 2 _ 1 + - <5 

F * = 1+ ^ 



F%=F* 



F 7 = 1 — 5 

F$ = 1 + <5 
F 8 = 1 + (5 

F„ = 1 -<5- 



1 + 

/ 

2b 

3/ 2 

4o6 



6(3a + by 
4 a 3 



4/ 2 



a(3a + 46) 



F„ = 1 -6 



c 2/ 2 3a + 26 
a 2 3a + 46 

2/ 2 3a + 26 



Fl0_1_5 a 2 3a + 46 



F 13 = 1—6 

+n = 1 + 6 

F 14 = 1 + <5 



4/ 3 3a + 6 
a 3 3a + 46 

2 1 2 

6(3a + 46) 
6/ 3 

a6(3a + 46) 



* Asterisk denotes the inflection point of the elastic curve. 
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Parameters /i and <5 are as follows 



fi = 



1 

1 - 5 ’ 




Example. Find the eigenvalues of a symmetrical vibration for the frame shown in Fig. 
4.2(a), assuming that all elements are massless. 

Solution. The conjugate system of the frame, according to the slope and deflection 
method, is given in Fig. 4.2(b). Restrictions 1 and 2 prevent angular displacements, and 
restriction 3 prevents horizontal displacement of the frame. The basic unknowns, which 
correspond to the symmetrical vibrations of the framed structure, are group rotation of 
fixed joints 1 and 2 (Fig. 4.2(c)). The canonical equation of the slope-deflection method is 

TnZi + R lp = 0 

where r n = unit reaction in restriction 1 due to group rotation of fixed joint 1 through a 
unit angle in a clockwise direction and joint 2 in the counter-clockwise 
direction; 

R lp = reaction in the restriction 1 due to internal loads; i? lp = 0, since internal 
loads are absent. 

The square of the frequency of vibration of a massless clamped-clamped beam with one 
lumped mass M according to Equation (4.19) is 

2 _ 3 1 2 El 
" r -MaW 



M 






FIGURE 4.2. Design diagram and conjugate system of slope and deflection method. Z\ and Z 2 are 
principal unknowns for symmetrical vibration. 
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If a = b = 0.5/, then 

, 192EI 

or = s— 

MP 

Vertical elements 1-5. The bending moment in restriction 1, according to Table 4.3, is 

4EI 

'Invert ^ P\ P 

where 



^ = l--(l+7xl)=l-^2 V = 



1 w 2 



thus 



4 El 

■Invert ^ 



1 - 



7 0 2 
4co 2 



Horizontal elements 1-2. The bending moment in the additional joint 1 is 

,, 4 El 2EJ „ , 7 0 2 

^horiz = —r F \P ~ —r F 2P F \ = 1 - T 2 
It 4 CO" 1 



F, = !+-=! + 



0 2 

2rn 2 



/ 



2E1 l 0* 



Unit reaction (if l = h) is 



— ^vert + Mioriz — — 



4 co 2 



2EI / , „ O' 

+ ~r 1_4 ^ 



/( = ^l 6 - !5 — U( 



The frequency equation is 



r n = ^r| 6- 15— |/i = 0 



The square of the frequency of symmetrical vibration of the frame is 



e =l5“ = 



6 1 92 £7 
15 MP 



4.3 DYNAMICAL REACTIONS OF BEAMS WITH 
DISTRIBUTED MASSES 



For the solution of the eigenvalue problem for frames with elastic uniform elements and 
uniformly distributed masses along the length of elements, the slope-deflection method 
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may be applicable (Kiselev, 1980). In this case, dynamical unit reactions of the one-span 
beams must be used. 

Dynamical reactions are unit reactions due to unit harmonic angular <j)(t) and linear £( t ) 
displacements according to Equation (4.18). In the case of free vibration, 9 = to, where co 
is the frequency of free vibration of a system (eigenvalue). The effects of the inertial forces 
of distributed masses are taken into account by correction functions i /q(A). 

The exact expression of the dynamical reactions may be presented using correction 
functions (Table 4.4) or Krylov-Duncan functions (Table 4.5). To avoid cumbersome 
calculation, numerical values of correction functions are presented in Table 4.6. 

Approximate expression of dynamical reactions (Bolotin’s functions) are presented in 
Table 4.7 (Bolotin, 1964; Smirnov et al, 1984). 

Tables 4.4— 4.7 contain the following parameters: 

A is frequency parameter, A = / 
i is bending stiffness per unit length, i = — 

The equations of elastic curves of beams subjected to unit support displacement are 
presented in Table 4.10, later. 

Example. Find eigenvalues of symmetrical vibration for the frame shown in Fig. 4.3(a), 
assuming that masses are distributed uniformly along the length of the elements. The 
length of all the elements is /; El = const. 

Solution. The primary system of the frame, corresponding to the slope-deflection 
method is given in Fig. 4.3(b). The basic unknowns are the group of angular displacements 
Z, and Z 2 (Fig. 4.3(c)). The canonical equation is 

r n Z l + R lp = 0 

where R lp = 0, since only free vibration is under investigation. 

Reaction r n is obtained from Table 4.4 

'~Y = 311/i^A) + 4ri/r 2 (A) + 4r't/r 2 (A) - 2r't/r 3 (A) 




or 



rn = 2[3i/r,(A) + 8i A 2 (A) - 2 fj(A)] 



The frequency equation is 



r n = 0 



or 



3i/rj(A) + 8t/f 2 (A) — 2i/f 3 (A) = 0 

The roots of the transcendental equation are A, = 3.34, A 2 = 4.25, A 3 = 4.73, 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



SPECIAL FUNCTIONS FOR THE DYNAMICAL CALCULATION OF BEAMS AND FRAMES 



SPECIAL FUNCTIONS FOR THE DYNAMICAL CALCULATION OF BEAMS AND FRAMES 113 

TABLE 4.4 Exact dynamical reactions of beams with uniformly distributed masses 
Design diagram 

and bending Bending 

moment diagram moments Reactions Correction functions 



A A 1 M a 




Va 



< 



Vb 



M a = 3 ixjj^X) 
M„ = 0 



i(A) 

V A 

a: '/'4(A) 

Vb = y 'kiW 

i hW 



A 2 sinh A sin A 
3 cosh A sin A — sinh A cos A 

A 2 cosh A sin A + sinh A cos A 
3 cosh A sin A — sinh A cos A 

A 2 sinh A + sin A 
3 cosh A sin A — sinh A cos A 



A AI ik % 






B M b 



* Inflection point of 
elastic curve 





M a = 4ii/j 2 U) 
M b = 2;iy(A) 



M a 

M b 



= ylA 4 (A) 
= 0 



V A =jUV 

V B = J MV 



Va — -p'PsW 
V B = 9W 



l/r 2 (A) 

1 A 3 W 

l/r 5 (A) 

•AeW 

l/r 8 (A) 

«A 9 (A) 



A cosh A sin A — sinh A cos A 
4 1 — cosh A cos A 

A sinh A — sin A 

2 1 — cosh A cos A 

A 2 sinh A sin A 
6 1 — cosh A cos A 

A 2 cosh A — cos A 
6 1 — cosh A cos A 
A 3 2 cosh A cos A 

3 cosh A sin A — sinh A cos A 

A 3 coshA + cosA 

3 cosh A sin A — sinh A cos A 



61 



12/ 



M A=T <A 5 W *4 = -IS-lAloW 



1 A 10 W 









A 3 cosh A sin A + sinh A cos A 
12 1 — cosh A cos A 

A 3 sinh A + sin A 
12 1 — cosh A cos A 




'/' 12 (A) 



A 3 1 + cosh A cos A 
3 cosh A sin A — sinh A cos A 
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TABLE 4.5 Exact dynamical reactions of beams with uniformly distributed masses in terms of 
Krylov-Duncan functions (Bezukhov et al., 1969) 



Design diagram 



Reactions 




4 mco 2 1 4 

V El 





_ EIk(SV - TU) __ _ EIk 2 (SU - V 2 ) 
rn ~ U 2 - TV ri ' ~ U 2 - TV 

VEIk Elk 2 U 

- JJ2 _ TV '4i - ~ JJ2 _ TV 



(2) 






I 



f'22 



r 42 



EIk?(ST - UV) EIk 2 (V 2 - SU ) 

22 ~ U 2 - TV r 12 " U 2 -TV 

EIk 2 U __ _ EIk 2 T 
32 ~ U 2 - TV r 42 ~ ~ U 2 — TV 



m 




Translational motion of all beams 




EIk(T 2 - V 2 ) EIk 2 (UV - ST) 

SV -TU ' 2I ~ SV -TU 

EI k 2 T __ _ V 
SV -TU Cp ~~ SV-TU 



EIk\U 1 - S 2 ) EIk 2 (ST - UV) 

SV-TU ' 12 - SV-TU 

EI k 2 S __ _ Uk 
SV-TU (f> ~ SV- TU 



EIk 2 (SV - TU) 

r ll= r 21=- r H 



_ k(UV -ST) _ kT 
T 2 — V 2 ^ T 2 V 2 



<P o = 



EIk\U a V a - S a T a ) 

SI -vl 

k(T a U a -S a V a ) 

si - Ui 



Krylov-Duncan functions S, T, U, V calculated at x = l; subscript a indicates that these functions are calculated 
at x = a. 
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FIGURE 4.3. Design diagram, conjugate system, bending moment diagram due to a group of unit angular 
displacements and the free-body diagram of the joint. Frequency parameter X — l 4 y/co 2 (m/EI). 



The frequencies of symmetrical vibration are 




/ 4.73\ 2 [El 

’ 3_ w) Vm 



Example. Find the frequencies of free vibration for the frame shown in Fig. 4.4(a), 
assuming that bar masses are distributed uniformly along the length of the elements. 
The length of all elements is l, and El = const. 

Solution. The primary system of the frame, corresponding to the slope and deflection 
method, as well as the bending moment diagram due to the unit angular displacements 
Z] , are given in Fig. 4.4(b). 




FIGURE 4.4. Design diagram, conjugate system and bending moment diagram due to unit angular 
displacement of joint 1 . 
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The canonical equation of the slope-deflection method is 

r n Z i + R lp = 0 

where f? lp = 0 since the external forces are not considered. 

Reaction r u is obtained from Table 4.5 

_ o EIk(SV - TU ) 

~ ' U 2 - TV 

Frequency equation is r l t = 0, which leads to the transcendental equation 

tan kl = tanh kl 



The roots of the above equation are 

kl = 3.926, 7.0685,... 

The exact frequencies of vibration are 

3.926 2 [El 7.0685 2 [El 

^ 1 j2 V ' ^2 p V 1 

r ( » / V m 



4.3.2 Approximate formulas (Bolotin, 1964; Smirnov et al., 1984) 

Approximate expressions for the reactions of elastic uniform beams with uniformly 
distributed masses m due to unit angular and linear displacements of its ends, according 
to Equation (4.18), are presented in Table 4.7. The first term is the exact elastic reaction, 
due to statical unit displacement, the second term is the approximate reaction due to 
distributed inertial forces mco 2 y(x)', k = mco 2 P, i = El /l. 

The first term in the expressions for bending moment and shear force is used in statical 
calculation using the slope-deflection method. 

Example. Determine the natural frequencies of vibration for the frame shown in Fig. 
4.5(a), assuming that masses are distributed uniformly along the length of the elements. 
The length of all elements is /. El = const. 

Solution. The basic system of the frame, corresponding to the slope-deflection method, 
and the bending moment diagram due to unit angular displacements Z y are given in Fig. 




FIGURE 4.5. Design diagram, conjugate system and bending moment diagram due to unit angular 
displacement of joint 1 . 
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TABLE 4.7 Approximate dynamical reactions of beams with uniformly distributed masses. 
Design diagram and bending 

moment diagram Bending moment Reactions 



-a* 








m b = o 



V A 



3/_ 3 k 

T _ 357 



3 / 11 k 

T + 2807 




M A = 4i- 



k 

l05 



^ 6 / 1 1 A: 

V/i = T _ 2lo7 



Mfi - 2i ' + T40 



6/ 13 k 

7 + 4207 





3 k 
357 



V A 



3 i Ilk 
P~35P 



M b = 0 



3/ 39 k 

P + 2MP 





11 k 
2107 



_ 12/ 13 k 

Va ~~P~35P 



6 i 13 k 

7 + 4207 



12/ 9 k 

- W + ioP 



— >• i. < 

yin -Pi 



Mb 



M a = 0 



3/ 11 k 

7 + 2807 






3/ 33 k 

P~UQP 



3/ 39 A 

7 + 2807 



T 



V B 



M A = 0 
= 0 






A 

3 P 



V B 



k 

6 P 
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4.5(b). The canonical equation of the slope-deflection method is 

ri,Z, + = 0 

where R lp = 0, since free vibration is considered. 

Reaction r n is obtained from Table 4.7 



=2 4/- 



105 



The frequency equation is r l , = 0, which leads to the algebraic equation 



The root of the above equation is 



4 i = 0 

105 



El 



k = 4 x 105 — = marl 

The approximate fundamental frequency of vibration of the frame is 

4.527 2 [El 



4.4 DYNAMICAL REACTIONS OF BEAMS WITH 
UNIFORM DISTRIBUTED MASSES AND ONE 
LUMPED MASS 



For the solution of eigenvalue problems for frames with elastic uniform elements and 
uniformly distributed masses along the length of elements and one lumped mass, the slope- 
deflection method may be applicable. In this case, the dynamical reactions (Kiselev’s 
functions) of one-span beams must be used. (Kiselev, 1969) 

Dynamical unit reactions are reactions due to unit harmonic angular cj)(t ) and linear 
displacements £(f), according to Equation (4.18). In the case of free vibration 6 = a>, 
where co is the frequency of free vibration of a deformable system. The effects of inertial 
forces of distributed masses and one lumped mass are taken into account by correction 
functions. 

The exact expression of dynamical reactions for beams with different boundary 
conditions may be presented in terms of Krylov-Duncan functions (Table 4.8). 

Table 4.8 contains the following parameters 

A is frequency parameter, 

A and A, are parameters that are calculated by 
, m,8 2 

& =U 2_ TV + _l_ [UaUVb + 

m, 9 2 

A 1 =TU-SV + J ±-[TU a V b + 



and functions: 

. . 4 co 2 m 

1 = y~Er ; 

the following formulas 
U b UV a -U a U b V-TV a V b ] 
UV a T b — SV a V b — T b U a V] 



(4.21) 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



SPECIAL FUNCTIONS FOR THE DYNAMICAL CALCULATION OF BEAMS AND FRAMES 



122 



FORMULAS FOR STRUCTURAL DYNAMICS 



TABLE 4.8 Exact dynamical reactions of beams with uniformly distributed masses and one lumped 
mass 



M( 0 
0(0 




X)m(/ 

=4 e(o 



Bending moment M(0) and shear force Q( 0) 



m k 



<P(t) kEI \ m 1 0 2 

* Inflection point M(0) = — \TU - SV + ^ [T tt UV„ + TU b V a - SV a V b - T a U b V] 

. . k 2 EI [ 7 m, 0 2 

0(0) = | SU — T 2 +1 ^[T a U b U + SU a V b - T a TV b - TU a U b \ 



— o\" 



'Elastic curve 






<P(t) 



M( 0) = 

0 ( 0 ) = - 



kEI 



A 
k 2 EI 



V H 1 — F F, 

PEI a b 



u + ¥Ei u “ Vb 



E_ 

l! 



M(0) = - - 



k 2 EI 



0 ( 0 ) = - 



PEI 



u + ¥ei u bV ° 

T+n kii u ° Ub 



B 



'CL. 



M( 0) = 



k 2 EI I 

PEI 
A 



AZ 

^ 2 - st/ + X K, 14 F + V„ W b - S a UV„ - SU b FJ 



Pei 1 
PEI 1 



5W 0(0) = k ^-\st-uv + ”^t[S a TV b + 5T/ a I4 - s a uu b - u a w b \ 



<p(t) 

E fr; 



-o- 






M( 0) = 



kEI 

AT 



7 - F + 'fEI lTaTVb + TbTV ° ~ TJhV ~ W ° Vh] 



0(0) = X { m ~ ST + WPi [UaVVb + 







Pei 


, m { 6 2 




“XT 


M(°) = - — 


T H — Tu V 

^ PEI b a 






0 ( 0 ) = : 



Pei 

AT 



C I ^ T TJ 

S+ PEI TbU ° 






i _ ~~- o-._ 



k 2 El | 

M(0) = | UV - 



Pei 



uv ~ ST + ¥Pi [SJbV + UV “ Vb ~ SJVb ~ STbV “ ] 

-,0 2 



x e(0) = p 2 - u 2 + ihi [STbU+ s “ SVb ~ SJbV ~ u “ UVb] 
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S, T.U.V = Krylov-Duncan functions that must be calculated at x = /; subscripts a 
and b indicate that these functions are calculated at x = a and x = b, 
respectively. 

Example. Determine the natural frequencies of antisymmetrical vibration for the frame 
shown in Fig. 4.6(a), assuming that the masses are distributed uniformly along the 
length of the elements and one concentrated mass M is attached at the middle of the hori- 
zontal element. 







6t'VA(A)// 6 i'va(A)// 



e ) 

FIGURE 4.6. Design diagram, conjugate 




12^ VWA) 12^ I0 (A) 
f) 

and bending moment diagrams. 
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Solution. The basic system of the frame, corresponding to the slope-deflection method is 
given in Fig. 4.6(b). The basic unknowns are a group of angular displacements Z x , both in 
a clockwise direction, and linear displacement Z 2 (Fig. 4. 6(c), (d)). The elastic curve and 
inflection point are presented by a dotted line and asterisk. Canonical equations are 



I'llZ] + l'l 2 Z 2 — 0 
r i\Z\ + r 22 Z 2 = 0 

The frequency equation is 

^ '12 — 0 
'21 '22 

The equilibrium of joint 1 in the first and second conditions leads to 

— 4;i/i 2 (^) + 42</r 2 (yL) + 2;i/r 3 (l) — > r n = 4? [4i/^ 2 (yL) + t/r 3 (2)] 

' 12 6i, 12* 

- r i2 — j-'I'sW 

The equilibrium of the horizontal element in the first and second conditions (Fig. 4. 6(e), (f)) 
leads to 



12 * 

>21 =~—'l'sW 

„ 12 i , 2 24 i, A 4 EI(ml + M) 

'22 = 2 - / r'AioW “ C ml + M)co 2 = -^iAioW - 



l 4 m 



Let M = 0.2 ml, l = 6 m. In this case 



_ 24 ' , 

— l Aio(2) 



30 



The frequency equation becomes 



4i 2 [4t/' 2 (A) + UZ)\ 



24 



A 4 



-ptioW-Jo 



-i™i m=o 



The root is A = 1.74 (i/r 2 = 0.97834, i/r 3 = 1.03263, i/r 5 = 0.92076, i/r 10 = 0.72026). 
The first frequency of antisymmetric vibration is 



co = 




0.0841 




4.5 FREQUENCY FUNCTIONS 
(HOHENEMSER-PRAGER'S FUNCTIONS) 



For two-span beams with different classical and non-classical boundary conditions, 
Krylov-Duncan functions (4.6) may be applicable for each span. Eight unknown constants 
may be calculated using boundary conditions (Tables 3.3 and 3.4) and compatibility 
conditions (Table 3.5 and Table 3.6 for frames). This leads to systems of homogeneous 
algebraic equations with respect to unknown constants. A non-trivial solution of homo- 
geneous equations is the frequency equation in the form of a determinant, which leads to a 
transcendental frequency equation. A special combination of the Krylov-Duncan functions 
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TABLE 4.9 Numerical values of Hohenemser-Prager functions 



X 


A(X) 


B{1) 


C(X) 


SiW 


DU) 


E(X) 


0.00 


0.00000 


0.00000 


2.00000 


0.00000 


0.00000 


2.00000 


0.10 


0.20000 


0.00067 


1.99997 


0.02000 


-0.00002 


1.99998 


0.20 


0.39998 


0.00533 


1.99947 


0.08000 


-0.00027 


1.99973 


0.30 


0.59984 


0.01800 


1.99730 


0.17998 


-0.00135 


1.99865 


0.40 


0.79932 


0.04266 


1.99147 


0.31991 


-0.00427 


1.99573 


0.50 


0.99792 


0.08331 


1.97917 


0.49965 


-0.01042 


1.98958 


0.60 


1.19482 


0.14391 


1.95681 


0.71896 


-0.02159 


1.97841 


0.70 


1.38880 


0.22841 


1.92001 


0.97739 


-0.03999 


1.96001 


0.80 


1.57817 


0.34067 


1.86360 


1.27418 


-0.06820 


1.93180 


0.90 


1.76067 


0.48448 


1.78164 


1.60820 


-0.10918 


1.89082 


1.00 


1.93342 


0.66349 


1.66746 


1.97780 


-0.16627 


1.83373 


1.10 


2.09284 


0.88115 


1.51367 


2.38068 


-0.24317 


1.75683 


1.20 


2.23457 


1.14064 


1.31221 


2.81375 


-0.34389 


1.65611 


1.30 


2.35341 


1.44478 


1.05443 


3.27298 


-0.47278 


1.52722 


1.40 


2.44327 


1.79593 


0.73116 


3.75319 


-0.63442 


1.36558 


1.50 


2.49714 


2.19590 


0.33281 


4.24789 


-0.83360 


1.16640 


1.60 


2.50700 


2.64573 


-0.15052 


4.74911 


-1.07526 


0.92474 


1.70 


2.46393 


3.14556 


-0.72883 


5.24716 


-1.36441 


0.63559 


1.80 

1.875 


2.35774 


3.69467 


-1.41205 


5.73046 


-1.70602 


0.29398 

0.000 


1.90 


2.17764 


4.29076 


-2.20983 


6.18533 


-2.10492 


-0.10492 


2.00 


1.91165 


4.93026 


-3.15125 


6.59579 


-2.56563 


-0.56563 


2.10 


1.54699 


5.60783 


-4.18448 


6.94341 


-3.09224 


-1.09224 


2.20 


1.07013 


6.31615 


-5.37644 


7.20711 


-3.68822 


-1.68822 


2.30 

2.365 


0.46690 

0.0000 


7.04566 


-6.71236 


7.36304 


-4.35618 


-2.35618 


2.40 


-0.27725 


7.78428 


-8.19532 


7.38447 


-5.09765 


-3.09766 


2.50 


-1.17708 


8.51709 


-9.82569 


7.24176 


-5.91284 


-3.91284 


2.60 


-2.24721 


9.22607 


-11.60057 


6.90229 


-6.80028 


-4.80028 


2.70 


-3.50179 


9.88981 


-13.51311 


6.33058 


-7.75655 


-5.75655 


2.80 


-4.95404 


10.48317 


-15.55181 


5.48339 


-8.77591 


-6.77591 


2.90 


-6.61580 


10.97711 


-17.69976 


4.33499 


-9.84988 


-7.84988 


3.00 


-8.49687 


11.33837 


-19.93382 


2.82745 


-10.96691 


-8.96691 


3.10 


-10.60443 


11.52931 


-22.22376 


0.92113 


-12.11188 


-10.11183 


3.20 


-12.94222 


11.50778 


-24.53139 


-1.42969 


-13.26569 


-11.26569 


3.30 


-1.50974 


11.22702 


-26.80960 


-4.27108 


-14.40480 


-12.40480 


3.40 


-18.30128 


10.63569 


-29.00150 


-7.64853 


-15.50075 


-13.50075 


3.50 


-21.30492 


9.67799 


-31.03947 


-11.60575 


-16.51973 


-14.51973 


3.60 


-24.50142 


8.29386 


-32.84428 


-16.18338 


-17.42214 


-15.42214 


3.70 


-27.86297 


6.41942 


-34.32433 


-21.41734 


-18.16216 


-16.16216 


3.80 


-31.35198 


3.98752 


-35.37489 


-27.33708 


-18.68744 


-16.68744 


3.90 

3.926 


-34.91970 


0.92844 

0.0000 


-35.87753 


-33.96341 


-18.93876 


-16.93876 


4.00 


-38.50482 


-2.82906 


-35.69970 


-41.30615 


-18.84985 


-16.84985 


4.10 


-42.03177 


-7.35626 


-34.69457 


-49.36091 


-18.34728 


-16.34728 


4.20 


-45.41080 


-12.72446 


-32.70105 


-58.10912 


-17.35052 


-15.35052 


4.30 


-48.53352 


-19.00015 


-29.54425 


-67.50881 


-15.77213 


-13.77213 


4.40 


-51.27463 


-26.24587 


-25.03630 


-77.49713 


-13.51815 


-11.51815 
( Continued ) 
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TABLE 4.9 ( Continued ) 



A 


A(A) 


B(A) 




SiW 


D(A) 


m 


4.50 


-53.48910 


-34.51621 


-18.97757 


-87.98360 


-10.48879 


-8.48879 


4.60 


-55.01147 


-43.85518 


-11.15854 


-98.84668 


-6.57927 


-4.57927 


4.694 












0.0000 


4.70 


-55.65491 


-54.29292 


-1.36221 


-109.92964 


-1.68111 


0.31889 


3u/2 

4.730 






0.0000 




0.0000 




4.80 


-55.21063 


-65.84195 


-10.63276 


-121.03618 


4.31688 


6.31638 


4.90 


-53.44768 


-78.49300 


25.04809 


-131.92604 


11.52405 


13.52405 


5.00 


-50.11308 


-92.21037 


42.10111 


-142.31052 


20.05056 


22.05056 


5.10 


-44.93220 


-106.92652 


61.99893 


-151.84743 


29.99947 


31.99947 


5.20 


-37.61210 


-122.53858 


84.93165 


-160.14093 


41.46583 


43.46683 


5.30 


-27.83957 


-138.89839 


111.06435 


-166.72965 


54.53218 


56.53218 


5.40 


-15.28815 


-155.81036 


140.52794 


-171.09153 


69.26397 


71.56397 


5.498 


0.0000 












5.50 


0.37999 


-173.02289 


173.40867 


-172.63714 


85.70434 


87.70434 


5.60 


19.50856 


-190.22206 


209.73636 


-170.70883 


103.86818 


105.86818 


5.70 


42.44092 


-207.02472 


249.47123 


-164.58011 


123.73562 


125.73562 


5.80 


69.51236 


-222.97166 


292.48939 


-153.45649 


145.24469 


147.24469 


5.90 


101.04091 


-237.52093 


338.56692 


-136.47797 


168.28346 


170.28346 


6.00 


137.31651 


-250.04146 


387.36272 


-112.72356 


192.68136 


194.68136 


6.10 


178.58835 


-259.80732 


438.40008 


-81.21816 


218.20004 


220.20004 


6.20 


225.05037 


-265.99277 


491.04719 


-40.94205 


244.52359 


246.52359 


2tt 








0.0000 






6.30 


276.82475 


-267.66834 


544.49676 


9.15635 


271.24838 


273.24838 


6.40 


333.94326 


-263.79851 


597.74507 


70.14437 


297.87253 


299.87253 


6.50 


396.32660 


-253.24102 


649.57056 


143.08494 


323.78528 


325.78528 


6.60 


463.76158 


-234.74857 


698.51270 


229.01214 


348.25635 


350.25635 


6.70 


535.87600 


-206.97308 


742.85132 


328.90194 


370.42566 


372.42566 


6.80 


612.11205 


-168.47317 


780.58716 


443.63778 


389.29358 


391.29358 


6.90 


691.69715 


-117.72541 


809.42422 


573.97056 


403.71211 


405.71211 


7.00 


773.61370 


-53.13982 


826.75490 


720.47268 


412.37745 


414.37745 



is the Hohenemser-Prager functions (Hohenemser and Prager, 1933; Anan’ev, 1946). 
These functions may be presented in terms of trigonometric and hyperbolic functions. 
These functions are 

A(A) = 2[S(A)T(A) — U(A)V(A)] = cosh A sin A + sinhlcos A 

B(A) = 2 [T(A)U{A) — S(A)V(A)] = coshAsinl — sinhlcos A 

C(A) = 2cosh2cos A = 2[S 2 (A) — U 2 (A)] = 2cosh2cos A 

, (4.22) 

D(A) = 2[T{A)V{A) - U 2 (A)\ = cosh 2 cos 2 - 1 

5’ 1 (2) = 2[J 2 (2) - V 2 (A)] = 2sinh2sin2; 

E(A) = 2[S 2 (A) - T(2)F(2)] = cosh 2 cos 2 + 1 

These functions occur in the frequency equations of the vibration of beams with classical 
and non-classical boundary conditions and therefore they are called frequency functions. 
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Hohenemser-Prager functions are tabulated in Table 4.9. Applications of Hohenemser- 
Prager functions are presented in Chapter 6. 



4 . 6 DISPLA CEMENT I NFL UENCE FUNCTIONS 



Tables 4.3, 4.4, 4.5 contain reactions of the beam due to unit angular and linear 
displacements of the support. The equations of elastic curves of beams subjected to unit 
support displacement are presented in Table 4.10 (Weaver et al., 1990) 



TABLE 4.10 Elastic curve functions of beams subjected to unit support displacement 

Design diagram and unit Displacement functions 

displacement of supports 



1(a) 

1(b) 

2(a) 

2(b) 

2(c) 

2(d) 

3(a) 

3(b) 

3(c) 










8 ' | 

lM— 



> X 




X 



■> X 







S 2 (x) = * 



< 5 ,(*) = 1 - 




lx’ 



. , . 2x 2 X s 

°2W = v - — + -p 




2x3 

P 



<5 4 (x) = 



x 2 x 3 
-T + 1T 



<5i(x) = 1 



3.x 2 x 3 
W + 2P 



<5 2 (x) = x — 



3x 2 x 3 

~2f + 2P 



,,, 

' 5aW 2 1 2 IP 
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CHAPTER 5 

BERNOULLI-EULER 
UNIFORM BEAMS WITH 
CLASSICAL BOUNDARY 
CONDITIONS 



This chapter focuses on Bernoulli-Euler uniform one-span beams with classical boundary 
conditions. Classical methods of analysis are discussed. Frequency equations and funda- 
mental characteristics such as eigenvalues, eigenfunctions and their nodal points, as well as 
integrals of eigenfunctions and their derivatives, are presented. 

The initial parameter method is convenient to use for the calculation of different types 
of uniform beams: statically determinate and indeterminate beams, one span and multispan 
beams, as well as beams with non-classical boundary conditions. Different cases are 
considered. 

The force method may be applied for calculation of non-uniform beams as well as 
frames. Both cases are considered. 

The slope-deflection method is convenient to apply for the calculation of frames with a 
high degree of statical indeterminancy. 



NOTATION 



A Cross-sectional area 

A, B, C, E, S | Hohenemser-Prager functions 

E, G Youngs’ modulus and modulus of rigidity 

El Bending stiffness 

f ,f 2 Correction functions 

g Acceleration due to gravity 

I z Moment of inertia of a cross-section 

k Shear factor 

k„ Frequency parameter, k„ = 

k ln k mt Translational and rotational stiffness coefficients 

/ Length of the beam 
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M 

M,J 

Q 

r 

s 

S , T, U, V 
t 



x, v, ^ 

X{x), 

y 

f 

k 

f 

p , m 
<P< i> 
* 

CD 



•Aw 



Bending moment 

Lumped mass and moment of inertia of the mass 
Shear force 

Dimensionless radius of gyration, r^Al 2 = / 
Dimensionless parameter, s 2 kAGl 2 = El 
Krylov-Duncan functions 
Time 

Spatial coordinate 

Cartesian coordinates 

Mode shapes 

Transversal displacement 

Dimensionless parameter 

Frequency parameter, a 4 El = ml 4 w 2 

Dimensionless coordinate, ^ = x/l 

Density of material and mass per unit length 

Zal'tsberg functions 

Rotation of the cross-section 

Natural frequency, to 2 = X 4 EI /ml 4 



5. 1 CLASSICAL METHODS OF ANAL YSIS 



5.1.1 Initial Parameters Method 



The Initial Parameters Method is effective for dynamical calculation of beams with 
different boundary conditions and arbitrary peculiarities, such as elastic supports, 
lumped masses, etc. This method allows one to write expressions, in explicit form, for 
the elastic curve, slope, bending moment and shear force. 

The differential equation of the transverse vibration of a beam is 



d^v d 2 y 

EI ^ + pA W = ° 



(5.1) 



The solution of this equation may be represented using initial parameters. 

Initial parameters represent transverse displacement y 0 , angle of rotation cp 0 , bending 
moment M 0 and shear force Q 0 at x = 0 (Fig. 5.1). 



Initial 

parameters 

.Vo 

<Po 

Wo 

Qo 



I A o 
T t*. 



m 2 j 2 




y{x) 

<pC0 

Mix) 

Qix) 



* 



FIGURE 5.1. Design diagram of a beam and its initial parameters. The dotted line at the very left end 
indicates an arbitrary type of support. 
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State parameters y(pc), (p(x), M(x), Q(x) at any position x may be presented in the 
following forms (Bezukhov el al, 1969; Babakov, 1965; Ivovich, 1981) 



, \ , T(kx) U(kx) V(kx) 

y( x ) — )’oS(kx ) + ( p 0 — 1- M 0 — Yj^r + Q 0 - 



PEI 



+ ^7 Q E RiV[k(x - x,)] + ^- E M ,Y,F[£(x - x,)] - co 2 E J iViU[k(x - x,)]j 



(5.2) 



T(kx) U(kx) 

<p(x) = To V{kx)k + cp 0 S(kx) + M 0 +Q 0 - K 



Elk 



Elk 2 



Elk \ k 



E R t U[k(x - x,)] + t E M iy,U[k{x - x,)] - co 2 E 3iViT[k(x 




(5.3) 



M(x) = y 0 U(kx)EIk 2 + <p 0 V(kx)EIk + M 0 S(kx) + Q 0 -j— 

+ ^ E - X,-)] +yE M ; y,r[A-(x - X,)] - a 2 E Ji^Wx - X,)] (5.4) 

g(x) = y 0 T{kx)EIk 3 + <p 0 U(kx)EIk 2 + M 0 V(kx)k + e 0 5 , (fcr) 

+ E^SW* — X,-)] + co 2 E M i y i 5'[A:(x — x,-)] — co 2 k'^3 i (p i V[k(x — x,)] (5.5) 

where M, = lumped masses (note: M 0 = bending moment at x = 0) 

J i = moment of inertia of a lumped mass 
Rj = concentrated force (active or reactive) 

X,. = distance between origin and point of application or M ; 
y u cpi = vertical displacement and slope at point where lumped 
mass M,- is located 

5'(x), T(x), U(x), V(x ) = Krylov-Duncan functions (properties of these functions 
are presented in Chapter 4) 

Parameter k is 



k = 




kl = 




The application of lumped mass M at any point x = a causes inertial force F in = Mco 2 v(a), 
which acts on the beam at x = a. 

If the beam is supported by a transversal spring with stiffness parameter k a at any point 
x = a, then elastic force R = k a y(a) must be taken into account in the above equations. 

If the beam is supported by a rotational spring with stiffness parameter k ml at any point 
x = a, then elastic moment M = k mt (p(a) must also be taken into account in the above 
equations. 
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The first four terms of Equations (5.2)-(5.5) may be presented in matrix form (4. 12) — 
(4. 13). The first four terms in the expression for displacement (5.2) may be presented as a 
series (Sekhniashvili, 1960) 



y(x) = y 0 



i + E 



(, fee) 4 ' 

W 



Vo ~ (kx) 4s+1 M 0 °S, (kx) 4s+2 Q 0 ” (kx) 4s+3 

k to (4s + 1)! Elk 2 to (4s + 2)! ElP to (45 + 3)! 



(5.6) 



The expression for slope, bending moment and shear force may be presented as a series 
after taking higher derivatives of Equation (5.6). 

In Sekhniashvili (1960), the Initial Parameters Method is modified and applied for non- 
uniform beams as well as Timoshenko beams. 



Example. Find the frequency of vibration for a pinned-clamped beam. 

Solution. The initial parameters and kinematic conditions are shown in Fig. 5.2. The 
unknown parameters tp Q , Q 0 may be calculated using boundary conditions at x = 1. 

Using Equations (5.2) and (5.3) of the Initial Parameters Method, the deflection and 
slope at x = / may be presented in the form 

<p0) = <P 0 S, + Qo = o 

Thus, the homogeneous system of equations is obtained. This system has a non-trivial 
solution if and only if the following determinant, which represents the frequency equation, 
is zero. 



7} 

k Elk 3 
Elk 2 



= 0 -> T,U, - S,V, = 0 



According to Equation (4.9), this leads to 



T/Ui — S/V; = cosh kl sin kl — sinhft/cos kl = 0 



or 



tan kl = tanh kl 

The roots of this equation, as well as the eigenfunction, nodal points and asymptotic 
eigenvalues are presented in Tables 3.9 and 5.3. 



Initial 

parameters: 

>'o=0, A/o= 0; 

W>*0. Qo*0 




Kinematical 
conditions at x= I: 

yd) = o 
<?(/)= o 



FIGURE 5.2. Design diagram of pinned-clamped beam. 
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Example. Find the frequency of vibration for a pinned-pinned beam with one concen- 
trated mass M (Fig. 5.3). 



Initial 

parameters: 

,Vo= 0, M„ — 0; 
<Pa *0 . Q 0 *0 




m. El 



b 



X 



x 



Conditions at x= I: 

yW= 0 

MU) = 0 



FIGURE 5.3. Design diagram of a pinned-pinned beam with one lumped mass. 



Solution. The initial parameters and kinematic conditions are shown in Fig. 5.3. 
Unknown slope tp 0 and shear force Q 0 at x = 0 (point A) may be calculated using bound- 
ary conditions at x = l. 

Displacement at x = l (point B) 



» = <Po IT + 2o + pf *«) vm = 0 



(a) 



Moment at x = l (point B) 



M, = cp 0 V (X)EIk + Q 0 + C -^-y(a)nkb) = 0 
Displacement at x = a 



(b) 



, t T< ' ka) , ^ V ^ ka) 

y ia) = n — + Q 0 — 



(c) 



Substituting Equation (c) into Equations (a) and (b), the following system of two 
homogeneous algebraic equations with unknown initial parameters <p 0 and Q 0 is obtained 



n 



Vo 


\ m r(*a)] 

1- nAV(kb) 

k k 


+ Qo 


~V(A) . T „,,,V(ka) 

_ pEI + nXV(kb) 


= 0 


V(A)EIk + " ' W T{ka)T(kb) 
k l 


+ Qo 


™ + jV(ka)T(kb ) 


= 0 



(d) 



The trivial solution (p 0 = Q 0 = 0 of the above system implies that there is no vibration. For 
the non-trivial solution, the determinant of coefficients at <p 0 and Q 0 must be zero 



— — \-nlV(kb ) — - — 
k k 



V(X)EIk + - 



orM. 



k 2 



- T(ka)T(kb) 



V(A) , rr „„V(kay 
¥EI + nmkb) PEI 

T( ^ + r fv(ka)T(kb) 



= 0 



or 



T 2 (A) - V 2 (A ) + nAT(A)[V(ka)T(kb) + V(kb)T(ka)\ 

— nAV(A)[T(ka)T(kb) + V(kb)V(ka)\ = 0 (e) 
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In terms of elementary functions, the frequency equation (e) may be presented in closed 
form 



2sh2sin2 + nk( sinAsh/jjAshi^/l — shAsin^jlsin^-O = 0 



where 

w 2 M M a b 

PEI = nA ' n = M- { ‘=y ^ = 7 =1 ^> 

Special case. If ^ = 0 or £ 2 = 0 (mass M is located at the support and does not 
influence vibration), or M = 0, then the frequency equation becomes sin X = 0 (Table 
5.3, case 1). 

Example. Derive the frequency equation for a uniform clamped-pinned-pinned beam 
with uniformly distributed masses along the beam (Fig. 5.4). 



Initial parameters: Conditions: 

,Vo = 0. (p<>= 0; v(/)=0 y(2l) = 0, 

Mo * 0, Q,i * 0 iM(2/) = 0 




jt 



FIGURE 5.4. Design diagram and notation for clamped-pinned-pinned beam. 



Solution. The initial parameters and kinematic conditions are shown in Fig. 5.4. 
Unknown parameters M 0 , Q 0 , R(l) may be calculated by using boundary conditions at 
x — l and x = 21. 

Using the Initial Parameters Method (Equations (5.2) — (5.5)), leads to 



U( 21) V(2 D 1 

X20 =M 0 ^-+Q 0 ^J + —,R(l)V(I) = 0 



Elk 3 EIK 3 



T(2h 1 

M{21) = M Q S(2l) + Q 0 ^-1 + -R(l)T(l) = 0 
The non-trivial solution leads to the following frequency equation 



U(J) 


V(l) 


0 










EIK 2 


Elk 3 




kU(J) 


HO 


0 


U(2I) 
Elk 2 


V(2 /) 
Elk 3 


V(l) 
Elk 3 


= 0 or 


kU(2l) 


H2/) 


HO 


S(2l) 


7(2/) 

k 


m 

k 




kS(2l) 


7(20 


7(0 



= 0 
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which can be written as 



u,v 21 t, + vfs 2l - U,V,T 2l - U 2l V,T, = 0 

Subscripts l and 21 in the Krylov-Duncan functions denote that these functions are 
calculated at x = I and x = 21, respectively. 

Example. Derive the frequency equation for a beam shown in Fig. 5.5. 



Initial 

parameters: 

Vo - 0, 

M „= 0 , 
<P*0. 

Q* 0 



R(a) 




Conditions: 



R(a) = k„- via). 

Q(l) = o, 

M<D = k, n ,<pfl), 

l = a+b 



FIGURE 5.5. Design diagram of beam with elastic supports. 



Solution. Initial parameters and kinematic conditions are shown in Fig. 5.5. Unknown 
initial parameters M 0 , Q 0 , and R(a) may be calculated using boundary conditions at 
x = l and x = 21. 

Using the Initial Parameters Method (Equations (5.2)-(5.5)) leads to 

TO) 1 

M(/) = <p 0 V(kl)EIk + Q 0 -j- + -R(a)T[k(l - a)] = k mt q>{l) 

Q(l) = (p 0 U(l)EIk 2 + Q 0 S(I) + Ky{a)S(b) = 0 



where 



<K0 



nS(l) + Qo 



UU ) 

Elk 2 



+ Ky(a) 



U(b) 
Elk 2 



y(a) = tp 0 — + Qo 



V(a) 

Elk 3 



Substituting expressions cp(l) and y{a) in formulas for M(l) and Q(J) leads to two algebraic 
equations with respect to two unknowns (p 0 , Q 0 . The non-trivial solution leads to a 
frequency equation. 



5.1.2 Force Method 

Continuous beams. For dynamical calculation of multispan non-uniform beams with 
different stiffness and mass distribution, Three-Moment Equations (Rogers, 1959) may 
be used. A Three-Moment Equation establishes a relationship between moments 
on three consecutive supports of a beam. The physical meaning of a Three-Moment Equa- 
tion is that the mutual angle of rotation on the «th support is zero. The special numbering 
of spans and supports is presented in Fig. 5.6. 
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q EI\ m\ | El 2 to 2 2 ^3 . m 3 3 



X X X X 

h h h 

< >< >< > 



FIGURE 5.6. Notation of multispan non-uniform beam. 



The Three-Moment Equation may be written in canonical form 



6 EL 



-MKW n -i+ 2 



6EI, 



-MK) + 



l n+l 



6EI, 



n + 1 



/l(Vt) 



+ 



l n + 1 

6ElZ 



■ fl(.K+\) M n+\ = 0 



(5.7) 



where M„ = moment on the nth support 

n = numbering of a span that coincides with the numbering of a right 
support (counted from left to right) 
f(X),f 2 (X) = dynamical functions 



/tW 



3 cosh 2 sin X — sinh X cos 2 3 

22 sinh 2 sin 2 22 



(5.7a) 



m) 



3 sinh 2 — sin 2 
2 sinh 2 sin 2 




(5.7b) 



<p„ = coth 2 — cot 2 



(5.7c) 



= esc 2 — csch 2 (5.7d) 

where < Pm l l / n — Zal’tsberg functions. 

Note: in Rogers (1959) coefficients 3/22 and 3/2 (Equations (5.7a,b)) are included in 
functions (p n , i j/ n . 

Functions f(X) and f 2 (X) are used for the determination of angle of rotation y'(0) and 
shear force. The corresponding formulas are presented in Table 5.1. 

The Three-Moment Equation (5.7), according to Table 5.1, may be presented in terms 
of ZaTtsberg functions 



— Mn-l + (j L + = 0, in = ^ 

l n \ l n l n + 1 / l n + 1 l n 



and ZaTtsberg functions may be presented in terms of Krylov-Duncan functions 



V(X) _ T(X)U(X) - S(X) V(X) 

' Vn T 2 (2) - V 2 (X) ' T 2 (X) - V 2 (X) 

ZaTtsberg functions are tabulated and presented in Table 5.2. 
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TABLE 5.1. Simply supported beam: angle of rotation and shear force caused by harmonic moments 
Design diagram Angle of rotation y' (0) Shear force Q( 0) 



MsinOt 

/ to) 

— —"'A 
I. — ' J 

te(o) 



AW 



y'(°) = f(\) 

3 (TU - SV) 

X( T 2 - V 2 ) 

3 cosh X sin X — sinh X cos X 
2 X sinh X sin X 



Q( 0) = Mk- 



UV -ST 
T 2 - V 2 



= -Mk 



cosh X sin X + sinh X cos X 
2 sinh X sin X 




X = kl 



A/sin 0 1 

y (0) 

£>4 — 

k L J 

te(o> 






/(0) = m^L/ 2 (A) 

6V 3 sinh/l — sinA 
X(T 2 — V 2 ) X sinh X sin X 



2(0) = Mk 



T 

T 2 - V 2 



= -Mk 



sinh X + sin X 
2 sinh X sin X 



Applications of Zal’tsberg functions are presented in Sections 5.2, 9.3 and 9.6. 

The frequency equation. After the application of Equation (5.7) to a multispan con- 
tinuous beam, a system of homogeneous algebraic equations is obtained. For non-trivial 
solutions, the determinant of coefficients in front of M m , , M n and M n+1 must be zero. 



TABLE 5.2. Zal’tsberg functions 



2 


<P 


* 


X 


<P 




X 


<P 


* 


0.01 


0.01000 


0.00000 


1.60 


1.11419 


0.57948 


3.20 


- 16.09946 


-17.21375 


0.10 


0.06600 


0.03400 


1.70 


1.19897 


0.63043 


3.30 


-5.25706 


-6.41301 


0.20 


0.13325 


0.06675 


1.80 


1.28948 


0.68697 


3.40 


-2.78113 


-3.98010 


0.30 


0.20001 


0.10002 


1.90 


1.38739 


0.75077 


3.50 


-1.66783 


-2.91124 


0.40 


0.26673 


0.13335 


2.00 


1.49497 


0.82403 


3.60 


-1.02449 


-2.31447 


0.50 


0.33347 


0.16679 


2.10 


1.61529 


0.90983 


3.70 


-0.59945 


- 1.93684 


0.60 


0.40033 


0.20032 


2.20 


1.75275 


0.01250 


3.80 


-0.29173 


- 1.67912 


0.70 


0.44740 


0.23401 


2.30 


1.91379 


1.13845 


3.90 


-0.05466 


- 1.49447 


0.80 


0.53472 


0.26801 


2.40 


2.10829 


1.29653 


4.00 


0.13698 


- 1.35799 


0.90 


0.60251 


0.30243 


2.50 


2.35222 


1.50565 


4.10 


0.29808 


-1.25523 


1.00 


0.67095 


0.33748 


2.60 


2.67334 


1.79049 


4.20 


0.43795 


- 1.17735 


1.10 


0.74025 


0.37337 


2.70 


3.12445 


2.20482 


4.30 


0.56290 


-1.11864 


1.20 


0.81076 


0.41043 


2.80 


3.82010 


2.86309 


4.40 


0.67734 


-1.07544 


1.30 


0.88284 


0.44902 


2.90 


5.06442 


4.06935 


4.50 


0.78460 


- 1.04521 


1.40 


0.95702 


0.48964 


3.00 


8.02021 


6.98635 


4.60 


0.88734 


- 1.02646 


1.50 


1.03387 


0.53288 


3.10 


25.03341 


23.95974 


4.70 


0.98778 


-1.01827 


0.5n 


1.09033 


0.56986 


71 


00 


OO 


1.5ji 


1.00016 


- 1.01797 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



BERNOULLI-EULER UNIFORM BEAMS WITH CLASSICAL BOUNDARY CONDITIONS 



138 FORMULAS FOR STRUCTURAL DYNAMICS 

It is convenient to express frequency parameters X of any span ti in terms of frequency 
parameter X Q of the very left-hand span. During the free vibration 




If one or both supports are not pinned but clamped, then additional spans Z 0 or with 
pinned supports must be added to replace the existing clamped support. After the Three- 
Moment Equation (5.7) is applied to the modified system, the length of additional spans 
must be considered as zero. 

Special cases 

1. If rigidity El and distributed mass m are constant throughout the length of a beam, then 
frequency parameter K — ^71+1 — 

2. If X n = 2„ +1 = X and /,■ = constant, then the Three-Moment Equation in terms of 
Krylov-Duncan functions is 



Af„_! V + 2M„(TU - SV) + M n+l V = 0 



Example. Derive the frequency equation for the following uniform beam. 



0 1 2 
X X X 



Solution. For the middle support, the Three-Moment Equation is 

M,(t) 



coshA7, sinA7, — sinhAf, cos kl { cosh kl 2 sin kl 2 — sinh A7 2 cos kl 2 



2 sinh£/[ sin£/[ 



2 sinh kL sin kU 



= 0 



or 



Mj(t)[coth Id-i — cot kl\ + coth kl 2 — cotA7 2 ] = 0 

If /, = Z 2 = /, then 



Mi (t)[coth kl — cot kl\ = 0 

which means that such a beam has two types of vibrations. 
1. The first type of vibration occurs if Mi(t) = 0. 
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In this case, the behavior of each span is similar to the behavior of a one-span simply- 
supported beam. 

2. The second type of vibration occurs if 

coth kl — cot kl = 0 

In this case, the behavior of each span is similar to the behavior of a one-span pinned- 
clamped beam. 

For both types of vibrations, the frequency equation, mode shape and nodal points are 
presented in Tables 3.9, 5.3 and 5.4 respectively. 

Example. A non-uniform beam with different lengths of spans, mass and rigidity is 
shown in Fig. 5.7. Find the relationship m 2 /m { which leads to the fundamental frequency 
parameter 



2] = 2.6, 



ffli 



If /ez[ 

/j y m i 



Solution. For support 1, the Three-Moment Equation in terms of Zal’tsberg functions is 



- M, + (?I + ®Am, + 'hM, = 0, i,=Si = t, % -5 

h \ l i h) h n k 



_ EI 2 _ . 
— 1 



Since support moments M 0 = M 2 = 0, then the frequency equation may be rewritten in the 
form 



<Pi + q> 2 = 0 



or 



coth 2j — cot2j + coth2 2 — cot2 2 = 0 
Since 2 2 = «2| , then the frequency equation becomes 

coth2j — cot2[ + cothn2[ — cot«2j = 0 
Using Table 5.2, the frequency equation leads to 

2.67334 + cothn2j — cot«2] = 0 
The root of the above equation is 

2 2 = «2] = 2.6 n = 3.40968 — *■ n = 1.31 14 



0 


mi, Eli 


1 


m 2 , Eh=2EI\ 


2 


A 

L— 


/, = / 


Jl 

> 1 < 


h=2h 


X 
— >1 



FIGURE 5.7. Design diagram of a non-uniform beam. 
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Thus, the required relationship is 



m 2 

njj 



h 4 1 

h) EI 2 



0.3697 



Frames. For dynamical calculation of frames with n lumped masses m i (distributed 
masses are neglected), represent the displacement of each mass m t in general canonical 
form 



Vi — 5i\X\ + S a X 2 + ■ ■ • + SjjXj + ■ • • + 8 in X n + A ip (5.8) 

where X { , X 2 , . . . , X t , . . . , X n = inertial forces of the corresponding masses; 

S jk = unit displacements (Chapter 2.3); 

A ip = displacement in the direction of X t caused by external 
vibrational loads. For the eigenvalue and eigenfunction 
problems, the free terms of canonical form A jp = 0. 

In the case of harmonic free vibrations, displacement of mass its acceleration and 
inertial force are 



Vi = ci j sin a>t\ y\ = —ajW 2 sin cot, X { = — m t 

Substituting the above expressions into Equation (5.8) yields 



8 n X x + S 12 X 2 4 1- S ln X n — 0 

<5 2 l^l 4- <5*2^2 + • • • + ^ 2 A = 0 



(5.9) 



<5|i l^T + ^n2^2 H + — 0 



where 



The non-trivial solution of Equations (5.9) with respect to a t yields the following frequency 
(secular) equation 



8 n m x — l/co 2 5 \ 2 m 2 

& 2 \ m \ 5 22 m 2 — 1/to 2 

&n\ m l S „2 m 2 

The unit displacements may be calculated according to Equations (2.2)-(2.4). Equation 
(5.10) is very convenient for the solution of eigenvalue problems in the case of statically 
determinate systems. If a system is statically indeterminate, then calculation of unit 
displacements presents difficulties. In this case, the slope-deflection method is an efficient 
one. 

Equations (5.9) and the canonical equations of the Force Method for statical problems 
are similar. However, there is a fundamental difference. The unknown X t of system (5.9) 
are not the reactions of the discarded constraints of a statically indeterminate system, but 
amplitudes of inertial forces, which can be produced both in statically determinate and 
indeterminate systems. 



°ln m n 



= 0 



(5.10) 



8 n „m„ ~ l/co 2 
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5.1.3 Slope-Deflection Method 

This method may be effectively applied for dynamic calculation of framed statically 
indetermined systems with or without distributed and lumped masses. 

In order to obtain a conjugate redundant system (basic, or primary system), the 
additional introduced constraints must prevent rotation of all rigid joints as well as all 
independent displacements of these joints. Canonical equations of the slope-deflection 
method are: 



r n Z { + r u Z 2 -\ 1- r hl Z n + R hl — 0 

r 2 iZi + t 22 Z 2 + ■ ■ • + c 2 „Z„ + R 2p = 0 (5.11) 

r n\Z\ + r n2 Z 2 -I 1- r tm Z n + R np = 0 

The equations of the slope-deflection method negate the existence of reactive moments and 

forces developed by imaginary constraints in conjugate systems. 

The system of equation (5.11) contains amplitudes of vibrational displacements Z ; for 
unknown variables. Coefficients r ik with unknown Z,- variables represent amplitude values 
of reactions of introduced constraints i due to unit vibrational displacements of restriction 
k. The free terms, R jp , are amplitudes of reactions of constraints due to vibrational load; in 
the case of the free vibrations these free terms are zeros. 

The amplitudes of vibrational displacements Z, take into account inertial forces of 
concentrated and/or distributed masses of elements of a system, by means of correction 
functions to the formulas representing static reactions. 

The effects of inertial forces of distributed and/or lumped masses are taken into 
account by correction functions, whose numerical values depend on a frequency parameter. 
The simplest case for dynamical reactions of massless elements with one lumped mass is 
presented in Table 4.3. Smirnov’s functions take into account the exact effects of inertial 
forces of uniformly distributed masses. Their analytical expressions in different forms are 
presented in Tables 4.4 and 4.5, and numerical values are presented in Table 4.6. Bolotin’s 
functions take into account the approximate effects of inertial forces of uniformly 
distributed masses, and their analytical expressions are presented in Table 4.7. Kiselev’s 
functions take into account the exact effects of inertial forces of uniformly distributed 
masses and one concentrated mass, and their analytical expressions are presented in Table 
4.8. 

In order to determine eigenvalues of the framed system, the determinant of coefficients 
with unknown variables has to equal zero 



'Ti 


r n ■ 


■ 'T n 






>21 


r 22 ■ 


■ r 2n 


= 0 


(5.12) 


r „ i 


r n2 ■ 


■ r nn 







5.2 ONE-SPAN BEAMS 



Frequency equations, eigenvalues, nodal points and asymptotical formulas for eigenvalues 
for classical and special boundary conditions are presented in Tables 5.3 and 5.4. The 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



BERNOULLI-EULER UNIFORM BEAMS WITH CLASSICAL BOUNDARY CONDITIONS 



142 FORMULAS FOR STRUCTURAL DYNAMICS 



TABLE 5.3. One -span beams with classical boundary conditions: frequency equation, frequencies para- 
meters and nodal points 



No. 


Type of beam 


Frequency equation 


n 


Eigenvalue A n 


Nodal points £ = x/l of 
mode shape X 


1 


Pinned-pinned 


sin k n l = 0 


i 


3.14159265 


0; 1.0 




y 




2 


6.28318531 


0; 0.5; 1.0 




1 m, El 




3 


9.42477796 


0; 0.333; 0.667; 1.0 




K — 5 >Jf 




4 


12.5663706 


0; 0.250; 0.500; 0.750; 1.0 




-O-b- j h3=! 

k - >i 




5 


15.7079632 


0; 0.2; 0.4; 0.6; 0.8; 1.0 








n 


rnz 




2 


Clamped-clamped 


cos k n l coski k n l = 1 


i 


4.73004074 


0; 1.0 




l i 




2 


7.85320462 


0; 0.5; 1.0 




J 1 




3 


10.9956079 


0; 0.359; 0.641; 1.0 








4 


14.1371655 


0; 0.278; 0.50; 0.722; 1.0 








5 


17.2787597 


0; 0.227; 0.409; 0.591; 0.773; 1.0 








n 


0.5tt(2h + 1) 




3 


Pinned-clamped 


tan k n l — tanh A„/ = 0 


i 


3.92660231 


0; 1.0 




I>1 




2 


7.06858275 


0; 0.440; 1.0 




X 1 




3 


10.21017612 


0; 0.308; 0.616; 1.0 








4 


13.35176878 


0; 0.235; 0.471; 0.706; 1.0 








5 


16.49336143 


0; 0.190; 0.381; 0.571; 0.762; 1.0 








n 


0.2511(4/1 + 1) 




4 


Clamped-free 


cos kjcoshkj m— 1 


i 


1.87510407 


0 








2 


4.69409113 


0; 0.774 




J 




3 


7.85475744 


0; 0.5001; 0.868 








4 


10.99554073 


0; 0.356; 0.644; 0.906 








5 


14.13716839 


0; 0.279; 0.500; 0.723; 0.926 








n 


0.5ir(2n - 1) 




5 


Free-free 


cos k n l cosh k n l = 1 


i 


0 


Rigid-body mode 








2 


4.73004074 


0.224; 0.776 








3 


7.85320462 


0.132; 0.500; 0.868 








4 


10.9956078 


0.094; 0.356; 0.644; 0.906 








5 


14.1371655 


0.0734; 0.277; 0.500; 0.723; 0.927 








6 


17.2787597 


0.060; 0.227; 0.409; 0.591; 0.774; 








n 


0.5ir(2n - 1)* 


0.940* (Geradin, and Rixen, 1997) 


6 


Pinned-ffee 


tan k n l — tanhA„/ = 0 


i 


0 


Rigid-body mode 




A 




2 


3.92660231 


0; 0.736 






3 


7.06858275 


0; 0.446; 0.853 








4 


10.21017612 


0; 0.308; 0.616; 0.898 








5 


13.35176878 


0; 0.235; 0.471; 0.707; 0.922 








6 


16.49336143 


0; 0.190; 0.381; 0.571; 0.763; 0.937 








ft 


0.25u(4n - 3)* 
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corresponding eigenfunctions in forms 1 and 2 are presented in Table 5.5. These forms are 
as follows. 

(5.13) 

Form 2. X n (x) = sin + A„ cos + B n sinh^y^ + C„ cosh (5.14) 

The ordinates of mode shape vibration for one-span and multispan beams with classical 
boundary conditions are presented in Appendices A and B respectively. 



/Lx l„x ( l„x lx 
Form 1. X n (x) = cosh-^-± cos — <r„l smh— ± sin — 



5.2.1 Eigenvalues 

1. Eigenvalues for beams with Classical Boundary Conditions are discussed in 
(Rogers, 1959; Babakov, 1965; Blevins, 1979; Pilkey, 1994; Inman, 1996; Young, 
1982). 

2. Eigenvalues for beams with Special Boundary Conditions are discussed in 
(Bezukhov et al., 1969; Pilkey, 1994; Geradin and Rixen, 1997). 



TABLE 5.4. One -span beams with special boundary conditions: frequency equation and frequencies 
parameters. 



Type of beam 


Frequency Equation 


n 


Eigenvalue X n 


Free-guided 


tan 1 + tanh a = 0 


i 


0 — Rigid body mode 






2 


2.36502037 


El m ’ 1 |D| 




3 


5.49780392 






4 


8.63937983 






5 


11.78097245 






6 


14.92256510 






n 


0.25n(4n - 5) 


Guided-guided 


o 

II 

’t/3 


i 


0 — Rigid body mode 


in ini 




2 


3.14159265 


IU| |U| 




3 


6.28318531 






n 


it(h — 1) (exact) 


Guided-pinned 


cos 1 cosh 1 = 0 


i 


1.5707963 


Inl 




2 


4.71238898 






3 


7.85398163 






n 


0.5h(2h — 1) (exact) 


Clamped-guided 


tan X + tanh 1 = 0 


i 


2.36502037 


1 inl 




2 


5.498780392 


| IUI 




3 


8.63937983 






4 


11.78097245 






5 


14.92256510 






n 


0.25n(4n - 1) 
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5.2.2 Eigenfunctions 

Eigenfunctions for beams with guided support (Pilkey, 1994) 

(2 n — l)nx 



Guided-pinned beam: X(x) = cos 

Guided-guided beam: X(x) = cos - 



21 



l 



Free-guided beam: 
where 



X(x) = cosh k„x + cos k n x — o n {smhk n x + sin k„x) 



sinhA- / — sin kj 



cosh kJ + cos kj 



5.3 ONE-SPAIM BEAM WITH OVERHANG 



5.3.1 Pinned-pinned one-span beam with overhang (Fig. 5.8) 



Frequency equation (Morrow, 1908) 

(cosh kl sin kl — sinh kl cos kl )( cosh kc sin kc — sinh kc cos kc) 

— 2 sinh kl sin kl( 1 + cosh kc cos kc) = 0 

The least root, X = kl, of the frequency equation according to parameter c/l is presented in 
Table 5.6 (Pfeiffer, 1928; Filippov, 1970) 



Frequency of vibration co = k 2 





m.EI 



A 




< 1 


>l< c > 



FIGURE 5.8. Pinned-pinned beam with one overhang. 



TABLE 5.6. Pinned-pinned beam with overhang: the least root of a frequency equation 

c/l oo 1 3/4 1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 1/10 0 

kl 1.8751 1.5059 1.9017 2.5189 2.9404 3.0588 3.0997 3.1175 3.1264 3.1314 3.1344 3.1364 n 



Special cases 

1. Case c/l = 0 corresponds a pinned-pinned beam without an overhang. The frequency 
equation is sin kl = 0. Eigenvalues and nodal points for different mode shapes are 
presented in Table 5.3. 
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2. Case c// = oo corresponds to a clamped-free beam with length c. The frequency 
equation is 1 + cosh kc cos kc = 0. Eigenvalues and nodal points of the mode shape are 
presented in Table 5.3. 

If c/l is small, then the approximate solution of the frequency equation is (Chree, 1914) 




If c/l < 0.5, then the error according to the Chree approximation is less than 1%. 

Example. Calculate the frequency of vibration for a pinned-pinned beam with one over- 
hang, if / = 8m, c = 2m (Fig. 5.8). 

Solution. Since the parameter c/l = 0.25, then X = kl = 3.0588 (Table 5.1). The 
frequency of vibration is: 



co = 




x 2 Iei 

l 2 V m 



3.0588 2 Iei 

8 2 V m 



The Chree formulae gives the following eigenvalue 



kl = n I 1 — \ n 2 



1 •> 2 3 



= 71 1 1 — - 7 1 



8 3 



3.0608 



5.3.2 Beam with two equal overhangs 

Design diagram and notation are presented in Fig. 5.9(a). Frequency of vibration is 




/ = /j 



+ 



h 

2 



Symmetric vibration. The frequency equation may be written in the following form 
(Anan’ev, 1946) 

C[2(l - l*)\E(Xl*) - B(XI*)A[X( 1 - /*)] = 0 

where l* =l\/l is a dimensionless parameter, and A, B. C and E are Hohenemser-Prager’s 
functions. 

The fundamental frequency corresponds to symmetrical shape vibration. The funda- 
mental frequency parameter X in terms of l* is presented in Fig. 5.9(b). 

Antisymmetric vibration. The frequency equation may be presented in the following 
form 



^(l - l*)]E(Xl*) - B[X( 1 - l*)]B(Xl*) = 0 (5.15) 



Example. Calculate the fundamental frequency of vibration for a beam with two equal 
overhangs, if l\ = 1 m, l 2 — 8 m (Fig. 5.9(a)). 
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m,EI 







< ^ >< ^ 




. ! 21 






FIGURE 5.9. Beam with two equal overhangs, (a) Design diagram and notation; (b) frequency parameter 
1 for symmetric vibration. 



Solution. The half-length of the beam / = l x + 0.5 1 2 = 5m, so a non-dimensional para- 
meter /* = /j // = 0.2. 

The frequency equation (5.14) leads to 

C(0.8A)£(0.2A) - B(0.2X)A(0M) = 0 

The least root is 2 = 1.95. 

The frequency of vibration is 




5.3.3 Clamped-pinned beam with overhang 

The design diagram and notation are presented in Fig. 5.10. 
Frequency of vibration 
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The frequency equation may be presented in the following form 

- mu(xn) + - v^v^n j = o (s.ie) 

T[A{ 1 - /*)] 

where l* = l\jl, and 5, T, U and V are Krylov-Duncan functions. 



m,EI 


=5 

h 


i 


i 



FIGURE 5.10. Design diagram of a clamped-pinned beam 
with overhang. 



Special case. Case l\/l = 1 corresponds to clamped-pinned beam without an overhang. 
In this case I* = 1, 5(0) = 1, T(0) = 0 and the frequency equation (5.16) becomes 

5(2) V(A) - T(A)U(A) = 0 

which leads to 



cosh A sin A — sinh A cos A = 0 

Eigenvalues and nodal points for different mode shapes of vibration are presented in Tables 
5.3 and 5.5. 



5.4 FUNDAMENTAL INTEGRALS 



Fundamental integrals are the additional characteristics of a system, which are used for 
dynamic analysis of free vibration using approximate methods (see Chapter 2) as well as 
for dynamic analysis of forced vibrations. 

/ 

5.4.1 Integrals [X| dx for beams with classical boundary conditions 

o 

The solution of the differential equation of transverse vibration (5.1) can be presented in 
the following form 



y(£, t) = X k (c,)(B k cos cot + C k sinaX) (5.17) 

The differential equation of mode shape is 

;2 frpr 

X ,v -b 2 X = 0, b 2 =A\ 03 = -=-.— (5.18) 

l z V m 

Constants B and C can be found from the initial conditions 

at f = 0; y(i,0)=m, £ = y 

The constants B k and C k take into account not only initial conditions, but boundary 
conditions as well. 
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Constants B k and C k are determined as follows 

\m 

B k = j ; C k = -± ; (5.19) 

j VflJld; ''jj .Yr(L)dL 

0 0 

/ 

Integrals JX^ dx depend only on types of supports. For beams with classical boundary 

conditions, these integrals are presented in Table 5.7 in terms of X and their derivatives at 
x = 0 (Form 1) and x = l (Form 2). 

TABLE 5.7. Beams with classical boundary condition: different presentations of 



fundamental integral — j dx 
* o 



Boundary Condition 


Integral 


4 1 

7 J X 2 dv 
1 0 


x = 0 


x = l 


Form 1 


Form 2 


Clamped 


Clamped 


[x"m 2 




Simple supported 


Clamped 


— 2X'(0)X"'(0) 


[X"(/)j 2 


Free 


Clamped 


x 2 (0) 




Clamped 


Simple supported 


[x"m 2 




Simple supported 


Simple supported 


2[X'(0)] 2 


-2 X'(I)X"'(I) 


Free 


Simple supported 


X 2 (0) 




Clamped 


Free 


[X"(0)] 2 




Simple supported 


Free 


— 2X'(0)X"'(0) 


x 2 (D 


Free 


Free 


X 2 (0) 





Note: X' derivatives with respect to the argument of eigenfunction X, but not with respect to x. 



Example. Calculate the integral [X 2 (x)dx for a pinned-pinned beam. 

o 

Solution. For a simply supported beam eigenfunction, its derivatives with respect to the 
argument are 






knx 



= sin 



/ ’ 



X' k (x) cos 



knx 

~T 



X k (x) = — sin- 



knx 

T’ 



X k '(x) = — cos 



knx 

T 



Integral fX 2 dv may be calculated by using Table 5.5. 
o 

Form 1 (using the boundary condition at the left-hand end) 



i 

J 

0 



o knx l , o 
sin - — — dv = - [X (0)] - 




1 

2 
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Form 2 (using the boundary condition at the right-hand end) 

/ I kill i 



J sin 2 k7 ^dx = - -X'(l)X"'{l) = - - cos : / 
/ 



kul 

7 ^ 



Numerical values of integrals JX 2 (x)dx and related ones for beams with different 

o 

boundary conditions are presented in Table 5.8. Some useful integrals concerning the 
eigenvalue problem are presented in Appendix C. 



5.4.2 Integrals with one index 

Numerical values of several fundamental integrals for beams with different boundary 
conditions and numbers of mode vibration are presented in Tables 5.8 and 5.9 (Babakov, 
1965). 

The following integrals may be presented in analytical form in terms of eigenfunctions 
and their derivatives (Weaver et al. 1990) 

(a) J Xl dx = - \X 2 k - 2X'X' + (X'') 2 ]. r=/ (5.20) 

0 ^ 

(b) \xl v X k doc = l(X") 2 dx (5.21) 

0 0 



TABLE 5.8. Beams with classical boundary condition: numerical values for some fundamental 
integrals with one index 



Type of beam 


k 


1 ' , 
l\ x k dr 
1 0 


/J(X') 2 dv 

0 


/ 3 J(^') 2 dv 

0 


1 ' 

yJX-dr 
1 0 


Pinned-pinned 


i 


0.5 


4.9343 


48.705 


0.6366 




2 


0.5 


19.739 


779.28 


0 


•&>- - 0 - 


3 


0.5 


44.413 


3945.1 


0.2122 


l« L J 


4 


0.5 


78.955 


12468 


0 




5 


0.5 


123.37 


30440 


0.1273 


Clamped-clamped 


1 


1.0359 


12.775 


518.52 


0.8445 


H 11 


2 


0.9984 


45.977 


3797.1 


0 


1 H 


3 


1.0000 


98.920 


14619 


0.3637 


L ' J 


4 


1.0000 


171.58 


39940 


0 




5 


1.0000 


264.01 


89138 


0.2314 


Clamped-pinned 


1 


0.4996 


5.5724 


118.80 


0.6147 


n 


2 


0.5010 


21.451 


1250.4 


-0.0586 


1 -L 


3 


0.5000 


47.017 


5433.0 


0.2364 


li 1 T 


4 


0.5000 


82.462 


15892 


-0.0310 




5 


0.5000 


127.79 


36998 


0.1464 


Clamped-ffee 


1 


1.8556 


8.6299 


22.933 


1.0667 




2 


0.9639 


31.24 


467.97 


0.4252 


k ' j| 


3 


1.0014 


77.763 


3808.5 


0.2549 




4 


1.0000 


152.83 


14619 


0.1819 




5 


1.0000 


205.521 


39940 


0.1415 
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5.4.3 Integrals with two indexes 

Integrals with two indexes occur in the approximate calculation of frequencies of vibration 
of deformable systems. These integrals satisfy the following relationship 

i i 

l\x;xj dv = -l^Xf dx (5 .22) 

o o 

where i and j are the number of modes of vibration. Numerical values of these integrals are 
presented in Table 5.9 (Babakov, 1965). 



TABLE 5.9. Beams with classical boundary condition: numerical values for some fundamental 
integrals with two indexes 



Type beam 






j 








i 


1 


2 


3 


4 


5 


A X 


l 


4.9343 


0 


0 


0 


0 




2 


0 


19.739 


0 


0 


0 


i< — i 


3 


0 


0 


44.413 


0 


0 




4 


0 


0 


0 


78.955 


0 




5 


0 


0 


0 


0 


123.37 








j 










i 


1 


2 


3 


4 


5 


1 ij 


i 


12.755 


0 


-9.9065 


0 


-7.7511 


1 1 


2 


0 


45.977 


0 


-17.114 


0 


1, i ,| 


3 


- 9 9065 


o 


98 920 


o 


-6 2833 




4 


0 


-17.114 


0 


171.58 


0 




5 


-7.7511 


0 


-6.2833 


0 


246.01 








j 










i 


1 


2 


3 


4 


5 


i 


i 


5.5724 


2.1424 


-1.9001 


1.6426 


- 1.4291 


1 x 


2 


2.1424 


21.451 


3.9098 


-3.8226 


3.5832 


i 


3 


- 1.9001 


3.9098 


47.017 


5.5836 


- 5.6440 




4 


1.6426 


-3.8226 


5.5836 


82.462 


7.2171 




5 


- 1.4291 


3.5832 


-5.6440 


7.2171 


127.79 


5.5 LOVE AND BERNOULLI-EULER BEAMS, 






FREQUENCY EQUATIONS AND NUMERICAL 






RESULTS 















Love equations take into account individual contributions of shear deformation and rotary 
inertia but omit their joint contribution (Table 3.1). 
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Complete Love equations may be presented as the following system of equations 



#y yA&y (yI EIy\ 3 4 y 
dx 4 + g at 2 \g + gk g ) dx 2 at 2 

(5.23) 

3 ity (yl El y\ 3> 

dx 4 + g 3 1 2 \g gkG) dx 2 d t 2 

where v = transverse displacement; 

t/r = angle of rotation of the cross-section; 
k= shear coefficient; 

E = Young’s modulus; 

G = modulus of rigidity. 

Shear coefficient k for various types of cross-section are presented in Table 11.1. 

Truncated Love equations are obtained from Equations (5.23) and are presented as the 
following system of equations: 

£I yA#y Ely tfy 

3x 4 g 3 1 2 gkGdx 2 dt 2 

(5.24) 

3> yAS V Ely ^ _ 

3x 4 g 3 1 2 gkGdx 2 dt 2 

The special case of system (5.24), when shear deformation and rotary inertia are not 
considered is given by Bernoulli-Euler theory (Chapter 1 ) 



FT <Py y^^y 

dx 4 g a r- 



= o 



The general solution of the Love system of equations (5.23) 



(5.25) 



y = Xe ja " 
i// = *Ee j “' 



(5.26) 



Normalized equations for total transverse vibration mode and rotational vibrational mode 
are 



where 



X IV + 1 4 ( r 2 + s 2 )X" - A 4 X = 0 
'T' v + A 4 (r 2 + s 2 )'¥" - A 4 *? = 0 



4 mm 2 ! 4 

A = 

El 



m = pA 



r 



2 



I 

AP 



s 2 = = r 2 



' kAGl 2 

The prime denotes differentiation with respect to £ 



E 

kG 

x 

= T 
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G 

O 

‘S g- s 
» u £ 
§ a jg 

G uJ 

cr w 
cu 
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The normal modes X and *P are general solutions of Equations (5.27), which may be 
presented as the following expressions 

X(£) = B { cosh(2 2 Sj Q + B 2 sinhfA 2 ^] Q + 5 3 cos (2 2 s 2 ii;) + B 4 sin(2 2 5 2 0 

'V(C) = C, cosh^ 2 ^) + C 2 sinh(;: 2 .y| C) + C 3 cos(/ 2 s 2 c) + C 4 sin(;. 2 .y 2 c) 




oVcob 



0.8 



0.6 



0.4 



0.2 



0 




0 ^( 4 ) 



0.6 



0.2 



0 




FIGURE 5.11. Frequency ratios co/coq versus parameter r = I /Al 2 for the first four modes of vibration n. 
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0 0.02 0.04 0.06 0.08 r 0 0.02 0.04 0.06 0.08 T 



FIGURE 5.11. ( Continued ) 



where 



Frequency equations for uniform Love and Bernoulli-Euler beams with different 
boundary conditions are presented in Table 5.8. In this table, the parameter 

2 2 
r s 2~ s ~ 

+ s 2 

Numerical results. If parameters r and b for a given beam are known, the frequencies of 
vibration can be calculated from the appropriate frequency equation (Table 5.10). The solu- 
tion in closed form may be found only for the simplest cases. 

Frequency ratios co/co 0 for one-span beams under different boundaiy conditions in 
terms of r = I /ALr and different modes of vibration (n = 1, 2, 3, 4) are presented in Fig. 
5.11, where co is frequency of vibration based on the Love equation; tu 0 is frequency of 
vibration based on Bernoulli-Euler equation (Abramovich, Elishakoff 1990). 
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These are graphs constructed for 

E/G = 8/3, k = 2/3, 5 = 2 r 
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Source: Formulas for Structural Dynamics: Tables, Graphs and Solutions 



CHAPTER 6 



BERNOULLI-EULER 
UNIFORM ONE-SPAN 
BEAMS WITH ELASTIC 
SUPPORTS 



This chapter is devoted to Bernoulli-Euler uniform one-span beams with elastic (transla- 
tional and torsional) supports. Fundamental characteristics, such as frequency equations, 
eigenvalues and eigenfunctions, are presented. For many cases, the frequency equation is 
presented in the different forms that occur in the various scientific examples. Special cases 
are discussed. 



NOTATION 



A 

A, B, C, E, 5, 

E 

El 

h 

K 

K 

^TOt 

k* 

k* 

“rot 

/ 

m 

S, T, U, V 
x 

x,y, z 



Cross-sectional area 
Hohenemser-Prager functions 
Young’s modulus 
Bending stiffness 
Moment inertia of a cross-section 



Frequency parameter, k n = ' 



,X = kl 



Translational stiffness coefficients 
Rotational stiffness coefficients 

Dimensionless translational stiffness coefficients, kf. = 



V 3 

El 



Dimensionless rotational stiffness coefficients, £* ot = 



El 



Length of the beam 
Mass per unit length, m = pA 
Krylov-Duncan functions 
Spatial coordinate 
Cartesian coordinates 
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X(x) Mode shape 

a, y Dimensionless auxiliary parameters 

X Frequency parameter, A El = ml 4 co 2 

x 

£ Dimensionless coordinate, ^ 0<^<1 

p Density of material 

X 2 

co Natural frequency, co = — 




6. 1 BEAMS WITH ELASTIC SUPPORTS A T 
BOTH ENDS 



Exact frequency equations and expressions for mode shape vibration for uniform beams 
with uniformly distributed masses and elastic supports at both ends are presented in Table 
6.1. (Anan’ev, 1946; Gorman, 1975). These equations may be also presented in terns of 
Krylov-Duncan and Hohenemser-Prager functions. Frequency equations for special cases 
are presented in Table 6.2. 



6.1.1 Numerical results 



Beam with two translational springs supports 

Stiffnesses are equal (Fig. 6.1). In this case it is convenient to calculate a half-beam. 
Design diagrams for symmetrical and antisymmetrical vibration and corresponding 
frequency equations in terms of (1) Krylov-Duncan functions, (2) Flohenemser-Prager 
functions, and (3) in explicit form are presented in Table 6.3. 

jpj 

The frequency vibration is co = — , where X is a root of a frequency equation. The 

l L V m 

roots of the frequency equation in tenns of k* = kP /El for symmetrical vibration are 
presented in Fig. 6.2. Design diagrams at the left and right of the graph present limiting 
cases; corresponding frequency parameters are shown by a circle. 

The roots of frequency equation in tenns of k* = kP /El for antisymmetric vibration 
are presented in Fig. 6.3. 

Stiffnesses are different (Fig. 6.4). Frequency equation (case 1, Table 6.4) may be 
rewritten as follows 



k\ = 



3 (1 + n)B(X) ± ^(1 + n) 2 B 2 (X) + 4nD(X)S x (X) 
2nS x {X) 



( 6 - 1 ) 



where B(X), D(X), S\{X) are Flohenemser-Prager functions; and the dimensionless para- 
meters are 



n = k ljA = 
k% k 2 ' 1 El ' 



« = 



k 2 l 3 

~EJ 



The natural frequency of vibration is co = 






where X is a root of frequency equation 



(6.1). Frequency parameters X in terms of k* and parameter n are presented in Fig. 6.5. 
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TABLE 6.2. Frequency equation for special cases 



Beam type 



Related 



(common case) 


Parameters 


Beam type 


Frequency equation* 




tables 


EI, m, l 


k x = 0; k 2 = 0 


Free-free 


cos X cosh X —1 = 0 




5.3 




k { = oo; k 2 = oo 


Pinned-pinned 


sin X = 0 




5.3; 6.4 




k l = 0; k 2 = oo 


Pinned-free 


sin X cosh X — sinh X cos X = 


0 


5.3; 6.4 


/H & 


Kot — 0; ^t r — o 


Pinned-free 


sin X cosh X — sinh X cos X = 


0 


5.3; 6.4 


( El, m, 1 


Kt = K = 00 


Clamped-pinned 


sin X cosh X — sinh X cos X = 


0 


5.3; 6.4 




irot = 0; ^ = 00 


Pinned-pinned 


sin X = 0 




5.3; 6.4 




Kot = oo;k a = 0 


Clamped-free 


1 + cos X cosh 2 = 0 




5.3; 6.4 


/H K 


II 

O 

II 

o 


Pinned-pinned 


sin X = 0 




5.3; 6.4 


o El, m, l k 2 ) 


k x = oo; k 2 = oo 


Clamped-clamped 


1 — cos X cosh 2 = 0 




5.3; 6.5 


A JL 


k { = 0; k 2 = oo 


Pinned-clamped 


sin 2 cosh 2 — sinh 2 cos 2 = 


0 


5.3; 6.4 


*Eigenfiinctions, nodal points and several types of fundamental integrals for one-span uniform beams with 


classical boundary conditions are presented in 


Chapter 5. 









EI, m 



' AS k 
21 



FIGURE 6.1. Beam with two translational springs supports, AS is axis of 
symmetry. 



TABLE 6.3. Symmetrical beams with elastic supports: frequency equation for symmetrical and 
antisymmetrical vibrations 

Type of vibration 

and design Frequency equation in Special cases and 

diagram different forms corresponding frequency equation 



Symmetrical 




ki\ 3 swm-uwvw 

' EI S 2 U) - U 2 (X) 

kP ]3 A(X) 

' EI C(X) 

kP cosh 2 sin 2 + sinh a cos 2 

EI 2 cosh X cos X 



k = 0 (free-sliding half-beam) 

A(X ) = 0 or tan X + tanh2 = 0 (Table 5.4) 

k = oo (pinned-sliding half-beam) 

C(2) = 0 or cos X cosh X = 0 (Table 5.4) 



Antisymmetrical 




kP 

1. — 
EI 

kP 

2 -EI 




, } T(X)U(X) - S(X)V(X) 
A T 2 u)-r-(X) 



k — 0 (free-pinned half-beam) 

B{X) = 0 or tan X — tanh/l = 0 (Table 5.4) 



,3 *U) 

SiW 

,iCosh2sin2 — sinh X cos X 

X ^ . 7 

2 sinh X sin / 



k = oo (pinned-pinned half-beam) 
S[(X) = 0 or sin X = 0 (Table 5.4) 
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FIGURE 6.2. Symmetrical vibration. Parameters 2 l5 X 2 as a function of k* = kP /El. 



Beam with two torsional spring supports (Fig. 6.6). The frequency vibration equals 



X El 



, where X is a root of the frequency equation 



9 . ( ' k\l k 2 /\ ktl k 2 1 ( 

2/T tan Atanh/i + X\ 1 )(tan/l — tanhl) -I I 1 — 

\EI El ) El El \ 



1 



cos X cosh X 



= 0 (6.2) 
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El, m 




FIGURE 6.4. Design diagram. 




} 

} 

} 



Third 

mode vibration 



Second 

mode vibration 



Fundamental 
mode vibration 
Asymptote at X=n 



FIGURE 6.5. Fundamental, second and third modes of vibration. Parameters /Lj , X 2 and as a function of 
= k 2 P /El and parameter n = k x /k 2 . 
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FIGURE 6.6. Design diagram and notation. 



Special cases are presented in Table 6.4. 



TABLE 6.4 One -span beams with torsional spring supports: frequency equation for limiting cases 





Design diagram 


Frequency equation 


Elastic 


cl 


2 k tan X tanh X + — ^-(tan X — tanh X) = 0 


clamped- 


CCEljnA 


pinned beam 
k 2 =0 




EI 


Elastic 


U EI. m | 




clamped- 
clamped beam 
k 2 — oo 


1 


tl \ COS A cosh X ) 


Pinned-pinned 


EI, m. 1 


sin X = 0 


beam 

k^ — k 2 — oo 


£_ X 


Clamped- 
clamped beam 
k | — k 2 — oo 


| EI, m, l | 


cos X cosh 2—1 = 0 


Clamped- 


■ EI, m, I 


tan X — tanh 2 = 0 


pinned beam 
k x = oo, k 2 = 0 


■ A 



Frequency parameters / for beams with two different torsional spring supports at the 
ends and for fundamental and higher mode vibrations are presented in Table 6.5. 
Dimensionless parameters are 



k\ = 



k x l 

EI 



,k% 



k 2 l 

El' 



The bold data present two limiting cases: (1) pinned-pinned beam and (2) Clamped- 
clamped beam (Hibbeler, 1975). 



6.2 BEAMS WITH A TRANSLATIONAL SPRING 
AT THE FREE END 



A beam with typical boundary conditions at the left-hand end and an elastic spring support 
at the right-hand end is shown in Fig. 6.7. 
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TABLE 6.5. One -span beams with two torsional spring supports: 
numerical values of frequency parameters 



kf 








Mode 






l 


2 


3 


4 


5 


0 . 00 (1) 


0.00 


3.142 


6.283 


9.425 


12.566 


15.708 




0.0 


3.143 


6.284 


9.425 


12.567 


15.708 




0.01 


3.142 


6.283 


9.425 


12.566 


15.701 


0.01 


0.1 


3.127 


6.276 


9.420 


12.563 


15.705 




1.0 


2.941 


6.197 


9.369 


12.525 


15.675 




10 


4.642 


8.460 


11.943 


15.255 


18.495 




100 


3.969 


7.146 


10.325 


13.507 


16.691 




oo 


3.928 


7.069 


10.211 


13.352 


16.494 




0.0 


3.157 


6.291 


9.430 


12.570 


15.711 




0.01 


3.156 


6.290 


9.430 


12.570 


15.711 


0.1 


0.1 


3.141 


6.283 


9.425 


12.566 


15.708 




1.0 


2.957 


6.204 


9.374 


12.529 


15.678 




10 


4.654 


8.466 


11.947 


15.258 


18.498 




100 


3.981 


7.152 


10.330 


13.511 


16.694 




oo 


3.940 


7.076 


10.215 


13.356 


16.496 




0.0 


3.273 


6.356 


9.475 


12.605 


15.739 




0.01 


3.272 


6.355 


9.474 


12.604 


15.739 


1.0 


0.1 


3.258 


6.348 


9.470 


12.601 


15.736 




1.0 


3.084 


6.271 


9.419 


12.563 


15.706 




10 


4.763 


8.523 


11.985 


15.287 


18.522 




100 


4.083 


7.211 


10.371 


13.543 


16.721 




oo 


4.042 


7.194 


10.257 


13.388 


16.523 




0.0 


3.665 


6.688 


9.752 


12.840 


15.942 




0.01 


3.663 


6.687 


9.751 


12.839 


15.942 


10 


0.1 


3.651 


6.680 


9.747 


12.836 


15.939 




1.0 


3.497 


6.608 


9.698 


12.800 


15.910 




10 


5.221 


8.857 


12.245 


15.503 


18.708 




100 


4.475 


7.529 


10.638 


13.771 


16.919 




oo 


4.430 


7.450 


10.522 


13.614 


16.720 




0.0 


3.889 


7.003 


10.119 


13.236 


16.354 




0.01 


3.888 


7.003 


10.118 


13.235 


16.354 


100 


0.1 


3.876 


6.996 


10.114 


13.232 


16.351 




1.0 


3.727 


6.927 


10.067 


13.196 


16.322 




10 


5.569 


9.260 


12.662 


15.928 


19.136 




100 


4.735 


7.866 


11.020 


14.177 


17.339 




OO 


4.685 


7.781 


10.898 


14.015 


17.134 


oo' 2 > 


OO 


4.730 


7.853 


10.996 


14.137 


17.279 



(1) and (2) denote pinned-pinned and clamped-clamped beams, respectively. 



El, m, l 

<£ X 



El, m, l 



' Left end 




m, l El 


X 




ktr* 




< 


l 







FIGURE 6.7. Design diagram; left end of the beam is free, 
or pinned, or clamped. 
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The frequency of vibration equals co = ^ ,/ — ,m = pA, where k is a root of the 

r V m 

frequency equation. The exact solution of the eigenvalue and eigenfunction problem for 
beams with different boundary conditions at the left-hand end and translational spring 
support at the right-hand end are presented in Table 6.6 (Anan’ev, 1946; Gorman, 1975). 
Dimensionless parameters are 



tr EI 



X 

1 



TABLE 6.6. Frequency equation and mode shape of vibration for beams with translational spring support at 
right end 

Frequency equation 
Trigonometric-hyperbolic functions 

Left end Krylov-Duncan functions Mode shape X(£) Parameter y 



Free 

k* = k } 
** = £ 

Pinned 

k* = k 3 

Clamped*.* = ^3 

k$ = k 3 



1 — cosh A cos A 


cosh A sin A — sinh A cos A 


u 2 


- TV 


TU 


-SV 


sin/ 


l cosh A — cos A sinh A 




2 sin A sinh A 


TU 


-SV 


T 2 ■ 


- V 2 




1 + cos A cosh A 



sinh A cos A — sin A cosh A 
S 2 - VT 



TU-SV 



sinh + 



sin A 
sinh A 



sin A£ + y 



cosh A£ 



, . „ — (cosh A — cos A) . , „ „ 

+ cosh Ac, H — ^ sin h Ac, 

sinh A 



sin A — sinh A 
cosh A — cos A 



sin At, + y sinh A£ 



sinl 
sinh A 



sinh — sin AZ + y(cosh — cos A£) 



sin A + sinh A 
cos A + cosh A 



The frequency equations may also be presented in terms of Hohenemser-Prager functions 
(Section 4.5). 



TABLE 6.7. Frequency equation for special cases 



Left end 


Parameter 

K 

(right end) 


Beam type 


Frequency equation 




Related tables 


Free 


o 

II 

4 s 


Free-free 


cos A cosh A — 1=0 




5.3 




k tT = oo 


Free-pinned 


sin A cosh A — sinh A cos A 


= 0 


5.3; 6.4 


Pinned 


kir — 0 


Pinned-ffee 


sin A cosh A — sinh A cos A 


= 0 


5.3; 6.4 




K = 00 


Pinned-pinned 


sin A = 0 




5.3; 6.4 


Clamped 


K = o 


Clamped-ffee 


1 + cos A cosh A = 0 




5.3; 6.5 




k tT = oo 


Clamped-pinned 


sin A cosh A — sinh A cos A 


= 0 


5.3; 6.4 
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Numerical Results. Some numerical results for first and second frequencies of vibra- 
tion are presented below (Anan’ev, 1946). 



6.2.1 Beam free at one end and with translational spring support 
at the other 

Design diagram and frequency parameters 2j and 2 2 as a function of k* = kP /El are 
presented in Figs. 6.8(a) and (b), respectively. 

Special cases 

1. Free-free beam (k = 0). Frequency equation is Z)(2) = 0 —> cosh X cos 2 = 1. 

2. Free-pinned beam (k = oo). Frequency equation is B().) = 0 — >• tan 2 — tanh 2 = 0. 

6.2.2 Beam pinned at one end, and with translational spring support 
at the other 

Design diagram and frequency parameters 2j and 2 2 as a function of k* = kP /El are 
presented in Figs. 6.9(a) and (b), respectively. 

Special cases 

1. Pinned-pinned beam (k = oo). Frequency equation is >51(2) = 0 — >• sin 2 = 0 (see table 
5.3). 

2. Pinned-free beam (k = 0). Frequency equation is 5(2) = 0 — >• tan 2 — tanh 2 = 0 (see 
table 5.3). 



6.2.3 Beam clamped at one end and with a translational spring 
at the other 

Design diagram and frequency parameters 2j and 2 2 as a function of k* = kP /El are 
presented in Figs. 6.10(a) and (b), respectively. 

Table 6.8 presents parameters 2j and 2 2 as a function of k* = kP /El. 



TABLE 6.8. First and second frequency parameter for cantilevered beams with transitional spring 
support at the end 



k* 


0 . 0 (1 > 


2.5 


5.0 


7.5 


10.0 


15.0 


20.0 


25.0 


30.0 


40.0 


50.0 




1 






















^2 


1.875 

4.694 


2.169 

4.718 


2.367 

4.743 


2.517 

4.768 


2.639 

4.794 


2.827 

4.845 


2.968 

4.897 


3.078 

4.949 


3.168 

5.001 


3.303 

5.103 


3.401 

5.201 


k* 


60.0 


70.0 


80.0 


100 


125 


150 


200 


300 


400 


500 


oo< 2) 
























H -X- 


^1 

x 2 


3.474 

5.295 


3.530 

5.383 


3.575 

5.466 


3.541 

5.616 


3.696 

5.777 


3.733 

5.914 


3.781 

6.128 


3.830 

6.404 


3.854 

6.566 


3.869 

6.668 


3.9266 

7.0685 
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FIGURE 6.8(a). Design diagram. 





FIGURE 6.8(b). Parameters / 1 and / 2 as a function of k* = kP /El. 
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El, m 



l 




FIGURE 6.9(a). Design diagram. 





FIGURE 6.9(b). Parameters and / 2 as a function of k* = kP /El. 
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<- 



m, El 



l 




FIGURE 6.10(a). Design diagram. 





Special cases 

1. Clamped-free beam ( k = 0). Frequency equation is cosh A cos A = — 1 (see table 5.3). 

2. Clamped-pinned beam (k = oo). Frequency equation is tanhl = tan k (see table 5.3). 
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6.2.4 Beam clamped at one end and with translational spring along 
the span 

The design diagram is presented in Fig. 6.11. 



EI, m 





/, 


K > 

f l 




< — 




i 


> 



FIGURE 6.11. Design diagram. 



X El 

The frequency vibration equals co = -= ,/ — . Here, A is a root of the frequency equation 

/ \ m 

S 2 (X) - T(X)V(X) - 3 rSUO - 1*)]{S{X)V{XI*) - T(X)U(Xl*)} 

A 

- \k*T[X( i - i*)]{s(X)u(xr) - v(X)v(xi*)} = o 
X 



where S^A), T(X), U(X) and V(X) are Krylov-Duncan functions. 

/. kP 

Numerical results for specific values of /* = — and k* = — are presented in Table 
6.12. 1 EI 



Special cases 

1. Clamped-pinned beam with overhang (k = oo) 



EI, m 

X" 

it J 



^j{5(A)F(A/*) - T(X)U{Xl*)} + [S(X)U(Xn - V(X) V{Xl*)) = 0 

2. Cantilever beam with translational spring at the free end (l\ =/;/* = 1) 



» ,3 S\X) - V{X)T{X) 

S(X)V(X)~ T(X)U(X) 



or k* = A 3 



cosh A cos A + 1 
sinh A cos A — cosh A sin A 



(see section 6.2.3) 



3. Clamped-pinned beam without overhang (k = oo and /* = 1 ) 



S(X)V(X) — T(X)U(X) = 0 or tanA — tanhA = 0 and A = 3.9266 (see table 5.3) 

4. Cantilever beam (/* = 0 or k = 0) 



iS’ 2 (A) — T(X)V(X) = 0 orcoshAcos A +1=0 and A = 1.875 (see table 5.3) 
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Example. Calculate the stiffness parameter k*(l, l x and El are given), which leads to 
frequency parameter A = 3.0, if /* = 0.8. 

Solution. Frequency of vibration may be rewritten in the following form with respect to 
parameter k* 

,. = ^IS 2 (A) - T(A)V{A)} 

' SRI - 1*)]{S(A)V(AI*) - T(A)U(Al*)} + T[A{ 1 - 1*)]{S(A)U(AP) - V(A)V(Al*)} 

A table of Krylov-Duncan functions is presented in Section 4. 1 . 

If 1 = 3.0 and /* = 0.8, then 

3 3 [4.53883 2 - 5.07919 x 4.93838] 
k ~ 1.00540(4.53883 x 2.39539 - 5.07919 x 3.14717} + • • • 

• ■ ■ + 0.60074(4.53883 x 3.14717 - 4.93838 x 2.39539) 
k* = 33.013 

Some numerical results are presented below. 



6.3 BEAMS WITH TRANSLATIONAL AND 
TORSIONAL SPRINGS AT ONE END 



A beam with typical boundary conditions at the left-hand end and elastic spring support at 
the right-hand end is shown in Fig. 6.12. 



I Left end 

I 



m, l, El 



I 

X 




FIGURE 6.12. Design diagram: the left end of the beam is free, or pinned, or clamped. 



Natural frequency of vibration is 



2 2 Iei 

co = -pr ,/ — , m = pA 

r V m 

where A is a root of the frequency equation. 

The exact solution of the eigenvalue and eigenfunction problem (frequency equation 
and mode shape vibration) for beams with a classical boundary condition at the left-hand 
end and elastic supports at right-hand end are presented in Table 6.9 (Anan’ev, 1946; 
Weaver et al, 1990; Gorman, 1975); Special cases are presented in Table 6.10. Non- 
dimensional parameters, used for the exact solution are: 

t* - ^£2^ /r* - F-* o < l < 1 

kmt ~ ei ’ ka ~ ei ' 4 - r 0 - 4 - 1 
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TABLE 6.10. Frequency equation for special cases 



Left 

end 


Stiffness 
parameters 
at right end 


Beam type 


Frequency equation 




Related 

tables 


Free 


o 

II 

© 

II 

c 


Free-free 


cos A cosh 2—1=0 




5.3 




2. k Iot = oo; k tt = oo 


Free-clamped 


1 + cos 2 cosh 2 = 0 




5.3; 6.4; 6.5 




3. k TOt = 0; k tT = oo 


Free-pinned 


sin 2 cosh 2 — sinh 2 cos 2 


= 0 


5.3; 6.4 




4. k tot = oo; k tt = 0 


Free-sliding 


tan A + tanh A = 0 




5.3; 6.5 


Pinned 


1. k tot = 0; ki = 0 


Pinned-free 


sin 2 cosh 2 — sinh 2 cos 2 


= 0 


5.3; 6.4 




2. k rot = oo; k tr = oo 


Pinned-clamped 


sin 2 cosh 2 — sinh 2 cos 2 


= 0 


5.3; 6.4 




3. k Iot = 0; = oo 


Pinned-pinned 


sin 2 = 0 




5.3; 6.4 




4. kot = k tt = 0 


Pinned-sliding 


cosh 2 cos 2 = 0 




5.3 


Clamped 


1. k ot = 0 ;k tr = 0 


Clamped-free 


1 + cos 2 cosh 2 = 0 




5.3; 6.5 




2. k mt = oo; k tt = oo 


Clamped-clamped 


1 — cos 2 cosh 2 = 0 




5.3; 6.5 




3. k TOt = 0\k tI = oc 


Clamped-pinned 


sin 2 cosh 2 — sinh 2 cos 2 


= 0 


5.3; 6.5 




4. k rot = oo; k a = 0 


Clamped-sliding 


tan A + tanh A = 0 




5.3; 6.5 



6.3.1 Beam free at one end and with translational and rotational spring 
support at the other (Fig. 6.13) 



A 2 El 

Natural frequency vibration is to = —r.i — , m = pA, where A is a root of the frequency 
equation. I \ m 

The frequency equation may be presented in the following forms (Anan’ev, 1946; 
Goman, 1975). 

Form 1 



k* 

A j j (sinh A cos A — cosh A sin A) — A 3 (sin A cosh A + cos A sinh A) 

It * 1 _ i _ k* 

tr tr 1+ cosh A cos A 

k* 1 — cosh A cos A 
k* 1 4- cosh A cos A 



where dimensionless parameters are 



k* = 



k r l 

El' 



kS = 



V 3 

El 



i = 



X 

1 



El, m 



<- 



x 



> 



/ 




■> jc 



FIGURE 6.13. Design diagram. 
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Form 2 

_ X\k*A(X) + W{2)\ 
tr h*E(X) - 2B(2) 

where A, B, E and D are Hohenemser-Prager functions. 

Mode shape 

X(^) = sin + sinh/i^ + y(cosl£ + cosh Ac) 

where 



2 3 (cos 2 — cosh!) + £J(sin 2 + sinh 2 ) 
2 3 (sin 2 + sinh 2 ) — £*(cos 2 + cosh X) 



f 



x 

7 



Example. Calculate the stiffness of rotational spring support kf ot , which leads to the 
fundamental frequency parameter 2= 1.5, if the stiffness of the translational spring 
support is k* = 50. 



Solution. The frequency equation may be rewritten in the following form with respect to 
dimensionless stiffness parameter £* ot . The table of Hohenemser-Prager functions is 
presented in Chapter 4. 



2 4 Z>(2) + k*2B(2) _ 1.5 4 x (-0.83360) + 50 x 1.5 x 2.19590 
k*E(2) - 2 3 A(2) = 50 x 1.16640- 1.53 x 2.49714 



TABLE 6.11. Special cases 







Stiffness 

parameters 




Related 


No. 


Beam type 


at right end 


Frequency equation 


Tables 


1 


Free-free 


Jfcj = 0 and k* = 0 


1 — cosh X cos 1 = 0 


5.3 


2 


i 


k*= 0 


, . 1 — cosh 1 cos 1 

sinh 1 cos 1 — cosh 1 sin 1 


6.3 


3 

4 


JL 


kl = 0 

= 00 and k* = 0 


, 1 — cosh 1 cos 1 

k* X 

rot cosh 1 sin 1 + cos 1 sinh 1 

tan 1 — tanh 1 = 0 


6.3 

5.3 


5 


tal 


k£ = 0 and k* = 00 


tan 1 + tanh 1 = 0 


5.3 


6 


1 


k J = 00 and k* = 00 


1 + cosh 1 cos 1 = 0 


5.3 


7 




k*= 00 


# ^3 sin 1 cosh 1 + cos 1 sinh 1 


6.5 


H 


11 1 + cos 1 cosh 1 


8 




= 00 


, , , sinh 1 cos 1 — cosh 1 sin 1 

k?ot + 2 — t~. 3 =0 

1 + cosh 1 cos 1 


6.4 
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6.3.2 Beam free at one end and with rotational spring support 
at the other 



The design diagram is presented in Fig. 6.14 (a). 



The natural frequency of vibration is co = 



m = pA, where A is a root of the 



frequency equation, which may be presented in the following forms (Anan’ev, 1946) 



Form 1: 



k r J_ } D{A) 
El A(A) 



Form 2: 



K J 



El 



- T(A)V(A) - U\A) 
S{A)T{A) - U(A)V(A) 



Form 3: 



k mt l cosh A cos A — 1 

El cosh A sin A + sinh A cos A 



Frequency parameters 2j and A 2 for first and second modes of vibration as a function of 
kf ot = Kot ' l/EI are presented in Fig. 6.14(b). 

Special cases 

1. Free-free beam (& rot = 0). Frequency equation is D(A) = 0 — > cosh A cos A = 1 (see 
Table 5.3). 

2. Free-sliding beam (£ rot = oo). Frequency equation is A(A) = 0 — > tanh A + tan A = 0 
(Table 5.3). 



6.3.3 Beam clamped at one end with translational and rotational springs 
supported along the span 

The design diagram is presented in Fig. 6.15. 

The natural frequency of vibration is 



A? [El 

co = — — , m = pA 

r V m 



where frequency parameters A, in terms of spacing of support ill, mode number, stiffness 

bp k i 

parameters k\ = — — and k 2 = — — are presented in Table 6.12 (Lau, 1984). 
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krot 



(a) 



FIGURE 6.14(a). Design diagram. 





FIGURE 6.14(b). Parameters and / 2 as a function of k*= k rot I/EI. 




FIGURE 6.15. Design diagram. 
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TABLE 6.12. Frequency parameters for cantilever beams with translational and rotational spring 
support along the span 



k 2 



Mode 


h 


0.00 


1.0 


10.0 


100.0 


1000.0 


10000.0 




0.00 


1.87510 


1.92466 


2.12534 


2.30140 


2.33413 


2.33769 




1.00 


1.87572 


1.92516 


2.12549 


2.30142 


2.33414 


2.33769 


1 


10.00 


1.88118 


1.92955 


2.12684 


2.30154 


2.33418 


2.33773 




100.0 


1.92730 


1.96721 


2.13892 


2.30271 


2.33457 


2.33806 




1000.0 


2.09381 


2.10996 


2.19522 


2.30942 


2.33691 


2.34005 




10000.0 


2.19789 


2.20449 


2.24472 


2.31787 


2.34013 


2.34282 




0.00 


4.69409 


4.74374 


5.03755 


5.52582 


5.65969 


5.67532 




1.00 


4.69497 


4.74457 


5.03811 


5.52604 


5.65983 


5.67546 


2 


10.00 


4.70277 


4.75195 


5.04313 


5.52796 


5.66112 


5.67668 




100.0 


4.77440 


4.81966 


5.08944 


5.54591 


5.67313 


5.68806 




1000.0 


5.14801 


5.17475 


5.34033 


5.64947 


5.74398 


5.75537 




10000.0 


5.52057 


5.53253 


5.61044 


5.77779 


5.83634 


5.84369 




0.00 


7.85476 


7.87435 


8.01592 


8.41615 


8.59232 


8.61586 




1.00 


7.85551 


7.87511 


8.01669 


8.41692 


8.59307 


8.61661 


3 


10.00 


7.86227 


7.88190 


8.02362 


8.42381 


8.59981 


8.62332 




100.0 


7.92788 


7.94773 


8.09057 


8.48997 


8.66441 


8.68767 




1000.0 


8.41088 


8.43090 


8.57181 


8.94475 


9.10085 


9.12142 




10000.0 


9.22942 


9.24388 


9.34335 


9.59102 


9.68953 


9.70233 




0.00 


1.87510 


2.00933 


2.48428 


2.88536 


2.96256 


3.01037 




1.00 


1.88303 


2.01557 


2.48692 


2.88642 


2.96341 


3.02267 


1 


10.00 


1.94760 


2.06706 


2.50929 


2.89554 


2.97068 


3.12542 




100.0 


2.27905 


2.34774 


2.64827 


2.95500 


3.01835 


3.73808 




1000.0 


2.65388 


2.68652 


2.85005 


3.05046 


3.09608 


4.54227 




10000.0 


2.73595 


2.76267 


2.90012 


3.07611 


3.11727 


4.67264 




0.00 


4.69409 


4.70350 


4.75949 


4.85329 


4.87941 


5.36239 




1.00 


4.69860 


4.70804 


4.76414 


4.85807 


4.88422 


5.36413 


2 


10.00 


4.73862 


4.74826 


4.80542 


4.90046 


4.92679 


5.37994 




100.0 


5.08767 


5.09893 


5.16422 


5.26793 


5.29569 


5.55120 




1000.0 


6.44373 


6.46655 


6.59724 


6.79561 


6.84595 


6.88590 




10000.0 


7.04720 


7.08148 


7.28627 


7.62957 


7.72363 


7.79768 




0.00 


7.85476 


7.88730 


8.08744 


8.44155 


8.54119 


8.52902 




1.00 


7.85533 


7.88786 


8.08795 


8.44198 


8.54161 


8.52938 


3 


10.00 


7.86049 


7.89292 


8.09252 


8.44589 


8.54536 


8.53262 




100.0 


7.91408 


7.94554 


8.13989 


8.48624 


8.58405 


8.56615 




1000.0 


8.56849 


8.59002 


8.72795 


8.99043 


9.06710 


9.00039 




10000.0 


10.39927 


10.43306 


10.66299 


11.14374 


11.27404 


11.18555 




0.00 


1.87510 


2.06655 


2.60876 


2.94992 


3.00458 


3.01037 




1.00 


1.90646 


2.09119 


2.62383 


2.96251 


3.01690 


3.02267 


1 


10.00 


2.13029 


2.27625 


2.74618 


3.06734 


3.11984 


3.12542 




100.0 


2.93657 


3.02369 


3.37790 


3.67938 


3.73240 


3.73808 




1000.0 


3.57232 


3.65365 


4.03322 


4.44670 


4.53275 


4.54227 




10000.0 


3.67174 


3.75239 


4.13617 


4.56947 


4.66230 


4.67264 




0.00 


4.69409 


4.73154 


4.94831 


5.27292 


5.35322 


5.36239 




1.00 


4.69745 


4.73476 


4.95083 


5.27478 


5.35497 


5.36413 


2 


10.00 


4.72779 


4.76380 


4.97370 


5.29173 


5.37090 


5.37994 




100.0 


5.02875 


5.05468 


5.21296 


5.47466 


5.54328 


5.55120 




1000.0 


6.50096 


5.51977 


6.63418 


6.82770 


6.87985 


6.88590 




10000.0 


7.16288 


7.19107 


7.36797 


7.69284 


7.78663 


7.79768 
( Continued ) 
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TABLE 6.12. (Continued) 











^2 








u Mode 




0.00 


1.0 


10.0 


100.0 


1000.0 


10000.0 




0.00 


7.85476 


7.88329 


8.06553 


8.41378 


8.51683 


8.52902 




1.00 


7.85522 


7.88375 


8.06595 


8.41415 


8.51719 


8.52938 


3 


10.00 


7.85941 


7.88788 


8.06978 


8.41753 


8.52044 


8.53262 




100.0 


7.90312 


7.93102 


8.10963 


8.45244 


8.55412 


8.56615 




1000.0 


8.47891 


8.49948 


8.63454 


8.90724 


8.99049 


9.00039 




10000.0 


10.33018 


10.36151 


10.57627 


11.03887 


11.17078 


11.18555 




0.00 


1.87510 


2.07404 


2.45029 


2.59156 


2.60974 


2.61161 




1.00 


1.95026 


2.13046 


2.48409 


2.61940 


2.63687 


2.63867 


0.8 1 


10.00 


2.40287 


2.50532 


2.73864 


2.83611 


2.84894 


2.85026 




100.0 


3.82712 


3.84606 


3.88307 


3.89618 


3.89781 


3.89798 




1000.0 


4.67897 


4.81699 


5.30157 


5.54922 


5.57824 


5.58115 




10000.0 


4.68230 


4.82670 


5.40219 


5.81882 


5.87974 


5.88603 




0.00 


4.69409 


4.85644 


5.59037 


6.25503 


6.36381 


6.37514 




1.00 


4.69414 


4.85655 


5.59075 


6.25561 


6.36442 


6.37575 


2 


10.00 


4.69459 


4.85753 


5.59420 


6.26091 


6.36996 


6.38132 




100.0 


4.70206 


4.87246 


5.63557 


6.31920 


6.43036 


6.44192 




1000.0 


6.20838 


6.25650 


6.62687 


7.20711 


7.30973 


7.32023 




10000.0 


7.15257 


7.21529 


7.68878 


8.78617 


9.07182 


9.09899 




0.00 


7.85476 


7.90049 


8.25443 


9.24250 


9.60592 


9.65030 




1.00 


7.85508 


7.90080 


8.25463 


9.24254 


9.60593 


9.65031 


3 


10.00 


7.85798 


7.90355 


8.25640 


9.24294 


9.60608 


9.65044 




100.0 


7.88786 


7.93185 


8.27455 


9.24690 


9.60755 


9.65166 




1000.0 


8.24674 


8.27293 


8.49493 


9.28874 


9.62186 


9.66352 




10000.0 


9.46537 


9.46702 


9.48155 


9.58454 


9.71318 


9.73699 




0.00 


1.87510 


2.05395 


2.29117 


2.35644 


2.36415 


2.36493 




1.00 


2.01000 


2.14907 


2.34704 


2.40368 


2.41042 


2.41111 


1.0 1 


10.00 


2.63892 


2.66623 


2.71468 


2.73095 


2.73297 


2.73317 




100.0 


3.64054 


3.68184 


3.78882 


3.84032 


3.84749 


3.84824 




1000.0 


3.89780 


4.00421 


4.35620 


4.58450 


4.62047 


4.62427 




10000.0 

oo 


3.92374 

3.9266 


4.03808 


4.42292 


4.67543 


4.71512 


4.71932 




0.00 


4.69409 


4.86860 


5.28872 


5.47087 


5.49503 


5.49753 




1.00 


4.70379 


4.87680 


5.29328 


5.47404 


5.49803 


5.50051 


2 


10.00 


4.79377 


4.95203 


5.33488 


5.50295 


5.52539 


5.52770 




100.0 


5.61600 


5.65171 


5.75618 


5.81301 


5.82126 


5.82212 




1000.0 


6.87629 


6.91393 


7.08432 


7.25212 


7.28464 


7.28819 




10000.0 

oo 


7.05070 

7.0686 


7.11325 


7.41534 


7.73343 


7.79572 


7.80252 




0.00 


7.85476 


7.96567 


8.35306 


8.59821 


8.63508 


8.63895 




1.00 


7.85682 


7.96760 


8.35436 


8.59905 


8.63587 


8.63973 


3 


10.00 


7.87565 


7.98518 


8.36607 


8.60673 


8.64295 


8.64675 




100.0 


8.08409 


8.17596 


8.48887 


8.68705 


8.71725 


8.72042 




1000.0 


9.55253 


9.55375 


9.55931 


9.56499 


9.56613 


9.56625 




10000.0 

oo 


10.15498 

10.210 


10.19578 


10.42747 


10.76056 


10.84018 


10.84919 


(1) Bold 


results are 


presented for 


a cantilever 


beam (Atj - - 


k 2 = 0) and 


a clamped-pinned beam 



(k { = oo,k 2 = 0). 

(2) The shape mode expressions are presented in Lau (1984). 
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6.4 BEAMS WITH A TORSIONAL SPRING AT 
THE PINNED END 



A beam with typical boundary conditions at the left-hand end and elastic spring support at 
the right-hand end is shown in Fig. 6.16. 



? Left end m ,l,EI 




X 



X 



FIGURE 6.16. Design diagram: left-hand end of the beam 
is free, or pinned, or clamped. 



The natural frequency of vibration is 

I 2 [ e ! 

cd = — — , m = pA 

r V m 

where A is a frequency parameter. 

The exact solution of the eigenvalue and eigenfunction problem (frequency equation 
and mode shape vibration) for beams with a classical boundary condition at the left-hand 
end and elastic supports at right-hand end are presented in Table 6.13 (Anan'ev, 1946; 

Weaver et al., 1990; Gorman, 1975); Special cases are presented in Table 6.14. 

k i x 

Dimensionless parameters are k* ot = rot and £ = 0 < £ < 1. 

El l 

Example. The clamped-pinned beam has a rotational spring at the pinned support. 
Calculate the frequency vibration and compile the expression for mode shape. 

Solution. Let parameter 



It* - 



KJ 

EI 



3.08 



The root of the frequency equation 



k* = X 



sin X cosh X — sinh X cos X 
cos X cosh X — 1 



is A = 4.20. 

The frequency of vibration 



A 2 lEI 4.2 2 IeI 

W = -,2\— = -p- \— m = P A 
l A V m r V m 



Parameter 



7(4.2) 



sinh A — sin A 
cos A — cosh A 



-1.01052 
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The frequency equations may also be presented in terms of Hohenemser-Prager functions (Section 4.5). 
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Expressions for mode shape vibration and slope may be presented in the form 



X(£) = sinAii; — sinhA^ + y(cos2(; — coshlQ, A = 4.2, y = —1.01052, 
X'(E) = 2(cos2£ — cosh2Q + yA(— sin 2^ — sinh IQ, 0 < £ < 1 



TABLE 6.14. Special cases 



Parameter 


Beam type 


Frequency equation 


Related tables 


o 

II 

c 

"S* 


Free-pinned 


sin X cosh X — sinh X cos X = 0 


5.3 




Pinned-pinned 


sin A = 0 


5.3 




Clamped-pinned 


sin X cosh X — sinh X cos 1 = 0 


5.3 


Kot = 00 


Free-clamped 


1 + cos X cosh 1 = 0 


5.3; 4.4; 4.5 




Pinned-clamped 


tan 1 — tanh 1 = 0 


5.3 




Clamped-clamped 


1 — cos 1 cosh 1 = 0 


5.3; 4.4; 4.5 



6.4.1 Numerical results 

Some numerical results are presented below (Anan’ev, 1946). 

Beam free at one end and pinned with a rotational spring support at the other. The 
design diagram and frequency parameters A x and A 2 for the fundamental and second 

k l 

mode of vibration, as a function of k* oX = , are presented in Figs. 6.17(a) and (b). 

El 

Special cases 

1. Pinned-free beam (k mt = 0): tan X — tanhi = 0 (see table 5.3). 

2. Clamped-free beam (£ rot = oo): cosh X cos A +1 = 0 (see table 5.3). 



Beam pinned at one end and pinned with a torsional spring support at the other. The 
design diagram and frequency parameters A x and A 2 f° r the fundamental and second mode 

k l 

of vibration, as a function of k* = ro , are presented in Figs. 6.18(a) and (b). 



Special cases 

1. Pinned-pinned beam (k TOt = 0): Frequency equation is S t (2) = 0 — > sin A = 0 (see 
table 5.3). 

2. Pinned-clamped beam (^ ot = oc): Frequency equation is B(A) = 0 — > tan 2 — 
tanh2 = 0 (see table 5.3). 



Beam damped at one end and pinned with a torsional spring support at the other. The 
design diagram and frequency parameters 2, and X 2 for the fundamental and second mode 

k r l 

of vibration, as a function of k* = — , are presented in Figs. 6.19(a) and (b). 

El 
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FIGURE 6.17(a). Design diagram. 





FIGURE 6.17(b). Parameters and k 2 as a function of k* = k rot l/EI. 
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(a) 



FIGURE 6.18(a). Design diagram. 
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Special cases 

1. Clamped-pinned beam (k mi = 0). Frequency equation is tan! — tanh2 = 0 (see table 
5.3). 

2. Clamped-clamped beam (k ml = oo). Frequency equation is cosh A cos A = 1 (see table 
5.3). 



6.5 BEAMS WITH SLIDING-SPRING SUPPORTS 



Exact solutions of the eigenvalue problem for beams with sliding-spring supports are 



presented in Table 6.15 (Anan’ev, 1946). 

A 2 Iei 



equation. 

Stiffness parameters are k* = 



Frequency of vibration is at = -=./ — . m = pA, where A is a root of the frequency 



M 3 ^_hP 



El 



,*? = - 



El ' 



6.5.1 Numerical results 

Some numerical results are presented below (Anan'ev, 1946). 

Beam with a sliding spring support at one end and free at the other. The design 
diagram and numerical results are presented in Fig. 6.20(a) and (b), respectively. 

A 2 Iei 



The natural frequency of vibration is at = -=,/ — , m = pA, where A is a root of the 

l 1 V m 

frequency equation, which may be presented in different forms. 



Form 1. 



Form 2. 



Form 3. 



kP 3 A(A) 

El ~ A E{A) 

kP _ 3 5 , (A)T(a) - U(A)V(A) 
Yl~ A 5 2 (2) - T{A)V{A) 
kP ^3 cosh A sin A + sinh A cos A 
El cosh A cos 2+1 



Special cases 

1. Sliding-free beam ( k = 0). Frequency equation is A(A ) = 0 — >• tan A + tanh2 = 0 (see 
table 5.3) 

2. Clamped-free beam ( k = oo). Frequency equation is E(A) = 0 — > cos A cosh A +1=0 
(see table 5.3). 



Example. Consider a beam free at one end with a sliding spring support at the other. 
Calculate the stiffness parameter k* that leads to a fundamental frequency parameter 



A= 1.4. 
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EL m 



k r 

"X 



(a) 



FIGURE 6.19(a). Design diagram. 





FIGURE 6.19(b). Parameters ^ and /. 2 as a function of k* — k Tot l/EI. 
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EL Mtri 
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FIGURE 6.20(a). Design diagram. 





0 25 50 75 100 125 150 175 k* 

FIGURE 6.20(b). Parameters X\ and X 2 as a function of k* = kP /El . 
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Solution. According to Table 6.15, case 3, the required parameter is 



, 3 2.44327 

,r “ /l E(A)~ ' X 1.36558 



4.909 



Example. Consider a beam clamped at one end with a sliding spring support at the other. 
Calculate the stiffness parameter k*, which leads to a fundamental frequency parameter 
A = 2.0. 

Solution. The stiffness parameter according to case 1, Table 4.4 



k * - ^3 _ 2 

* D(A)~ 2 



1.91165 

-2.56563 



is negative. So, for a given type of beam, the stiffness parameter A = 2.0 is impossible to 
achieve. The minimum value of the parameter A is 2.38 when Hohenemser-Prager 
functions A and D have the same sign. In this case 



k* = 2 3 



AW 

D(A) 



2.38 3 



_ -0.12644 
X -4.94345 



0.348 



6.6 BEAMS WITH TRANSLATIONAL AND 
TORSIONAL SPRING SUPPORTS AT EACH END 



The supports of the beam, which are shown in Fig. 6.21, are all elastic. The spring 
constants are k x and k 2 for the translational springs and k 2 and k 4 for the rotational springs. 
This means that the amount of force (moment) present is proportional to the amount of 
deflection (rotation): 



K = k x y{ 0, t) V b = kjyd t) 

M a = k 3 /(0, t) M b = %'(/, t) 



The frequency equation for the general case is presented below. 

The natural frequency of vibration is w = k 2 
frequency parameter, k, is a root of the frequency equation. 





, kl = 



A, 



where the 




El, m 



l 




FIGURE 6.21. Beam with elastic supports. 
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The frequency equation for the general case is given below (Rogers, 1959; Weaver et 
al., 1990; Maurizi et al., 1991). 



-k 3 


h 


k 3 


h 




El 




El 


h 


-k 


h 


k 


El 




El 




i k 2 

—k cos kl — — sin kl 


•j kn 

k sin kl — —cos kl 


^ ky 

k cosh kl — — sin kl 


^ ky 

k sinh^/ — — cosh kl 


— k sin kl + — cos kl 


—k cos kl — — sin kl 


k sinh kl + — cosh kl 


k cosh kl + — sinh kl 


El 


El 


El 


El 



Special cases are presented in Table 6.16. 



TABLE 6.16. Special cases 





Left End 




Right End 


Stiffness 


Boundary conditions 


Stiffiiess 


Boundary conditions 


o 8 

li il 

o' o' 

II II 




k 2 = 0, k 4 = 0 
k 2 = 0, k 4 = oo 








k { = oo, k 3 = 0 


i 


k 2 = oo, & 4 = 0 


■ -C&. 


k { = oo, k 3 = oo 




k 2 = oo, k 4 = oo 


1 1 



Example. Derive the frequency equation for a clamped-clamped beam (Fig. 6.22). 



Solution. The frequency equation becomes 



0 1 

1 0 

sin kl cos kl 

cos kl — sin kl 



0 1 

1 0 

sinh kl cosh kl 
cosh kl sinh kl 



= 0 



fe = ° 



m,EI 



ki =c0 



k\ =° 



ki =°° 




FIGURE 6.22. Design diagram. 
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We expand this determinant with respect to the first row to get 

— 1 (sinh 2 kl — cosh 2 kl — sin kl cos kl + cos kl cosh kl ) 

— 1 (cos kl cosh kl + sin kl sinh kl — sin 2 kl — cos 2 kl) = 0 

Using the well-known trigonometric identities leads to the frequency equation 



cosA'/coshW = 1 (Table 5.3). 



*3 =°° m,EI 


$r 

ii 

o 


k\ =°° 

c 1 


O 

II 

CN 



FIGURE 6.23. Design diagram. 



Example. Derive the frequency equation for a clamped-free beam (Fig. 6.23). 
Solution. The frequency equation becomes 



0 10 1 

1 0 1 0 =0 

— cos kl sin kl cosh kl sinh kl 

— sin kl — cos kl sinh kl cosh kl 

This determinant is expanded to yield the frequency equation cos kl cosh kl = — 1 (Table 
5.3). 



Example. Derive the frequency equation for the free-free beam. All stiffnesses 
kj,i = 1 , . . . , 4 equal zero. 

Solution. The frequency equation becomes 



-1 0 1 
0-10 

— cos kl sin kl cosh kl 

— sin kl — cos kl sinh kl 



1 

1 

sinh kl 
cosh kl 



= 0 



The frequency equation is the same as that for a clamped-clamped beam. 



6.7 FREE-FREE BEAM WITH TRANSLATIONAL 
SPRING SUPPORT AT THE MIDDLE SPAN 



The design diagram is presented in Fig. 6.24(a). 



The natural frequency of vibration is w = 



A 1 \EI 



, m = pA, where A is a root of the 



frequency equation, which may be presented in different forms (Anan'ev, 1946). 
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El, m 



(a) 



FIGURE 6.24(a). Design diagram. 





FIGURE 6.24(b). Symmetrical mode of vibration: parameters 2j and X 2 as a function of k* = kP /El, 
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Symmetrical vibration 



Form 1. 
Form 2. 
Form 3. 



kP 

2EI 

kP 

2EI 

kP 

2EI 



3 A{k) 
' 5(A) 



A 3 

A 3 



cosh A sin A + sinh A cos A 
cosh A cos A + 1 
(5 A) 5(A) - U(X)V(X) 
5 2 (A) - 5(A)F(A) 



Frequency parameters Aj and A 2 for the fundamental and second mode of vibration as a 
function of k* = kP /2EI are shown in Fig. 6.24 (b). 



Antisymmetrical vibration. The frequency equation 

5(A) = 0 — >■ cosh A sin A — sinh A cos A = 0 



or 



5(A) [/(A) - 5(A) V( A) = 0 

Frequency parameters are Aj = 3.926, A 2 = 7.0685. 

Special cases 

1. Free-clamped (k = oo). Frequency equation is 5(A) = 0 — >■ cos A cosh A +1=0 (see 
table 5.3). 

2 . Free-free beam length of 2 l(k = 0). Frequency equation is A = 0,A(X) = 0 (see table 
5.3). 
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CHAPTER 7 



BERNOULLI-EULER BEAMS 
WITH LUMPED AND 
ROTATIONAL MASSES 



This chapter focuses on Bemoulli-Euler uniform one-span beams with lumped and 
rotational masses. Beams with classic and non-classic boundary conditions, as well as 
elastic translational and torsional supports, are presented. Fundamental characteristics such 
as frequency equations, natural frequencies of vibration and mode shape vibrations are 
presented. For many cases, the frequency equation is presented in the different forms that 
occur in scientific problems. The chapter contains a vast amount of numerical results. 



NOTATION 


A 


Cross-sectional area 


A, B, C, D, E, S x 


Flohenemser-Prager functions 


E 


Young’s modulus 


El 


Bending stiffness 


g 


Acceleration of gravity, g = 9.8 m/s 2 


4 


Moment of inertia of a cross-section 


J 


Moment inertia of the lumped mass 


J* 


Moment inertia ratio 




4 inco 2 


K 


Frequency parameter, k n = J — — — , A = kl 


kr- 4ot 


Translational and rotational stiffness coefficients 


fr* k* 

r> ^rot 


Dimensionless translational and rotational stiffness coefficients 


/ 


Length of the beam 


M 


Concentrated mass 


q 


Uniformly distributed load 


S, T, U , V 


Krylov-Duncan functions 


X 


Spatial coordinate 


X{x) 


Mode shape 


x,y, z 


Cartesian coordinates 


(X 


Mass ratio 



195 
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A Frequency parameter, A 4 El = ml 4 ar 

£ Dimensionless coordinate, t, = x// 

p, m Density of material and mass per unit length 

co Natural frequency, co 2 = A 4 El /ml 4 



7 . 1 SIMPL Y SUPPORTED BEAMS 

7.1.1 Beam with lumped mass at the middle-span 

The design diagram is presented in Fig. 7.1(a). 

A 2 

Symmetric vibration (SV). The natural frequency of vibration is co = — 

m = pA, where A is a root of the frequency equation, which may be presented in terms 
of Hohenemser-Prager’s functions or in explicit form (Anan’ev, 1946). 




Form 1. 
Form 2. 



M _ C(A) 

2 ml ~ AB(A) 

M 1 2 cosh A cos A 

2 ml A cosh A sin A — sinh A cos A 



(7.1) 

(7.1a) 



Frequency parameters as a function of mass ratio a = — - is presented in Fig. 7.1(b). 

2ml 

Antisymmetric vibration (AsV). The frequency equation and the corresponding roots 
of the equation are 



5,(1) = 0, A, = 7i, A 2 = 2n, A 3 = 3tt, ... (7.2) 

The band frequency spectrum for symmetric vibration and the discrete spectrum for 
antisymmetric vibration are presented in Fig. 7.2. 



7.1.2 Beam with lumped mass along the span 

The design diagram is presented in Fig. 7.3(a). 



Natural frequency of vibration is co = 



2 2 



El 



, where A is a root of the frequency 



/ 2 V m( 1 + e)’ 

equation, which may be presented in the following form (Morrow, 1906; Filippov, 1970): 



2 sin A sinh A — a2(sin Ac , sin A£ 2 sinh A — sinh AS , , sinh A£ 2 sin 1) = 0 
The dimensionless parameters are 



(7.3) 



(i =y; f 2 = i-£i 
M 



( 1 + e)ml 



gpA 



Parameter A 4 for fundamental mode of vibration is presented in Fig. 7.3(b). 
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m,EI M 

& 0 X 

\* >L ^ J FIGURE 7.1(a). Design diagram. 





FIGURE 7.1(b). Beam with lumped mass at the middle span. Symmetrical mode of vibration. Parameters 
Aj and X 2 are a function of mass ratio a = M /2ml. 



sv 

AsV 











1.5707 


3.9266 4.7124 





n 2n 



FIGURE 7.2. Frequency spectrum for a pinned-pinned beam with lumped mass. 
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o 



M 



m,EI, 

A 






FIGURE 7.3(a). Design diagram. 




81.216 

69.458 

60.766 

53.935 

48.502 

32.247 



0 0.1 0.2 0.3 0.4 =d/l 

FIGURE 7.3(b). Simply supported beam with lumped mass along the span. Frequency parameter /. 4 is a 
function of mass ratio a and spacing £j. 



Special case. Lumped mass at the middle of the beam. 
Symmetric vibration. The frequency equation is 



A A ak( , A . A .A A\ 

cosh-cos cosh-sin sinh-cos -1=0 

2 2 4 \ 22 2 2) 



(7.4) 



Parameters A for the fundamental frequency of vibration are listed in Table 7.1. 

Antisymmetric vibration. The frequency equation and corresponding roots of the 
equation are 



sin- = 0, A = 2nn, n = 1, 2, 3, . . . 

2 

The expressions for mode shape vibration are presented in Section 7.6. 
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TABLE 7.1. Simply supported uniform beam with lumped mass at middle of the span: Frequency 
parameter X for fundamental symmetric vibration 



a 


0.00 


0.05 


0.10 


0.15 


0.20 


0.25 


0.30 


0.40 


0.50 


0.75 


X 


3.142 


3.068 


3.002 


2.942 


2.887 


2.838 


2.792 


2.710 


2.639 


2.496 


a 


1.0 


2.0 


4.0 


6.0 


8.0 


10 


15 


20 


40 


60 


X 


2.383 


2.096 


1.809 


1.649 


1.542 


1.463 


1.327 


1.237 


1.044 


0.944 



7.1.3 Beam with equal lumped masses 

The design diagram of a symmetrical beam with lumped masses is presented in Fig. 7.4(a). 
The natural frequency of vibration equals 



_X] [El _ (Xjri) 2 [El 
' l\ V m l 2 V m 

where X t are roots of the frequency equation. 

Frequency equation. (Filippov, 1970) 



D(X) = T 



cos" (cosh X + cos X) cos p cosh X cos X 



M 



- \ cosh X sin X — sinh X cos X + (sinh X — sin X) cos — 1 
2 L n J 



vni 2 ml 



(7.5) 



where n is a number of segments, 0 = 1, 2, 3, . . . are natural numbers. The curves D(X) for 
n = 4 are presented in Fig. 7.4(b). Parameters X are the points of intersections of the line 
n = M /2ml with curves D{X)\ the numbers i = 1, 2, 3, . . . correspond to frequencies co,. 

The relationship between number n of segments and number i of the frequencies is 
presented in Table 7.2. 

Example. Calculate the natural frequencies of vibration for the uniform symmetrical 
simply supported beam with three equal point masses, shown in Fig. 7.5. Assume, that 
mli = 2M. 



Solution. The number of segments n = 4. Parameter = 1. 

2 ml x 

The horizontal line D(X) = 1 intersects the curves D(X) for 
following values of frequency parameters X 



] . 2 

4’ 4 



1 3 
2’ 4 



at the 



/ 1 


2 


3 


4 


5 


6 


7 


8 


9 


X 0.60 


1.19 


1.76 


3.48 


4.10 


4.69 


6.62 


7.21 


7.73 
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n = number of segments. 



FIGURE 7.4(a). Simply supported beam with lumped masses. 




0 1 2 3 n 4 5 6 2 n A 



FIGURE 7.4(b). Graph of D(X ) for different v/n. Two groups of curves for X < n, and n < X < 2n. Third 
group for X > 251 is not shown; X = 1, 2, 3, . . . are natural numbers. 



TABLE 7.2. Simply supported symmetrical uniform beam with equal lumped masses: Additional 
parameters for graph D(X) 



Number n of 
segments 
Parameters v/n 


2 


3 


4 


5 


of the curves 
Number i of the 


1/2 


1/3, 2/3 


1/4, 2/4= 1/2, 3/4 


1/5, 2/5, 3/5, 4/5 


frequencies 


3 


6 


9 


12 




FIGURE 7.5. Simply supported beam with 
lumped masses. 
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Natural frequencies of vibration are 

0.6 2 [El (0.6 x4) 2 IeI (1.19 x4) 2 [eJ 

U V 72 V ’ ^2 j2 V ’ ‘ ' ' 

Zj V m r V m r V m 



Example. Calculate the natural frequency of vibration for the uniform symmetrical beam 
with one point mass, shown in Fig. 7.6. Assume, that ml x = M. 



M 

& 0 X 

< h J 

< 2Zi^i „ 



FIGURE 7.6. Simply supported beam with one 
point mass. 



Solution. The number of segments n = 2. Parameter - — — = 1. 

2/71 /j 

V 1 

The horizontal line Z)(2) = 1 intersects the curves Z)(2) for - = - at 2 = 1.19, 4.10, 
7.21. " 2 

Consequently, the frequencies of vibration are 

(1.19 x2) 2 I El 2.38 2 [El (4.10 x 2) 2 [El (7.21 x 2) 2 [El 

oti — - , / — ^ . , CO3 — n . / 

/ 2 V m l 2 V m l 2 V m l 2 V m 

Parameter 2 = 1.19 corresponds to symmetrical vibration with one half-wave; 

Parameter 2 = 4.10 corresponds to antisymmetrical vibration with two half-waves; 
Parameter 2 = 7.21 corresponds to symmetrical vibration with two half-waves. 



7.1.4 Beam with the spring-mass at the middle of the span 



The design diagram is presented in Fig. 7.7(a). 



Natural frequency of vibration is co = 



2 2 I El 



, where 2 is a root of the frequency 



equation. 

Frequency equation for symmetrical vibration. (Anan’ev, 1946), see Fig. 7.7(b) 

a C(2) 



Form 1. 



Form 2. 



25(2) 



1 -2 



3k* 



2 cos 2 cosh 2 



1 _ 2 4 a 2(sin 2 cosh 2 — sinh 2 cos 2) 
3k* 



(7.6) 

(7.6a) 
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m,EI 




X 



FIGURE 7.7(a). Design diagram. 



where the dimensionless mass and stiffness parameters are 




FIGURE 7.7(b). Simply supported beam with a spring mass at the middle of the span. Fundamental mode 
of vibration. Frequency parameter a is a function of mass ratio a = M /2ml and stiffness ratio k* — kP / 6EI. 



M , kP 

— fc* — 

2 ml 6 El 



7.1.5 Beam with equal lumped masses on elastic supports 

The design diagram of a symmetrical uniform beam with lumped masses on elastic 
supports is presented in Fig. 7.8. 

The natural frequencies of vibration are 



2 [ei 

7f V m 
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FIGURE 7.8. Design diagram. 



M 



m,EI 






' k 
2U- 



X 



FIGURE 7.9. Design diagram. 



where A are roots of the frequency equation, which may be written in the form (Filippov, 
1970) 



A 

2 



cos z (cosh A + cos A) cos h cosh A cos A 

n n 

V7T 

cosh A sin A — sinh A cos A + (sinh A — sin A) cos — 

n . 



M 1 kl\ 



(7.7) 



where n is the number of segments and v = 1, 2, 3, . . . are integers. 

The relationship between the number of segments, n and the number, /, of the frequency 
of vibration is presented in Table 7.2. 



TABLE 7.3. Simply supported uniform beam with one lumped mass on elastic support at the middle 
of the span: Fundamental frequency parameter A for symmetrical vibration 

k* 



a 


0.0 

A 1 X 


1.0 


2.0 


4.0 


6.0 


8.0 


10.0 


15.0 


20.0 


40.0 


60.0 


A ^ -L 


1.571 


1.192 


1.048 


0.904 


0.825 


0.771 


0.731 


0.663 


0.619 


0.522 


0.472 


5.0 


1.822 


1.386 


1.219 


1.052 


0.960 


0.897 


0.851 


0.772 


0.720 


0.607 


0.549 


10.0 


1.995 


1.522 


1.339 


1.156 


1.054 


0.985 


0.935 


0.848 


0.791 


0.667 


0.603 


25.0 


2.332 


1.794 


1.579 


1.363 


1.243 


1.162 


1.103 


1.000 


0.933 


0.787 


0.711 


50.0 


2.662 


2.076 


1.830 


1.580 


1.441 


1.348 


1.278 


1.160 


1.081 


0.912 


0.825 


100 


3.027 


2.426 


2.143 


1.853 


1.690 


1.581 


1.499 


1.360 


1.268 


1.070 


0.968 


200 


3.37 


2.839 


2.523 


2.186 


1.995 


1.866 


1.770 


1.606 


1.497 


1.263 


1.142 


400 


3.623 


3.286 


2.968 


2.585 


2.362 


2.210 


2.096 


1.902 


1.774 


1.496 


1.353 



(1) First row (Case a = 0) corresponds to the simply supported beam with the elastic support at the middle of the 
span. 

(2) First column (Case k = 0) corresponds to the simply supported beam with the lumped mass at the middle of 
the span (see Equation (7.5)). 
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Special case. Let /, = 0.5/ (Fig. 7.9). 

The number of segments n = 2 and frequency equation for i = 1 (fundamental 
frequency of vibration) becomes 



2 cosh /.cos 2 M 1 kl\ 

A cosh A sin A — sinh A cos A 2m/, 2 a 4 El 

kP M 

Parameters A, as a function of k* = — - and a = — are listed in Table 7.3. 
1 El ml 



(7.8) 



7.2 BEAMS WITH OVERHANGS 



7.2.1 Beam with one overhang and a lumped mass at the end 



\ 1/ si/ \l/ vJ/ n!/ si/ nI/ nI/ \l/ n!/ si/ \|/ 






m,EI 

li 



T" 



"O M 



_L 



FIGURE 7.10. Design diagram. 



The design diagram is presented in Fig. 7.10. 
The natural frequency of vibration is 



a\ Iei a 2 Iei 



/j V m [ A V zn i 

where A is a root of the following frequency equation (Filippov, 1970) 

(cosh 2f sin If — sinh Ac cos If )(cosh Arj sin At] — sinh At] cos At]) 

— 2 sinh Ac sin Af(l + cos At] cosh at;) 

M , 

+ 2 — - A [(cosh 2f sin 2f — sinh 2f cos Af) sin At] sinh At] =0 (7.9) 

171 j / 

+ sinh If sin 2f (cosh At] sin At] — sinh a/j cos At])] 

Flere, dimensionless parameters are 



*=y; " = 1 -^ 

777 j = m(l + e), e = 



gm 



Special cases 

1. Pinned-pinned beam. In this case f = 1, and i] = 0. 






M 

1 
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The frequency equation is 

sinhlsin2 = 0 (see Table 5.3) 

Clamped beam with a lumped mass at the end. In this case £ = 0, and ;; = 1 . 

M 



AX 



-o 



205 



The frequency equation is 
M 

1 + cos A cosh A 2(sin2cosh A — cos 2 sinh 2) = 0 (see Table 7.6). 

m x l 

3. Beam with one overhang (M = 0) (Morrow, 1908; Chree, 1914) (see Section 5.2). 

X X 

< / „ 

The frequency equation is 

(cosh Al; sin At; — sinh ).'i cos 2Q(cosh At] sin Ai] — sinh At] cos Arf) 

— 2 sinh At; sin A£( 1 + cos At] cosh Ay) = 0 



7.2.2 Beam with two overhangs and lumped masses at the ends 

The design diagram is presented in Fig. 7.1 1(a). The natural frequency of vibration is given 

A 2 [El 

by co = — where A is the root of the frequency equation. 

I 2 V m 

Symmetrical vibration. The frequency equation in terms of Hohenemser-Prager’s 
functions (Anan’ev, 1946) is 



M _ 1 C[l( 1 - l?)\E{Al?) - A[A{ 1 - lf)]B{Alf) 
ml ~~AC[A( 1 - If )]B(Al?) + A[A(l - l^S^Alf) 

where the dimensionless parameters are 



_ 'i 
lx - r 



/f=^, Z = / 1+ ^, 
2 21 1 2 



M 

ml 



The frequency parameters A as a function of mass ratio a = M /ml and parameter /* = l x /l 
for the fundamental mode of vibration are shown in Fig. 7.11(b). 
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M O 



X 



m,EI 

— X 



O M 



t ^ >l< ^ 


4, L_ 




< 1 2/ 







FIGURE 7.11(a). Design diagram. 



♦ 
























/ 


H* 

© 






\ 


\ 







/ 


/ 0.3 








A 

\ 


\ 
* ^ 


• 

// 




• . 












/ 




'7- 




- ~ 








/ 

0.4 




/ 

0.6 







0 0.6 1.2 1.8 2.4 3.0 3.6 4.2 cc=M/ml 

FIGURE 7.11(b). Beam with two overhangs and lumped masses at the ends. Fundamental mode of 
vibration. Frequency parameter X as a function of mass ratio a = M /ml and geometry ratio If = l\/l. 

Antisymmetric vibration. The frequency equation may be presented in the form 

m _ i 5,[;.(i - nmut) - B[k(\ - irmm , 711 



Example. Derive the frequency equation for the symmetrical vibration of a three-span 
beam with pinned supports at both ends. 

Solution. This case corresponds to a simply-supported beam with two overhangs and two 
infinite lumped masses at the ends (M = oo). The frequency equation is 

C[l( 1 - /f)]5(A/f) + C[A( 1 - = 0 



7.3 CLAMPED BEAM WITH A LUMPED MASS 
ALONG THE SPAN 



Figure 7.12(a) shows a fixed-fixed beam with a uniformly distributed load q and a 
concentrated mass at an arbitrary location d from the left support. 
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r\ 


< d > 


M 

A , 





(a) 



FIGURE 7.12(a). Design diagram. 



r EI q 

I 2 y /h(1 + e)’ gpA 
frequency parameters A are roots of the following frequency equation (Filippov, 1970). 



t/(i) + xfuiSiMti) Hi) + a/HfOHiz) 

U'( 1) + d 4 t/(wr(y v\\) + ola a v(^)v^ 2 ) 



where Krylov-Duncan functions and dimensionless parameters are 



(7.12) 



U(£) 

V(0 

ti 



1 



(cosh2^ — cos /,£) 



1 

2? 



(sinhlii; 



sin A£) 



d 

7’ 



&=i-«i; £ 



X 

7 ’ 



M 

(1 + e)ml 



The frequency parameter a as a function of mass ratio a and the parameter for the 
fundamental mode of vibration are shown in Fig. 7.12(b) (Morrow, 1906; Pfeiffer, 1928). 




FIGURE 7.12(b). Clamped beam with a lumped mass along the span. Fundamental mode of vibration. 
Frequency parameter A as a function of mass ratio a = M/m l and geometry ratio If = /, //. 
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Special case. Let d = 0.51. The frequency equation is D { D 2 = 0, where 



, . 2 A A . A 

D , = sin-cosh cos -sinh- 

‘'2 2 2 2 



D, = 



2 . A A A aA 

cosh - sin - + sinh - cos - H 

2 2 2 2 2 



cosh -cos - — 1 
2 2 



Antisymmetric vibration (AsV). The frequency equation is D { = 0. In this case, point 
£ = 0.5 is the nodal point. In terms of Hohenemser-Prager functions, a frequency equation 
and frequency parameter are 



Z>, = 5(0.52) = 0 -a 0.52 mm = 3.92651 

So, the equation D { = 5(0.52) = 0 corresponds to clamped-pinned beam of length 0.5/ 
and mass M attached on the axis of symmetry. In this case, it is possible to assume that 
M = 0. 

Symmetrical vibration (SV). The frequency equation is D 2 = 0. Parameter A i of the 
fundamental frequency vibration (first mode of symmetric vibration) can be taken from 
Table 7.4(a). 

Parameter 2 3 of the third frequency of vibration (second mode of symmetric vibration) 
is listed in Table 7.4(b). 



TABLE 7.4(a). Clamped uniform beam with lumped mass at the middle of the span: Fundamental 
frequency parameter 2 for symmetric vibration 



a 


0.0 


0.05 


0.10 


0.15 


0.20 


0.25 


0.50 


0.75 


1.0 


1.5 


2 


4.730 


4.592 


4.470 


4.362 


4.266 


4.180 


3.848 


3.614 


3.438 


3.182 


a 


2.0 


4.0 


6.0 


8.0 


10.0 


15.0 


20.0 


25.0 


30.0 


oo 


X 


3.000 


2.574 


2.342 


2.188 


2.074 


1.880 


1.752 


1.658 


1.586 


0.0 



TABLE 7.4(b). Clamped uniform beam with lumped 
parameter for second mode of symmetric vibration 


mass at the middle of the span: 


Frequency 


a 0.00 


0.10 0.50 1.0 


10.0 


20.0 


40.0 


oo 


2 10.996 


10.588 10.000 9.786 


9.500 


9.480 


9.470 


9.46 



The first mode of antisymmetric vibration: A 2 = 7.8532 (see Table 5.3). 

Symmetric vibration has a band frequency spectrum, while antisymmetric vibration has 
a discrete frequency spectrum (Fig. 7.13). 

Expressions for the mode shape vibration are presented in Section 7.7. 



SV 

AsV 0 



4.730 



9.460 



7.8532 



FIGURE 7.13. Frequency spectrum. 



10.996 



k 
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7.4 FREE-FREE BEAMS 

7.4.1 Beam with a lumped mass at the middle of the span 

Figure 7.14(a) shows a free-free beam with concentrated mass at the middle of the span. 

The natural frequency of vibration is at = 
roots of the frequency equation. 

Symmetrical vibration. The frequency equation may be presented as follows. 



k El 



— ^ — . The frequency parameters k are the 
L 



Form 1. 


M 
2 ml 


1 A(k) 
~k E(X) 




Form 2. 


M 
2 ml 


1 S(k)T(k) - U(k)V(k) 
k S 2 (k) - T(k)V(k) 


(7.13) 


Form 3. 


M 


1 cosh k sin k + sinh k cos k 




2 ml 


k cosh k cos k+ 1 





EL m 


M 




— U 


l 


X / „ 





FIGURE 7.14(a). Design diagram. 



Symmetrical vibration 




X 

5.498 1 

5.25 

5.0 



4.5 



I Free-free ( 21 ) 










Third mode 


X 
















































r 














Lsymi 


Mote 


at 


4.694 





1.0 



2.0 



3.0 



4.0 



5.0 



FIGURE 7.14(b). Free— free beam with a lumped mass at the middle of the span. Fundamental and third 
mode of vibration. Frequency parameter 7 as a function of mass ratio or = M/ml. 
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Frequency parameters A, as a function of the mass ratio a = M /2ml for symmetrical modes 
of vibration (fundamental and third mode of vibration) are shown in Fig. 7.14(b) (Anan'ev, 
1946). 

Antisymmetric vibration. The frequency equation may be presented in a different 
form, as follows 



Form 1. B(A) = 0 

Form 2 . T(A) U(A) - S(A) V(A) = 0 (7.14) 

Form 3. cosh A sin A — sinh A cos A = 0 

The roots of the frequency equation are 

A l = 3.92651; 1 2 = 7.06848 

The symmetric vibration has a band frequency spectrum and the antisymmetric vibration 
has a discrete frequency spectrum (Fig. 7.15). 



SV 1—1 1 , 1 1 ► 

AsV 0 1.875 2.365 4.694 5.498 

3.0265 7.0685 



FIGURE 7.15. Frequency spectrum. 



The case 2 = 0 corresponds to the vibration of the beam without bending deformation 
(vibration as a rigid body) (Table 5.3). 

M 

Example. Find the mass ratio parameter or = — -, which leads to frequency parameter 
i t t Ami 



Solution. The frequency equation is 



M _ 1 A{A) 

2 ml AE(A) 



1 1.07013 

so parameter a = 

F 2.2 (-1.68822) 



0.288. 



7.4.2 Beam with a translational spring and a lumped mass at the middle 
of the span 

Figure 7.16(a) shows a free-free beam carrying the lumped mass supported by one spring 
at the middle of the span. 
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(a) 



FIGURE 7.16(a). Design diagram. 



The natural frequencies of vibration are 

A 2 Iei 
l 2 V m 

The frequency parameter A is the root of the frequency equation. 

Symmetrical vibration. The frequency equation may be presented as follows 



Form 1. 



Form 2. 



Form 3. 



k* - od 4 = A 3 



A(A) 

E(X) 



,* l4 3 S{X)T{X) - U{X)V{X) 
S 2 {X) - T(X)V{X) 



k* - ocX 4 = A 3 



cosh A sin A + sinh A cos A 
cosh A cos A + 1 



(7.15) 



where dimensionless parameters are 



, „ k/ 3 M 

k* = a = 

2EI 2 ml 

Frequency parameters A as a function of mass ratio a = M /2ml and stiffness ratio 
k* = kl 3 /2EI for the fundamental and third modes of vibration are shown in Fig. 
7.16(b) (Anan’ev, 1946). 



Special cases for symetrical vibration are presented in Table 7.5. 



TABLE 7.5. Free-ended uniform beam with translational spring and lumped mass at the middle of 



the span: Frequency equations 


Design diagram 


Parameter 


Frequency equation 


Related formulas 


o — 


k = 0 


14(A) 
“ A 5(A) 


Section 7.4 




M = 0 


A* = A 3 ^ 
5(A) 


Section 6.7 



Antisymmetric vibration. The frequency equation may be presented as follows: 

Form 1. 5(A) = 0 

Form 2. J(A)[/(A) - S(A)K(A) = 0 (7.16) 

Form 3. cosh A sin A — sinh A cos A = 0 
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FIGURE 7.16(b). Free-free beam supported by a spring with a lumped mass at the middle of the span. 
Symmetrical vibration. Frequency parameter 1 as a function of mass ratio ot = M /ml and stiffness ratio 
k* = kP/2EI. 
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The frequency parameters are /.j = 3.926, X 2 = 7.0685. 

The symmetrical vibration has a band frequency spectrum and the antisymmetric 
vibration has a discrete frequency spectrum (Fig. 7.17). 



sv J L_ 

AsV 0.0 1.875 



FIGURE 7.17. Frequency spectrum. 



2.365 | 4.694 1 
3.926 7.0685 



Example. Calculate the dimensionless stiffness parameter k* which, together with mass 
ratio a = 5.0, leads to the frequency parameter X = 1.6. 

Solution. Stiffness parameter 



,4 4 , 2.5070 

k* = al 4 + 2 3 = 5.0 x 1.6 4 + 1.6 3 



E(X) 



0.92474 



43.872 



Example. For a free-free beam of length 21, the parameters m, l and El are known. Is it 
possible to find parameters for a translational spring and a lumped mass at the middle of 
the span which leads to the eigenvalue X = 2.2? 



Solution. From the frequency spectrum graph we can see that parameter X = 2.2 cannot 
be realized. 



7.5 BEAMS WITH DIFFERENT BOUNDARY 
CONDITIONS AT ONE END AND A LUMPED 
MASS AT THE FREE END 



A beam with typical boundary conditions at the left-hand end and a lumped mass at the 
right-hand end is shown in Fig. 7.18. 

Dimensionless parameters are 



M 



ml ’ 




0 < £ < 1 



The frequency of vibration is equal to 



2 2 lEI 

a = -pr. — , m = pA 

l 1 V m 



Left end 



m. 1. El 



O M 

FIGURE 7.18. Design diagram of a beam; the left-hand 
end of the beam is free, or pinned or clamped. 
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where 7 is a root of the frequency equation. The exact solution of the eigenvalue and 
eigenfunction problem (frequency equation and mode shape vibration) for beams with 
classical boundary condition at the left-hand end and a lumped mass at right-hand end are 
presented in Table 7.6 (Anan’ev, 1946; Gorman, 1975). 



TABLE 7.6. Eigenvalues and eigenfunction for beams with different boundary conditions (left-hand 
end) with a lumped mass at the free end 



Left end 




Frequency equation 


Mode shape 


Parameter y 


Free 


i 


sinh X cos X — cosh X sin X 


sin 24 + sinh 24 

+ y(cos 2£ + cosh 24 ) 


sin X — sinh X 


a 


1 — cos X cosh X 


cosh X — cos X 


Pinned 


i 


2 sin X sinh X 


sin Xi^ + y sinh 


sin X 


a 


cos X sinh X — sin X cosh X 


sinh 7 


Clamped 


i 


sin X cosh X — sinh X cos X 
1 + cos X cosh X 


sinh 2{ — sin 24 


sin 2 + sinh 2 






+ y(cosh 24 — cos 74) 


cos 2 + cosh 2 



Special cases. (Related formulas are presented in Table 5.3). 

If M = 0, then the frequency equations for a beam with different boundary conditions 
are: 



Free-free beam: 1 — cos k cosh k = 0 

Pinned-free beam: cos 2 sinh 2 — sin k cosh k = 0 

Clamped-free beam: 1 + cos k cosh k = 0 

If M = oo, then the impedance of the mass is equal to infinity, which corresponds to a 
pinned beam supported at the right-hand end, so the frequency equations for a beam with 
different boundary conditions become: 

Free-pinned beam: sinh k cos k — cosh k sin k = 0 

Pinned-pinned beam: sin k = 0 

Clamped-pinned beam: sin k cosh k — sinh k cos k = 0 



NUMERICAL RESULTS 

7.5.1 Cantilever beam with a lumped mass at the end 

Frequency parameter 2;, the fundamental frequency of vibration, and k 2 , the second 
frequency of vibration, as a function of mass ratio a = M /ml, are listed in Tables 7.7(a) 
and 7.7(b), respectively. Bold data correspond to the limiting cases. 

Frequency parameters k l and k 2 as a function of mass ratio a = M/mi for fundamental 
and second modes of vibration are shown in Fig. 7.19 (Anan’ev, 1946). 

The vibration has band frequency spectrum with mixed numbers of shape modes (Fig. 
7.20). Point k = 0.00 corresponds to clamped-free beam with M = oo. It means that the 
beam does not vibrate. Point 2 = 1.875 corresponds to a fundamental mode of the 
clamped-free beam without M. Points k = 3.926 and k = 4.6941 correspond to the 
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TABLE 7.7(a). Cantilever uniform beam with a lumped mass at the free end: Frequency parameter 
for fundamental mode of vibration 



a 


0.0 


0.05 


0.10 


0.15 


0.20 


0.25 


0.50 


0.75 


1.0 


1.5 


A 


1.875 


1.791 


1.723 


1.665 


1.616 


1.574 


1.420 


1.320 


1.248 


1.146 


a 


2.0 


4.0 


6.0 


8.0 


10 


15 


20 


25 


30 


40 oo 


A 


1.076 


0.917 


0.833 


0.777 


0.736 


0.666 


0.621 


0.587 


0.561 


0.523 0.0 



TABLE 7.7(b). Cantilever uniform beam with a lumped mass at the free end: Frequency parameter 
for second mode of vibration 



a 


0.00 


0.05 


0.10 


0.15 


0.20 


0.25 


0.50 


0.75 


1.0 




A 


4.694 


4.513 


4.400 


4.323 


4.267 


4.225 


4.111 


4.060 


4.031 




a 


1.5 


2.0 


3.0 


4.0 


6.0 


8.0 


10 


15 


20 


OO 


A 


4.000 


3.983 


3.965 


3.956 


3.946 


3.941 


3.938 


3.935 


3.933 


3.926 




4.694 

4.5 

4.0 

3.5 

0 2.5 5.0 7.5 10 12.5 a 

FIGURE 7.19. Cantilever beam with a lumped mass at the free end. Frequency parameters , and A 2 as a 
function of mass ratio a — M/ml. 
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SV BBEa 1 1 ^ 

AsV 0.0 1.875 3.9266 4.6941 

FIGURE 7.20. Frequency spectrum. 

fundamental modes of vibration of a clamped-pinned beam and the second mode of 
vibration of a clamped-free beam without M, respectively. 

Example. Consider a clamped-free beam canying a lumped mass M at the free end, 
a = M/ml = 0.5. Calculate the eigenvalue and eigenfunctions that correspond to the 
fundamental mode of vibration. 

Solution. From Table 7.7, the frequency parameter ). = 1.420. 

Parameter y according to Table 7.6 is 



sin A + sinh A 0.98865+ 1.94770 

y = ^ = = —1.255038 

cosA + coshx 0.15023 + 2.18942 

Mode shape of vibration 

X© = sinh 1.420£ - sin 1.420£ - 1.255038(cosh 1.420c - cos 1.420£) 

Nodal point at £ = 0.0. 

The maximum velocity of the free end 

|i> m J = AX(1) = 1-420 x [1.94770 - 0.98865 - 1.255038(2.18942 - 0.15023)] 
= 2.2723 



7.5.2 Cantilever beam with a lumped mass along the span 

Figure 7.21(a) shows a clamped-free beam carrying the uniformly distributed load and one 
lumped mass along the span. 

Natural frequencies of vibration are 



A 2 I El 
l 2 y m(l + e )’ 



m = pA 





m,EI,A 


J 

M 


. / 



FIGURE 7.21(a). Design diagram. 
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FIGURE 7.21(b). Cantilever beam with a lumped mass along the span. Fundamental mode of vibration. 
Frequency parameter as a function of mass ratio a = M/ml and spacing /* = /, //. 



The frequency parameters A are the roots of the frequency equation, which may be 
presented in terms of Krylov-Duncan functions (Filippov, 1970) 

5 2 (A) - r(A)F(A) + XnS[X( 1 - /*)]{S'(A)F(A/*) - 7\A)f/(A/*)} + hiT[2.( 1 - /*)] 

x - F(A)F(A/*)} = 0 (7.17) 

where dimensionless parameters are 

M <7 ,* h 

( 1 + e)ml ’ gpA ’ 1 

Frequency parameters A as a function of mass ratio a = M/ml and mass position ratio 
/* = /]// for the fundamental mode of vibration, is shown in Fig. 7.21(b) (Anan’ev, 1946). 
The beam has a band frequency spectrum, which is presented in Fig. 7.21(c). 



J 1 1 1 1 1 »- X 

0.0 1.8750 3.9265 4.694 7.0685 7.8547 

FIGURE 7.21(c). Clamped-free beam with a lumped mass along the span. Frequency spectrum. 



Special cases 

1. If M = 0 or /* = 0 (cantilever beam), then the frequency equation is 



1 + cos Acosh A = 0 (see Table 5.3) 
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2. If /* = 1 (cantilever beam with lumped mass at the free end), then the frequency 
equation is 



1 + cos 2 cosh X — «2(sin X cosh X — cos X sinh X) = 0 
(see Sections 7.2 and 7.5.3; Table 7.6). 



7.5.3 Elastic cantilever beam with a lumped mass at the free end 



Figure 7.22(a) shows a pinned-free beam carrying the lumped mass at the free end. A 
rotational spring is attached at the pinned support of the beam. The restoring moment, 

9v 

which arises in this spring, is M = k — . 

dx 

The natural frequency of vibration is 



x 2 IeI 

o) = -?rJ — , m = pA 
l z V m 

Frequency parameters X are the roots of a frequency equation, which may be presented in 
terms of Hohenemser-Prager functions (Anan’ev, 1946; Filippov, 1970) 

M k * E(X) - B(X) 

nd = AS, (2) + k*B(X) (7 ' 18) 

where the dimensionless parameters are 



M « v 

H = ml k =El 



For a fundamental mode of vibration frequency, parameters X, as a function of mass ratio 
and stiffness ratio, are shown in Fig. 7.22(b) (Anan’ev, 1946). For k* = 0, frequency 
parameter 2 = 0. This case is presented by a horizontal line, which coincides with the a- 
axis. It means that the beam rotates around pinned support as a solid body without any 
bending deformation. 



Frequency equations for special cases 

1. Pinned-free beam with a lumped mass at the free end (£ rot = 0) 



M B(X ) M cosh X sin X — sinh X cos X 

ml 25) (2) ml 22 sin 2 sinh 2 

2. Elastic cantilever beam (M = 0) 



(see Table 7.6) 



k*E(X) - 25(2) = 0 -> k* - X 



cosh 2 sin 2 — sinh 2 cos 2 
1 + cosh 2 sin 2 



3. Clamped-free beam (k mt = oo, and M = 0) 



0 (see Table 6.1 1) 



5(2) = 0—^1 + cosh2sin2 = 0 (see Table 5.3) 
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FIGURE 7.22(a). Design diagram. 




FIGURE 7.22(b). Pinned— free beam with a rotational spring at the pinned end and a lumped mass at the 
free end. Fundamental mode of vibration. Frequency parameter X as a function of mass ratio a = M /ml and 
stiffness ratio k* = kl/El. 



4 . Clamped-free beam with a lumped mass at the free end (k mt = oo) 



M E(k) ml , cosh /I sin /l — sinh^.cos X. 

ml XB(X) M 1 + cosh k sin k 

5. Pinned-free beam (k mt = 0, and M = 0) 



(see Section 7.5.2) 



B(k) = 0 — > cosh k sin k — sinhlcos 2 = 0 (see Table 5.3). 
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7.5.4 Beam with a sliding-spring support at one end and a lumped mass 
at the other 

Figure 7.23(a) shows a beam with the sliding-spring support at the left-hand end and free at 
right-hand end. The beam is carrying the lumped mass at the free end; the restoring force, 
which arises in the translational spring, is R = ky. 



El. m 



M 

o 



-+X 



FIGURE 7.23(a). Design diagram. 




FIGURE 7.23(b). Elastic cantilever beam with a lumped mass at the free end. Fundamental mode of 
vibration. Frequency parameter A as a function of mass ratio a — M/ml and stiffness ratio k* = kP /El. 



The natural frequency of vibration is 

]2 



r ei 

w = -prJ — . m = pA 
l- V m 
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The frequency parameters A are the roots of the frequency equation, which may be 
presented in terms of Hohenemser-Prager functions (Anan’ev, 1946) 

k* 

M TT m~A(X) 

- = - m (7.19) 

m AC(A) + ^-5(A) 

A 

where dimensionless parameters are 



M 



ml 




Eigenvalues A as a function of mass ratio a = M /ml and stiffness ratio kf T = kl 3 /El for the 
fundamental mode of vibration are shown in Fig. 7.23(b). For k* = 0, frequency parameter 
A = 0. This case is presented by the horizontal line, which coincides with the n-axis. It 
means that the beam is in translation as a solid body without any bending deformation. 



Frequency equations for special cases 

1. Sliding-free beam (k = 0, M = 0). The frequency equation is 



A(X) = 0 — *■ tan A + tanh A = 0 (see Table 5.4) 

2. Cantilever beam with a lumped mass at the free end ( k = oo). The frequency equation 
is 



m 

Afi(A) 



(see Sections 7.5.2 and 7.5.3; Table 7.6) 



7.5.5 Beam with a translational and torsional spring support at one end 
and a lumped mass at the other 

Figure 7.24 shows a beam with non-classical boundary conditions — a translation and 
torsional spring support at the left-hand end and a lumped mass at the right-hand end. The 
restoring force and the restoring moment that arise in the translational and rotational 

3y 

springs are R = k, v and M = L — , respectively. 

ax 

The natural frequency of vibration is 

A 2 I El 

m = ll\ — 

r V m 



El, m 



M 



FIGURE 7.24. Beam with non-classical boundary conditions. 
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The frequency parameters X are the roots of the frequency equation which may be written 
as (Anan’ev, 1946) 



[k*E(X) - XB(X) - nX 2 Si{X) - nk*XB(X)] - XD(X) 
A 

+ nX 2 B(X) — nXkfC(X) — k*A(X) = 0 

where A, E , B, D and Si are Hohenemser-Prager functions. 

The dimensionless parameters are 



= k * = k A 

tr EI r El 



M 

ml 



(7.20) 



Frequency equations for special cases. 

1. If M = 0, k mt = 0, then the frequency equation is 

k*B{X) = — X?D{X) (see Section 6.2.1) 

2. If M = 0, k tt = 0, then the frequency equation is 

XD(X) + k*A(X) = 0 (see Table 6.6) 

3. If M = 0, then the frequency equation is 

IkfE(X) - XB(X)\ - XD(X) - kfA(X) = 0 (see Table 6.9) 
X 

7.6 BEAMS WITH DIFFERENT BOUNDARY 
CONDITIONS AND LUMPED MASSES 



Figure 7.25 shows a beam with arbitrary boundary conditions and lumped masses along 
the span; the specific boundary conditions are not shown. 

The lumped masses M, are reduced to ‘equivalent’ distributed mass m. The value of this 
mass is defined by the mode shape X t The adjustment mass method is conveniently used 
for the cases of different masses that have different intervals between them. 




FIGURE 7.25. Design diagram of a beam with arbitrary boundary condition and different lumped masses. 
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7.6.1 Method adjustment mass 

The natural frequencies of vibrations may be calculated by the approximate formula 



COi = 



A; lEI 

l 2 y nit 



(7.21) 



In this method, the eigenvalues A depend only boundary conditions and take the values as 
for uniform beams without lumped masses. Eigenvalues 2,- for one-span beams with 
different boundary conditions are given in Table 5.1. The adjustment uniform mass w,- 
corresponding to the /th eigenform is (Korenev, 1970) 



mt = m + \± X?(QM S , = X -f (7.22) 

where expressions X?(l; s ) are the adjustment coefficient of the sth mass to the uniform 
mass m. The normalized eigenfunctions Aj(£ s ) for one-span and multispan beams with 
different boundary conditions are given in Applications A and B. 

It should be emphasized that the symmetry of the position of the lumped masses, the 
small difference between them as well as between masses and one of the beams, leads to a 
more accurate result. 

Example. Determine the fundamental frequency of vibration of the cantilever beam with 
lumped mass at the free end, if the mass ratio or = M/ml = 0.5. 

Solution. The first eigenfunction at i l=x/l= 1 is Aj(l) = 2.0. The adjustment of 
uniform mass m x corresponding to the first eigenform is 



1 9 

m x = m + -(2) z (0.5m/) = 3 m 
The fundamental frequency of vibration is 



_X\ lEI _ 1.875 2 [El _ 1.4246 2 IeI 

1 P y Wj l 2 V 3m l 2 V m 

The accuracy value is 1 = 1.4200, the error is +1%. 

Example. Determine the first and second frequencies of vibration of the pinned-clamped 
beam with lumped masses located as shown in Fig. 7.26. Let M x = 0.2 ml; M 2 = 0.25 ml; 
M 3 = 0.3 ml; M 4 = 0.25 ml. The x-coordinates of the masses are Xj = 0.21; x 2 = 0.3/; 
x 3 = 0.5/; x 4 = 0.8/. 

Solution. For the pinned-clamped beam, the exact frequency parameters are Aj = 3,927; 
A 2 = 7.069 (Table 5.3). 

For a beam with the given boundary conditions, the ordinates X { and X 2 for the 
specified x s are taken from Appendix A and presented in Table 7.8. 
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TABLE 7.8 Ordinates of first and second eigenvalues at x = x,- 



+ 


0.2/ 


0.3/ 


0.5/ 


0.8/ 


A, 


1.0346 


1.365 


1 .4449 


0.4557 


X 2 


1.3935 


1.1988 


-0.5703 


-1.0774 



Adjustment of the uniform masses, corresponding to the first and second eigenforms 
are 



1 4 1 

m, = m + -'£, x i(<*k)M k = m + -[ 1.0346 2 x 0.2+ 1.3 65 2 
l k=l l 

X 0.25 + 1.4449 2 x 0.3 + 0.4557 2 x 0.25]m/; m x = 
i 4 i 

m 2 = m + = m + -[1.3935 2 x 0.2+ 1.1988 2 

* k=l l 

X 0.25 + (-0.5703) 2 x 0.3 + (-1.0774) 2 x 0.25]w/; 

The fundamental and second frequencies of vibration are 



A 2 El 3.927 2 



P 



El 



2.3581/« 



7.2 j~EI 7.069 2 

l 2 V m 2 I 2 



El 
2.1354m 



2.3581m 



m 2 = 2 . 135477 ! 



Example. Calculate the fundamental frequency of vibration for a cantilever beam with 
the attached body having mass M and moment of inertia J (Fig. 7.27). The location para- 
meter is x x /l = 0.6 from the free end. 

Assume that — - = a and J = r 2 M = i 2 coni, 
ml 

Solution. For a cantilever beam, = 1.8751 (see Table 5.3). For a beam with given 
boundary conditions, the ordinates of eigenfunction X 1 and its derivatives X[ for the speci- 
fied x l are taken from Appendix A. 1 

X, = 0.4598 and X[ = 2.0452 
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m.EIJ 



X\ 



M,J 



FIGURE 7.27. Design diagram. 



Adjustment mass 

m x = m + -[Xf(i;)M -\-X' 2 {^)J] = m + - (0.45 98 2 x ami + 2.0452 2 x r 2 aml) 
m x = m[ 1 + or(0.4598 2 + 2.0452 2 x r 2 )] 

The fundamental frequency of vibration 

1 .875 1 2 / El 

~ P y m[l + a(0.21 14 + 4.1853r 2 )] 

The adjustment mass method for multispan beams is presented in Section 9.7.2. 



7.7 MODAL SHAPE VIBRATIONS FOR BEAMS 
WITH CLASSICAL BOUNDARY CONDITIONS 



Tables 7.9, 7.10 and 7.11 present the eigenfunctions for beams with different boundary 
conditions and one lumped mass along the span (Anan’ev, 1946; Gorman, 1975). Notation 
l 2 [El x d c 

“ = W« ,m = M{ = 7* / ‘ = y y = 7 =1-A ‘- 



7.7.1 Clamped beams at the one end, classical boundary condition at the 
other and with lumped mass along the span (Table 7.9) 



Compatibility conditions 

1. Compatibility of displacement 



=*i(ei {=y 



2. Compatibility of slope 



dX,({) 



d{ 



f=d* 



3. Compatibility of bending moment 



dX 2 (c) 

dt 



t=y 



d 2 X x (Q 

dC 2 






d 2 X 2 (Q 

di 2 



Z=y 
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4. Compatibility of shear forces (dynamic equilibrium between motion of the lumped 
mass and adjacent shear forces) 



d£ 3 



, d 3 X 2 (Q 









Frequency equation. The expressions for mode shape vibration and compatibility condi- 
tions lead to the four linear homogeneous algebraic equations with respect to coefficients 
A l ,A- l , B t and B 2 . A non-trivial solution exists if the determinant of the coefficients of the 
matrix of the constants appearing in the four equations is equal to zero. 



7.7.2 Pinned beams at the one end, classical boundary condition at the 
other and with lumped mass along the span (Table 7.10) 



a 2 If/ j , x d c , 

=W «• m = pA - c = /’ p= t y=-r l ->* 



Compatibility conditions 

1. Compatibility of displacements 



2. Compatibility of slopes 



dAj(f) 

dc 

3. Compatibility of bending moments 






dX 2 (0 

dc 



£=y 



d 2 X,(0 



d£ 2 



d 2 x 2 (0 






dr 



Z=y 



4. Compatibility of shear forces (dynamic equilibrium of moving lumped mass) 



d 3 *i(0 



df 



d 3 x 2 (0 









i=y 






7.7.3 Beams with overhang and with lumped mass along the span 
(Table 7.11) 



A 2 lEI x d c 

= W«’ m = pA - ( = r p = r y = l =l ~ p 
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7.8 BEAMS WITH CLASSIC BOUNDARY 
CONDITIONS AT ONE END AND A 
TRANSLATIONAL SPRING SUPPORT AND 
LUMPED MASS AT THE OTHER 



A beam with pimied or clamped boundary conditions at the left-hand end and non-classical 
boundary condition at the right-hand end is shown in Fig. 7.29. 

The natural frequency of vibration is 

l 2 I El 

m = — , m = pA 

l~ V m 

Frequency parameters A are roots of a frequency equation. The exact solutions of the 
eigenvalue and eigenfunction problem (frequency equation and mode shape of vibration) 
for beams with classic boundary conditions at the left-hand end and a lumped mass with 
elastic support at the right-hand end are presented in Table 7.12 (Anan'ev, 1946; Gorman, 
1975). Dimensionless parameters are 



ml 

- M* = ,f 



k* = 



kP 

£7 



2 2 I El 



k* 



Numerical results. Eigenvalues A as a function of mass ratio and stiffness ratio for the 
fundamental mode of vibration are shown in Fig. 7.30 (left end is pinned) and Fig. 7.31 
(left end is clamped) (Anan’ev, 1946). 



Example. Beam clamped at the one end with a translational spring support and lumped 
mass at other end. Calculate the mass parameter r\ which leads to the frequency parameter 

kP 

A = 1.2 if the relative stiffness k* = — = 10. 

El 

Solution. Hohenemser-Prager functions at 2=1.2 are £(1.2) = 1.6561 1, and 
5(1.2) = 1.14064. 

The algebraic equation with respect to parameter a is 



2 1.2 3 x 1.65611 

10 2 + 10 x 



1.14064 



1 . 2 4 



and the root of the frequency equation is a = 0.01657699. 

The mass parameter is p = oik* = 0.1657699 and the relative mass is 



M 

ml 



ak* 



= 6.0324 



Left end m> EI 



M 




> 



FIGURE 7.29. Design diagram of a beam; the left-hand end 
of the beam is pinned, or clamped. 
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FIGURE 7.30. Fundamental mode of vibration. Parameter l as a function of mass ratio M* — M /ml and 
stiffness ratio k* = kl 3 /EL 



l 



El.m 



l 



M 




> 




FIGURE 7.31. Fundamental mode of vibration. Parameter 1 as a function of mass ratio M* = M /ml and 
stiffness ratio k* = kP /El. 
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Example. Consider a beam pinned at one end with a translational spring support and 
lumped mass at other end. 

Derive the expression for stiffness parameter k* that leads to the frequency parameter X 

if the relative mass M* = — -. 

ml 

Solution. The frequency equation leads to the following expression for the stiffness 
parameter 



k* = ) a M* + /l 3 



sin X cosh X — cos X sinh X 
2 sin X sinh X 



7.9 BEAMS WITH ROTATIONAL MASS 



7.9.1 Beams with rotational mass at the pinned end and classical 
boundary condition at the other 

The beam with classical boundary conditions at the left-hand end and a rotational mass ( J 
is the rotational moment of inertia of the mass) at the right-hand end is shown in Fig. 7.32. 



X 



Left end 



Jo 



m, l, El 



X 



-> x 



FIGURE 7.32. Design diagram of the beam and notation; the left-hand end of the beam is free, or pinned, 
or clamped. 



7.9.2 Frequency equation and mode shape of vibration for beams with 
different boundary conditions (left-hand end) with a point rotational mass 
of the pinned right-hand end 

The natural frequency of vibration is 



2 2 I e! 

co =-pr ,/ — , m = pA 

r V m 

Frequency parameters X are the roots of a frequency equation. The exact solution of the 
eigenvalue and eigenfunction problem (frequency equation and mode shape of vibration) 
for beams with classical and non-classical boundary conditions at the left-hand end and a 
rotational mass at one end are presented in Tables 7.13-7.15 (Anan’ev, 1946; Gorman, 
1975). 

Dimensionless parameters are 



{ = 



x 

7 ’ 



j. = p ^ 
~ Jo 
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Example. Find the fundamental frequency of vibration and mode shape vibration for a 
clamped-pinned beam with a rotational mass at the pinned end. Assume the parameter 



pAP 

J * = = 34.767. 

"'0 



Solution. The minimal root of equation 



J* = 2 3 



1 — cos X cosh X 
sin a cosh X — sinh X cos X 



is A = 1.48. 

The fundamental frequency of vibration is 



X 2 lEI 1.48 2 [El 

m = l2\— = —o -\— - m = pA 

E V m E \ m 

Parameter X according to Table 7.13 is calculated by 



7(1.48) 



sinh X — sin X 
cos X — cosh! 



-0.48962 



Mode shape 

X(£) = sin 1.48^ - sinh 1.48? - 0.48962(cos 1.48? - cosh 1.48£), £ = x/l 



Frequency equation for special cases (Table 5.3) 

1. y 0 = o 

Free-pinned beam sinh /.cos X — sin X cosh X = 0 

Pinned-pinned beam sin! = 0 
Clamped-pinned beam sin X cosh X — sinh /.cos 2 = 0 

2 . J 0 = oo In this case, the pinned support at the right-hand end converts to a clamped 
support 

Free-pinned beam — > Free-clamped beam: 1 + cos 2 cosh! = 0 

Pinned-pinned beam — »■ Pinned-clamped beam: tan X — tanh2 = 0 

Clamped-pinned beam — >• Clamped-clamped beam: 1 — cos X cosh X = 0 



7.9.3 Beams with rotational mass at the pinned end and a non-classical 
boundary condition at the other 

Design diagrams and corresponding frequency equations and eigenfunctions are presented 
in Table 7.14 (Anan’ev, 1946; Gorman, 1975). Dimensionless parameters are 



J* = - 



mP 



k* = k 
tr El ' 



_ KJ 

r °l E j , ? r 
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7.9.4 Beams with a pinned rotational mass and torsional spring at the 
left-hand end and classical boundary conditions at the right-hand end 

Design diagrams and corresponding frequency equations and the expressions for eigen- 
functions are presented in Table 7.15 (Anan’ev, 1946; Gorman, 1975). Dimensionless 
parameters are 



/* = — k* = k !°l 

J ’ rot El ' 



J* 

It* 

^ rot 



22 

,?'= TT 

L* 

j* 



7. 10 BEAMS WITH ROTATIONAL AND LUMPED 
MASSES 



Design diagrams and the exact solution of the eigenvalue and eigenfunction problem are 
presented in Tables 7.13-7.16 (Anan'ev, 1946; Gorman, 1975). The natural frequency of 

... X 2 [El mP ml 

vibration is co = ^ ./ — , m = pA. Dimensionless parameters are J* = , n- = — , 

l 1 V m J Mj 

where J is the rotational moment of inertia of mass; M is a lumped mass. Frequency 
parameters 2 are roots of a frequency equation. 

Example. Consider a design beam with two lumped masses at the free ends (Table 7.16). 
Find the ratio a = r\ 2 l>\ x = M x /M 2 for = ml/M 2 = 10 which leads to 2 = 4. 

Solution. The frequency equation from Table 7.16, case 1, may be rewritten by using 
Hohenemser-Prager functions in the form 

M, nJ.BO.) - D(X) 1 

M 2 n\X 2 S x {X) + n 2 XB{X) >1 2 

M x 0.1 x 4.0 x (-2.82906) -(-18.84985) 

Af 2 + 0.1 2 x 4 2 x (-41.30615) + 0.1 x 4.0 x (-2.82906) “ ' 

This equation leads to the following parameter 

a = n 2 /Vi = M x /M 2 = 2.28899 

Numerical results for a beam having two lumped masses at the free ends with different 
mass parameters a = M x /M 2 and = M 2 /ml are presented in Fig. 7.33. 



7. 7 7 BEAMS WITH A TT ACHED BODY OF A 
FINITE LENGTH 



This section is devoted to the vibration of a clamped-free beam with a body at the free end. 
The length of the body is taken into account. The motion of a structure may be restricted 
by torsional or translational elastic spring supports, which are attached at the free end. 
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FIGURE 7.33. Free-free beam with two different tip masses. Fundamental mode vibration. Parameter X as 
a function of mass ratios a* and n 2 . 



The natural frequencies of vibration are co = - 



A 2 



, m = pA. Frequency parameters ). 



are the roots of a frequency equation. (Table 7.16, case 1). 



7.11.1 Beam with a heavy tip body 

A cantilever beam with a body attached at the free end is presented in Fig. 7.34. 
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The parameters of a body are: 

2d, b, h = length, width, and height 

J = moment of the rotary inertia of the body with respect to the z-axis 
passing through the centroid 

p z = radius gyration of the body, pz = J/M 
M = mass of the body 



Displacements of a body at x = 1 



9v 

v 0 = v(/, t) + d — 



Differential equation of motion for mass M 



r^TO 

dfi 



~Q(1, t), Mp 2 ? = Qd- El ', ^ 



,9^o 

dt 2 



r #1 
dx 2 



9 3 v 



Boundary conditions at x = l 



The normal function is 






X(x) = CU(x) + DV(x) 



M 



<5 = ^; 



6 l 



(7.23) 



(7.24) 



(7.25) 



where U(x) and V(x) are Krylov-Duncan functions. 

The frequency equation may be presented as follows (Filippov, 1970) 

1 . 2 

- ( 1 + cosh a cos 2) — 2(sin 2 cosh 2 — cos 2 sinh 2) — 2e2 sin 2 sinh 2 

a 

— (5 + s 2 )(sin 2 cosh 2 + cos 2 sinh 2)2 3 + cc<52 4 ( 1 — cos 2 cosh 2) = 0 
where the dimensionless parameters are 



(7.26) 



pAl ’ “ / 2 

Special cases 

1. A cantilever beam with a lumped mass at the free end (e = 0, <5 = 0) 

-(1 + cosh 2 cos 2) — 2(sin2cosh2 — cos 2 sinh 2) = 0 (see Table 7.6) 
a 

2. A clamped-free beam (a = 0) 

1 + cosh2cos 2 = 0 (see Table 5.3) 
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7.11.2 Beam with a heavy tip body and rotational spring at the free end 



A cantilever beam with an attached body and elastic rotational spring support at the free 
end is presented in Fig. 7.35. The parameters of a body are described in Section 7.11.1. 



Boundary conditions 
at x = 0: 

at x = l: 



T(0) = 0, 



dy 

dx 



= 0 



d 3 v a 2 y a 3 v 

dx 3 dt 2 dxd t 2 

The frequency equation may be presented as follows (Maurizi et al., 1990) 

(J*M*A 4 — I — coshAcos X) — |(J* +M*d* 2 ))? 

K* ] 

I ( S3n ' A C0S ^ ^ C0S A S * n ^ ^ ~ 2 sin A sinh A 

+ M*A( sinh A cos A — sin A cosh A) + (1 + cos A cosh A) = 0 
where the dimensionless parameters are 



d* = 



/ ' 



J* = 



J 



M hc 



M* = 



M 



M hl 



K* = 



K mt l 

El 



(7.27) 



(7.28) 



Frequency equations for special cases 

1. Cantilever beam (M = 0, J = 0, d = 0, K ml = 0) (see Table 5.3) 

| 1 + cos A cosh A = 0 

2. Cantilever beam with lumped mass at the end (J = 0, d = 0, K mi = 0) (see Table 7.6) 

| o M*A(sinh A cos A — sin A cosh A) + ( 1 + cos A cosh A) = 0 

3. Cantilever beam with torsional spring at the free end (/ = 0, d = 0, M = 0) (see Tables 
6.9 and 6.12) 

K K* 

i ) ^ (sin A cosh A + cos A sinh A) + (1 + cos A cosh A) = 0 

I A 

4. Clamped-clamped beam (J = 0, d = 0, K rot — > oo) (see Table 5.3) 

| 1 1 — cosh A cos A = 0 




FIGURE 7.35. Design diagram. 



X 

Centroid O 
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7.11.3 Beam with a body and translational spring at the free end 

A cantilever beam with an attached body and elastic translational spring support at the free 
end is presented in Fig. 7.36. The parameters of the body are described in Section 7.11.1. 

Boundary conditions 



at x = 0: 


3 

II 

o 

CD 1 .CD 

II 

o 




at x = /: 


EI ^ = (J + Md 2 ) 9 } ’ + Md 9 ; , 
dx 2 3 xdt 2 dt 2 

9 3 y cfiy d 3 y 

EI J = M 8t? + Md J 2 + K « y 


(7.29) 



The frequency equation may be presented as follows (Maurizi et al., 1990): 



[J*M*r — ( J * + M*d* 2 )K tr ]( 1 — cosh X cos X) 

— (J* + M*d* 2 )X ?( sin X cosh X + cos X sinh X) — 2 X 2 M*d* sin X sinh X 

( K*\ 

+ I M*X — J (sinh X cos X — sin X cosh 2) + (1 + cos X cosh 2) = 0 



(7.30) 



where the dimensionless parameters are 




J* = ■ 



M hr 



M* = ■ 



M 



M hf 



K* = 



K a P 

El 



Special cases 

1. Cantilever beam (M = 0, J = 0, d — 0, — 0) (see Table 5.3). 

2. Cantilever beam with lumped mass at the free end (J = 0, d = 0, K tr = 0) (see Table 
7.6). 

3. Cantilever beam with spring at the end (J = 0, d = 0, M = 0) (see Table 6.6; Section 
6.2.3). 



K* 

— (sinh X cos X 



cosh X sin X) + ( 1 + cos X cosh X) = 0 



4. Clamped-pinned beam {J = 0, d = 0, K tr — > oo) (see Table 5.3). 



X 



■ m. EI.A 


M .. 


1 

k tr \ 

L L . 


. 2d , 



► x 

Centroid O 



FIGURE 7.36. Design diagram. 
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7. 72 PINNED-ELASTIC SUPPORT BEAM WITH 
OVERHANG AND LUMPED MASSES 



Figure 7.37 presents a beam with uniformly distributed load and lumped masses that are 
attached at x t , x 2 = l\ and x 3 = l. The beam is pinned at x = 0 and elastic supported at 
x = l { < I. 

The natural frequency of vibration is defined as 

_/l 2 I El 
l 2 y m(l + e) 

The frequency parameters A are roots of a frequency equation; this equation may be 
presented as follows (Filippov, 1970) 



7t^2 ~ 72^1 — o 



= sinh Ad — - A( sinh At; ] + sin At^) sinh A£j 

2 2 yA 

<5j = — sinA H — -A(sinh At/j + sin bfo) sin A|j — ( ■ — , 

2 2 \A 

a, 

y 2 = coshA + — A(cosh Aijj + cos At/ t ) sinh A£i 



- 2 (^3 - a 2 2 )(cosh Aiy 2 + cos Xt] 2 )X i (c 2 ) 



[ #, 

sinh A + -2- A(sinh Ai/j — sin Af/j) sinh Agj 

*i(f 2 ) 



■If-* 

2 \A 



3 — a 2 A ) (sinh At/ 2 — sin At;,) 



S 2 = — cos A + ^-A(coshAi 7 ] + cos A^j) sin A^ 



- \ (4 “ a 2 2 ) (cosh At/, + cos Xr\ 2 )X 2 {£, 2 ) 



+ Ao£ 3 j^sin A + -A A(sinh Ai/j — sin A/jj) sin A^j 



- ^ (jj - « 2 2 )(sinh A? 7 2 - sin hi 2 )X 2 (t 2 ) 



(7.31) 

a, A^ (sinh At/ 2 + sin Af/ 2 )Jr 1 (^ 2 ) 
a 2 A J (sinh At/ 2 + sin Ai/ 2 )X 2 (c 2 ) 



i— i— i— i— i— i— i— i— i— i— i— i— i— i— i— i— i— i— i— ‘7° 

o o o — ** 



_2j_ 



M\ 



m, EL A 



;M 2 



Xl=l\ 



m 3 



FIGURE 7.37. Design diagram. 
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where the dimensionless parameters are 



f,=j; & = y; >h = i - ^t; = i - 



M, 



M, 



M, 



“2 = ' 



9 



q = (1 + e)m/; e = 



gm ' 



a 3 = - 



J? = 



9 

M 3 

El 



The mode shapes of vibration are 



X x {^ 2 ) = sinhA { 2 + y A[sinh/l (£ 2 — — sin/L ({ 2 — ii)] sinhA^ 

X 2 (£ 2 ) = sin A £ 2 + y A[sinh A (£ 2 - - sinA (^ 2 - £ x )] sinAc^ 



(7.32) 



Special cases 

1. Pinned-free beam = 0, M x = M 2 = M 3 = 0) (see Table 5.3). 

2. Pinned-free beam with lumped mass at the free end ( k tr = 0, M x = M 2 = 0) (see Table 
7.6). 

3. Pinned-pinned beam with overhang (k^ = oo, M x = M 2 = M 3 = 0) (see Section 5.3). 

4. Pinned beam with elasic support M x = M 2 = M 3 = 0 (see Table 6.6). 
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Source: Formulas for Structural Dynamics: Tables, Graphs and Solutions 



CHAPTER 8 

BERNOULLI-EULER BEAMS 
ON ELASTIC LINEAR 
FOUNDATION 



Chapter 8 describes the different mathematical models of an elastic foundation. A 
mechanical model of the Winkler model is discussed and natural frequencies of vibration 
of Bemoulli-Euler uniform and stepped one-span beams with different boundary condi- 
tions on the elastic foundation are presented. 



NOTATION 



A 
d 
Eo 
E, G 
El 

G 0 

/ 

K 

k 

Aope’ A, 

At 

A 

i 

M 

P 

t 

Vi 

x 

X(x) 
x,y, z 



Cross-sectional area of the beam 

Viscous damping coefficient of foundation 

Elastic constant of the foundation material 

Modulus of elasticity and shear modulus of the beam material 

Bending stiffness 

Foundation modulus of rigidity (Pasternak model) 

Moment of inertia of a cross-sectional area of the beam 

Frequency parameter, k* = — — - 

Shear factor 

Elastic sloping stiffness of medium 

Elastic tilting (transverse rotating) stiffness of medium [Nm/m] 

Elastic transverse translatory stiffness of medium (Winkler foundation 
modulus) 

Length of the beam 
Lumped mass 
Foundation reaction 
Time 

Puzyrevsky functions 
Spatial coordinate 
Mode shape 
Cartesian coordinates 
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y(x, t), w Lateral displacement of the beam 
a Frequency parameter, A 4 = —4a 4 

X Frequency parameter, A 2 = k 2 l 2 

6 Slope 

p, m Density of material and mass per unit length of beam, m = pA 

o) Natural frequency of free transverse vibration 



8. 1 MODELS OF FOUND A TION 



The differential equation of the transverse vibration of a beam on an elastic foundation is 

9 4 y 9 2 y 9 2 y 

E1 ^ + N d + PA W +P{y ’ t) = ° (fU > 

where N is the axial force and p(y, t) is the reaction of the foundation. 

The models of the foundation describe the relation between the reaction of the 
foundation (or pressure) p, the deflection of the beam and the parameters of foundation. 



8.8.1 Winkler foundation (Winkler, 1867) 

The foundation may be presented as closely spaced independent linear springs. The 
foundation reaction equals p = k 0 y, where y is the vertical deflection of the foundation 
surface (vertical deflection of the beam, plate), and k 0 is Winkler’s foundation modulus. 
Shear interactions between the foundation spring elements are neglected. This type of 
foundation is equivalent to a liquid base. 



8.1.2 Viscoelastic Winkler foundation 

The foundation reaction equals 



p = k 0 y + d (8.2) 
at 

where second term takes into acount the viscoelastic properties of the Winkler foundation; 
d is viscous damping coefficient of the foundation. 

The governing equation is 






(8.3) 



8.1.3 Hetenyi foundation (Hetenyi, 1946) 

The relationship between load p and deflection y for the three-dimensional case is 

P — y + D 0 V 2 V 2 y (8.4) 

where the parameter D takes into acount the interaction of the spring elements. 
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8.1.4 Viscoelastic Hetenyi foundation 

p = k 0 v + d -^ + D 0 V~S7 2 y (8.5) 

The governing equation is 

{EI+Do) ^ +N U +pA S +k °y +d tt =0 (8 - 6) 

In this model, the overall bending stiffness beam (El) has been increased by the ‘bending 
stiffness’ of the foundation (term D 0 ). 

8.1.5 Pasternak foundation (Pasternak, 1954) 

The load-deflection relation is 

P = k 0 y — G 0 V 2 y (8.7) 

where the second term describes the effect of the shear interactions between the spring 
elements; G 0 is the shear foundation. 



8.1.6 Viscoelastic Pasternak foundation 

The load-deflection relation 



p = k 0 y + d^-G 0 V 2 y (8.7a) 

takes into acount the viscoelastic properties of the Pasternak foundation; d is the viscous 
damping coefficient of the foundation. 

The governing equation is 

«/g + (A'-G.)g+^g + *, J - + 4'-0 (8.*) 

In this model, the effect of the compressive static load (N) has been reduced by the 
effective foundation shear (term G 0 ). 

Some fundamental characteristics of the Pasternak foundation mathematical model are 
discussed by Kerr (1964). 



8.1.7 Different model beams on a Pasternak foundation 
(Saito and Terasawa, 1980) 



The governing equation of the rectangular beam, with shear deformation and rotatory 
inertia being ignored, is 



l + v 
6 



Gh 3 



<fiy <Py dy 

_ + M _ + £° ); + rf _ 



-Go 



fy 

dx 2 



= 0 



where h is height of the beam. 



(8.9) 
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The governing equations of the rectangular beam, where shear deformation and rotatory 
inertia are incorporated, are 



±±l Gh iM_ Gkh (ty +e \pl&e = o 



dx 2 



dx 



12 dt 2 






( 8 . 10 ) 



where 9 is the bending slope and k is the shear coefficient. 



8.1.8 'Generalized' foundation (Pasternak, 1954) 



At the each point of the foundation the pressure p is proportional to the deflection y and the 
moment m is proportional to the angle of rotation 



P = h y, 



l dy 

m = kl dn 



( 8 . 11 ) 



where n is any direction at a point in the plane of the foundation surface; k 0 and k x are the 
corresponding moduli of elasticity. 



8.1.9 Reissner foundation (Reissner, 1958) 



Assumptions 

1. The in-plane stresses throughout the foundation layer are negligibly small. 

2. The horizontal displacements at the upper and lower surfaces of the foundation layer are 
zero. 



The relationship between the reaction of the foundation p and deflection y is 



Ci y - c 2 V 2 y 




v 2 p, 





( 8 . 12 ) 



where E 0 and G 0 are the elastic constants of the foundation material, and H is the thickness 
of the foundation layer. 

The case when Reissner’s and Pasternak’s models of foundation coincide, as well as the 
Vlasov foundation model (Vlasov and Leontiev, 1966) have been discussed by Kerr 
(1964). 



8.2 UNIFORM BERNOULLI-EULER BEAMS ON 
AN ELASTIC WINKLER FOUNDATION 



The differential equation of the transverse vibration of the beam resting on an elastic 
Winkler foundation without damping is 



9 4 v cPv 

EI d^ + pA W + koy= ° 



(8.13) 
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Solution. Method of the separation of variables y(x, t ) = X(x)T(t), where X(x) is a 
space-dependent function and T(t) is a time-dependent function. A shape function X{x) 
depends on the boundary conditions. 

The space-dependent function X(x) can be obtained from 

X ,v (x) - k 4 X(x) = 0, k 4 = — ~ k ° = -4a 4 (8.14) 

El 

The natural frequencies are defined by the formula (Weaver, Timoshenko and Yaung, 1990; 
Hetenyi, 1958; Blevins, 1979) 



co = 



A 2 IM f k 0 i 4 

py my Ell 4 



(8.15) 



Parameter X corresponds to beams with the same boundary conditions but without an 
elastic foundation. The Winkler elastic foundation increases the frequency vibration. 



Eigenfunction. The solutions of equation (6.2) may be presented in the following forms: 
Case 1. The frequency parameter k 4 > 0. 

The solutions of (8.2) are the same for k 0 = 0 and k 0 f 0. So, the elastic Winkler 
foundation has no effect on the mode shape vibration. 

Case of long beams (Boitsov et al., 1982) 

X(kx) = e~““(C 0 cos ccx+ Ci sin ax) + e cac (C 2 cos ax + C 3 sin ax) (8.4) 

Case of short beams ( especially for symmetric and antisymmetric forms) 



X(kx ) = C 0 cosh ax cos ax + C] cosh ax sin ax + C 2 sinh ax sin a x + C 3 sinh ax cos ax 

(8.16) 



Eigenfunction X(x) may be presented in the form of Puzyrevsky functions 
X(kx) = C 0 V 0 ( ax) + CiVi(ouc) + C 2 V 2 ( ax) + C 3 E 3 (ax) 

V 0 = cosh ax cos ax =*■ — (cosh ax sin ax + sinh ax cos ax) 
V 2 = sinh ax sin ax F 3 = —j= (cosh ax sin ax — sinh ax cos ax) 



(8.17) 



(8.18) 



8.2.1 Properties of Puzyrevsky functions 

Puzyrevsky functions and their derivatives result in the diagonal matrix at x = 0. 



F 0 (0)=1 Eq(0) = 0 Vf(0) = 0 

VfO) = 0 V((0) = V2a V['(0) = 0 

V 2 (0) = 0 F 2 (0) = 0 V 2 (0) = 2a 2 

V 3 (0) = 0 F 3 '(0) = 0 F 3 "(0) = 0 



K'(0) = 0 

V"'(0) = 0 

r£'(0) = o 

K 3 '"(0) = 2s/2a 3 



(8.19) 
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Derivatives of Puzyrevsky Functions 

V 2 (ax) = s/2aV 2 (cor); V 2 (ocx) = s/laV x (ax) 

V[(ouc) = s/2ocV 0 (ax); Vq (ax) = — s/2ixV 2 (ouc) 

Case 2. The frequency parameter k 4 < 0. 

The solution of (8.2) is 



. kx kx . kx kx kx kx kx kx 

X = A sm^=sinh^= + B sin — = cosh — = + Ceos _ sinh ^ + Dcos -^=cosh^= 

V2V2 V2\/2 s/2 s/2 s/2. s/2 

(8.20) 

which is different from expressions (8.4) and (8.5) (Wang, 1991). 



8.2.2 Beams on linear inertial foundation 

The beam length / and mass per unit m rest on an elastic foundation. A linear inertial 
foundation is a two-way communication one. The model of the foundation represents 
separate rods with parameters: modulus E F , cross-sectional area A F = b x 1, and density 
p F ; the length of the rods is / 0 (Fig. 8.1) (Bondar’, 1971). 

Reaction of the rods 



du 

1o — —E f A f — 



where u is the longitudinal displacement of the rod. 



Differential equations 

(a) Longitudinal vibration of the rods 



where a 2 



EpAp 

m F 



efu 2 
3 1 2 d: 2 

A F = b x 1 m F = p F A F 



(8.21) 




Cross-section beam 

, E, I 2 , U m 






FIGURE 8.1. Mechanical model of elastic foundation. System coordinates: for beam xOv; for rods O^z. 
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(b) Transverse vibration of the beam 



<fy t d 2 )’ 



EI 2 ^4 + m XA + E F A F — 



dll 



= 0 



( 8 . 22 ) 



where the moment of inertia of the cross-sectional area of order n is 



In = J Z" dA 

(A 

where z is a distance from the neutral axis. For a rectangular cross-section, b x h: 



/, =M 3 /12, I 4 = bh 5 / 80 

The differential equation for the mode shape of vibration is 

X lv + (c — cot — / 0 — b 2 (o 2 \x = 0 (8.23) 

where 



E F A F 
EI 2 ’ 



b 2 



m 

Eh 



The frequency equation may be presented in the form 




+C — cot — 1 0 — b 2 w 1 = 0 
a a 



(8.24) 



or 




(8.24a) 



co ay 

where y = —I Q ,a> = y— = — 
a l 0 / 0 

This equation takes into account the bending stiffness of the beam and the elastic 
foundation. The fundamental natural frequency of vibration 




co = 




(8.25) 



where y is the minimal root of the frequency equation (8.24). For soil of average density 
the length of the rods, / 0 , approximately equals 51. For the condition l 0 = 51, displacement 
of the bottom ends of the rods makes up 2.5% of the displacement of the beam. For more 
details see Section 14.4. 



Special cases 

1. No-foundation condition. In this case, E F = 0, then C/a = 0 and the frequency 
equation of the beam becomes 




—b 2 w 2 = 0 
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The frequency of the transverse vibration of the beam is 



co 



n 



tnn \ 2 IeI 2 

V / / V m ' 



0 n= 1,2,3,...) 



2. No-beam condition. In this case EI 2 = 0, then b = oo, C = oo and the frequency 
equation of the clamped-free rod becomes 



tany = oo, y = — , i= 1,3,5,... 

The frequency of the longitudinal vibration of the clamped-free rod is 



“cl-fr — 




;= 1,3,5, ... 



3. Beam is absolutely rigid. EI 2 = oo then b = 0, C = 0 and the frequency equation 
becomes tany = 0, y = in,i = 1. 2, 3, ... . The frequency of the longitudinal vibration of 
the clamped-clamped rod is 



in 

L'Li cl 7“ 

'o 

For the fundamental mode (i — 1) the frequency of vibration co of the system’s ‘beam- 
inertial foundation’ satisfies condition 

CO c i_fj- Cl CO cl _ c i 




8.3 PINNED-PINNED BEAM UNDER 
COMPRESSIVE LOAD 



The design diagram of a pinned-pinned uniform beam on an elastic foundation with 
compressive load N is presented in Fig. 8.2. The parameters of the elastic foundation are 
^siope = A) » K = h and Ait (Nielsen, 1991). 

8.3.1 Bernoulli-Euler beam theory 

Winkler foundation. The differential equation of the transverse vibration is 

Ely 11 ' + Ny" + k^y + my = 0 (8.26) 




ktr 



FIGURE 8.2. Beam on an elastic foundation. 




X 
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where y denotes the transverse displacement of the beam axis at position x and time t. The 
elastic foundation does not change the boundary condition. 

Frequency of vibration 



_ »V Iei I NP V 4 

" P V m V EIn 2 n 2 EIn 4 n 4 



(8.27) 



Pasternak foundation. The differential equation of the transverse vibration is 

Elf' + (N- k slope y + Ky + my = 0 (8.28) 

The natural frequency of vibration is 



_ n 2 n 2 /£/ / (N-k slove )P kj 4 

" l 2 V m V EIn 2 n 2 EIn 4 n 4 



(8.29) 



The elastic foundation leads to the increment of the eigenfrequencies, whereas the 
compressive force leads to the decrement of the eigenfrequencies. 



8.3.2 Rayleigh-Timoshenko beam theory 

The differential equations of the transverse vibration for an undamped beam are 

kGA(/ + 4>)' = my + k tI y + Nv" 

„ (8.30) 

EI(j) - kGA(y + <j>) + £ s iope/ = mr 2 <j) + k tM c/> 

where y(x, t ) and cj)(x, t) denote the transverse displacement of the beam axis and the 
transverse rotation (tilting) of the beam cross-section at position x and time t\ I and r are 
the moment of inertia and the radius of gyration of the cross-section with respect to the z- 
axis (Lunden and Akesson, 1983). 

Solution 



YfflX ttTtX 

y = A, sin — — exp(icot), <j) = A 2 cos — —exp(icot) 



The eigenvalues of the pinned-pinned beam are 



nn 

—kGA — 



/ rm\ z 9 

(N — kGA)(—j~) + mco 2 — k a 

yiTl /YlTi\ ^ 

-(kGA - £ slope ) — mrw 2 - kGA - k mt - El(—j 



= 0 



(8.31) 
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The frequency equation may be presented in the form 



kGA 



2 mr 2 






Bj = j , *tilt + ^ + ^tr | ^ 



kGA 



4r 2 B 2 

kGA 



N \ 
1 ~kGAj 



(8.32) 



Fn = ~ 



B 2 =K 1 + 



&ti it + El n 2 n 
kGA 



) _ TG + Aslope — N)A 



It may occur that the minimum eigenfrequency does not correspond to the simplest mode 
of vibration ( n = 1 ). 



8.4 A STEPPED BERNOULLI-EULER BEAM 
SUBJECTED TO AN AXIAL FORCE AND 
EMBEDDED IN A NON-HOMOGENEOUS 
WINKLER FOUNDATION 



A design diagram of a stepped beam is presented in Fig. 8.3. Boundary conditions are not 
shown. The elastic foundation is non-uniform with translational stiffness coefficients k 0 
and k x . The exact fundamental eigenfrequencies for a beam with different boundary 
conditions, beam parameters, load and foundation are presented in Tables 8.1 and 8.2. The 
method of separation of variables is applied (Filipich et al., 1988). 



a) 

◄ 

N 



b) 



N 



c) 



N 



* *> n 1 , 


^ *- 
*■ — x— 




X 

! EoPoAolo 
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E i pi A\I\ j 


- 


1 1 


k ° nL , 


* 

L \ 




X 

! Eo p o AqIq 


X 

_ F, n, A , T, ! 


1 ' ri ' ‘ 1- 


<1 
— X-* 


J? 

1 II 

^ -J 


< 



N 



N 



N 



FIGURE 8.3. Stepped beam embedded in a non-homogeneous foundation. 
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The dimensionless parameters of the system 



k 0 L 4 


2 


AyZ, 4 




n E X I i 


£(/o 


W\ - 


EA 


’ 


P = yr 


NL 2 


0), 


{ 


'w{ 


\ 2 b 




H 




II 



7 = 



Mi 

P 0^0 



£r = otL 



2 r4 P 0^0 



8.4.1 The stepped beam is partially embedded in a Winkler foundation 
(Fig. 8.3(b)) 

In this case k l = 0 and u' 0 = & = 0. The fundamental eigenvalues, Q ls for a = 0.5; 
ji = 0.512; y = 0.8 and Wq = 25 are presented in Table 8.1. 



TABLE 8.1. One-span stepped beam partially embedded in a Winkler foundation: Fundamental 
frequency vibration for beams with different boundary conditions and axial force 



Force 


p 2 


Pinned-pinned 


Clamped-clamped 


Pinned-clamped 


Clamped-pinned 


Tensile 


0 


9.2874 


20.0711 


14.0381 


14.0926 




5 


11.9450 


21.7646 


16.0357 


16.4150 




10 


14.0977 


23.3174 


17.8034 


18.4058 


Compressive 


2 


7.9717 


19.3454 


13.1513 


13.0287 




3 


7.2219 


18.9705 


12.6840 


12.4577 




5 


5.4119 


18.1941 


11.6917 


11.2168 




10 


— 


16.0647 


8.7171 


7.1072 




20 


— 


10.3917 


— 


— 




25 


— 


5.5051 


— 


— 



8.4.2 The stepped beam is completely embedded in a homogeneous 
Winkler foundation (Fig. 8.3(c)) 

In this case k 0 = k l and e = 1. The fundamental eigenvalues, Oj for a = 0.5; f! = 0.512; 
y = 0.8 and wjj = 25 are presented in Table 8.2. 



TABLE 8.2. One-span stepped beam completely embedded in a Winkler foundation: Fundamental 
frequency vibration for beams with different boundary conditions and axial force 



Force 


p 2 


Pinned-pinned 


Clamped-clamped 


Pinned-clamped 


Clamped-pinned 


Tensile 


0 


10.1041 


20.4739 


14.4310 


14.8147 




5 


12.5774 


22.1324 


16.3829 


17.0245 




10 


14.6286 


23.6578 


18.1185 


18.9401 


Compressive 


2 


8.8187 


19.7650 


13.5689 


13.8146 




3 


8.2607 


19.3993 


13.1159 


13.2818 




5 


6.7499 


18.6430 


12.1576 


12.1355 




10 


— 


16.5784 


9.3279 


8.5241 




20 


— 


11.1956 


— 


— 




25 


— 


6.9393 


— 


— 
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FIGURE 8.4. (a) Infinite beam with lumped mass on elastic foundation (b) Corresponding frequency 
spectrum. 



8.5 INFINITE UNIFORM BERNOULLI-EULER 
BEAM WITH A LUMPED MASS ON AN ELASTIC 
WINKLER FOUNDATION 



An infinite uniform Bernoulli-Euler beam with a distributed mass m and lumped mass M 
on an elastic Winkler foundation with modulus elasticity k is presented in Fig. 8.4(a). 

The spectrum of this system is mixed (discrete and continuous) and is presented in Fig. 
8.4(b). The discrete frequency co M is a real root of the characteristics equation (Bolotin, 
1978) 



( o 2 M /& — mco 2 \ 2 ^ 4 

8 El ~ V 4 E ) 



The distributed spectrum begins in the frequency co 0 




(8.33) 
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CHAPTER 9 

BERNOULLI-EULER 
MULTISPAN BEAMS 



This chapter contains analytical and numerical results for Bernoulli-Euler multispan 
beams on rigid and/or the elastic supports. 



NOTATION 



A 

E 

El 

i 

I 

k 

1 

M 

r ik 

S , T, U, V 

t 

x 

X, v , z 
X(x) 
y(x , f), w 
Z 
X 

p , m 

(j){X), i/r(l) 
co 



Cross-sectional area of the beam 
Modulus of elasticity of the beam material 
Bending stiffness 

Bending stiffness per unit length, i = El /l 

Moment of inertia of a cross-sectional area of the beam 

, ma > 2 

Frequency parameter, k = 

Length of the beam 

Bending moment, amplitude of harmonic moment 
Unit reaction of the slope-deflection method 
Krylov-Duncan functions 
Time 

Spatial coordinate 
Cartesian coordinates 
Mode shape 

Lateral displacement of the beam 
Unknown of the slope-deflection method 
Frequency parameter, X 2 = k 2 l 2 

Density of material and mass per unit length of beam, m 
Zal’tsberg functions 

Natural frequency of free transverse vibration 



pA 



9. 1 TWO-SPAN UNIFORM BEAMS 



The eigenvalue problem for uniform multispan beams with a distributed mass and 
with/without lumped masses may be studied by using different classical methods. The 
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most effective among these methods are the slope-deflection method, which uses specific 
functions (see Chapter 4), and the force method in the form of three moment equations. 
These methods lead to a governing equation for eigenvalues in exact analytical form. 



9.1.1 Beams with equal spans 



Natural frequencies of vibration are 



(9.1) 



The first five frequency parameters A for two-span beams with classical boundary 
conditions are presented in Table 9.1. One-span beams with overhangs are considered in 
Chapter 7.2 and Table 7.11. 

Exact values of the frequency parameter A for the fundamental mode of vibration of 
two-span uniform beams with equal spans, are presented in Table 9.2 (Gorman, 1974; 
Kameswara Rao, 1990). 



9.1.2 Two-span beam with an elastic support at the middle span 

The symmetrical beam with an elastic support is presented in Fig. 9.1(a). The frequency 
equation may be presented in different forms. 



Symmetric vibration (Anan’ev, 1946; Boitsov et al., 1982). In term of Hohenemser- 
Prager functions 



In term of Krylov functions 



k* = -A 



C(A) 

3(A) 



(9.2) 



In explicit form 



3 S 2 (A)-U 2 (A) 

T(A)U(A) - S(A)V(A) 



(9.2a) 



k* = -2 3 



2 cosh A cos A 
cosh A sin A — sinh A cos A 



where the dimensionless stiffness parameter k* = 
The natural frequency of vibration is 



kP 

2EI' 



(9.2b) 




The roots of the frequency equation in terns of dimensionless parameter k* are shown in 
Fig. 9.1(b). 

Eigenfunctions for the given system and for the pinned-clamped beam are the same. 



Antisymmetric vibration. The frequency equation is 

5) (2) = 0, Ai =7i, A 2 = 2k, 2 3 = 371, . . . 

where is the Hohenemser-Prager function (Section 4.6). 

Eigenfunctions for the given system and for the pinned-pinned beam are the same. 
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TABLE 9.1. Two -span uniform beams with equal spans and classical boundary conditions: 
frequency parameter X for different mode shapes 



Type of beam 




i 


Mode shape 


Related materials 


Pinned-pinned-pinned 


i 


3.142 


Antisymmetric 


Table 5.3 


4 4 4 


2 


3.927 


Symmetric 


Fig. 9.2(a) 


3 


6.283 


Antisymmetric 


Table 9.3(a) 


L 1 X i > 


4 


7.069 






r > l < > l 


5 


9.425 






Clamped-pinned-pinned 


1 


3.393 




Fig. 9.2(e) 


i 


2 


4.463 




Table 9.3(a) 


■ A. ± 


3 


6.545 






4 


7.591 








5 


9.685 






Clamped-pinned-clamped 


1 


3.927 


Antisymmetric 


Fig. 9.2(b) 


l i 


2 


4.730 


Symmetric 


Table 9.3(b) 


1 4 1 


3 


7.069 


Antisymmetric 


Table 5.3 


4 


7.855 








5 


10.210 







TABLE 9.2. Two-span uniform beams with equal spans: fundamental frequency parameter X 



Type of beam 






Parameter X 


Related materials 


Clamped-pinned-guided 


1 — 


-37^* 


]| 4.0590 


Tables 9.3(b), 9.5, Fig. 9.2© 


Pinned-pinned-guided 






]| 3.9266 


Table 9.3(b), Fig. 9.2© 


Guided-pinned-guided 


im— 


"2 


]| 3.1416 


Tables 9.3(b), 9.5, Fig. 9.2(d) 


Clamped-pinned-ffee 


H 


"X — 




Table 9.3(b), Fig. 9.2(g) 


Pinned-pinned-free 


A 


"X — 


1.5059 


Tables 5.6, 9.3(a), Fig. 9.2(f) 


Guided-pinned-ffee 


I0h 


"X — 


2.3409 


Tables 9.3(b), 9.5, Fig. 9.2(h) 


Free-pinned-free 




X — 


0.0 


Rigid-body mode 










Table 9.3(b), Fig. 9.2(c) 








1.8751 


Symmetrical vibration 










Table 5.3, Figs. 5.9, 9.2(c) 
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FIGURE 9.1(b). Parameter X as a function of k* = kP /2EI for the fundamental mode of symmetric 
vibration. 



9.1.3 Beams with different spans 

Tables 9.3(a), (b), (c) contain the frequency equations and mode-shape expressions for ten 
types of two-span uniform beams with classical boundary conditions (Gorman, 1974; 
Kameswara Rao, 1990). Dimensionless parameters are 



h h , 

/i = r v = Z =1 -' ( 



fi= : 



£2 — 



*2 



h z h 

M\ 2 — cos 7/U sinh /./t q= sin 2)t cosh 2/t 
N\ 2 = cos Xv sinh 7.v q: sin 7.v cosh Xv 

^ j A 

The frequency parameter is X ^ = co^, where l x + l 2 = T. 

El 
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TABLE 9.4. Transformation of two-span beams: limiting cases of the span length 



No. 


Beam type 


II 

o 

II 

© 

ri 

II 


II 

o 

II 

II 

o 


1 


Pinned-pinned-pinned 


Clamped-pinned 


Pinned-clamped 


2 


Pinned-pinned-free 


Clamped-free 


Pinned-pinned 


3 


Clamped-pinned-pinned 


Clamped-pinned 


Clamped-clamped 


4 


Clamped-pinned-clamped 


Clamped-clamped 


Clamped-clamped 


5 


Clamped-pinned-ffee 


Clamped-free 


Clamped-pinned 


6 


Free-pinned-ffee 


Pinned-free 


Free-pinned 


7 


Guided-pinned-free 


Clamped-free 


Guided-pinned 


8 


Guided-pinned-guided 


Clamped-guided 


Guided-clamped 


9 


Guided-pinned-pinned 


Clamped-pinned 


Guided-clamped 


10 


Guided-pinned-clamped 


Clamped-clamped 


Guided-clamped 



Special cases. Two-span beams reduce to one-span beams in the two special cases. 

1. /j = 0 (/t = 0, v = 1). 

2. / 2 = 0 (/t = 1, v = 0). 

The types of the given beams and beams that correspond to special cases are presented in 
Table 9.4. 

The related data for special cases are contained in Tables 5.3 and 5.4. 

9.1.4 Numerical results 

Figures 9.2(a) — (j) give frequency parameter values, X, for the first three modes of vibration 
as a function of intermediate support spacing, p, for two-span uniform beams with 
different boundary conditions (Gorman, 1974; Kameswara Rao, 1990). 

Guided- pinned-XX beam. A two-span uniform beam with intermediate support is 
presented in Fig. 9.3. The beam has guided support at the left-hand end and specific 
XX support at the right-hand end. The boundary condition, shown as XX, is a clamped 
support, or guided, or pinned, or free end. 

Values of fundamental parameters X for guided-pinned-XX beams for various values 
of intermediate support spacing, p = /j/i, and end conditions, XX, are presented in Table 
9.5. This table also presents the location of the intermediate support, which leads to the 
maximum value of the frequency parameter. 

The first row in the table may be used for determination of frequency parameters for 
single-span beams with the following boundary conditions: clamped-free, clamped- 
guided, clamped-pinned and clamped-clamped, respectively (see Tables 5.3 and 5.4). 

The last row in Table 9.5 may be used for calculation of single-span guided-pinned and 
guided-clamped beams. 



9.2 NON-UNIFORM BEAMS 

9.2.1 Exact methods 

Two classical methods are presented. 

Slope and deflection method. The slope and deflection method is used for calculation of 
continuous beams and frames (Flugge, 1962; Darkov, 1989). 
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FIGURE 9.2(a). Pinned-pinned-pinned beam. 




FIGURE 9.2(b). Clamped-pinned— clamped beam. 
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FIGURE 9.2(c). Free-pinned-free beam. 




FIGURE 9.2(d). Guided-pinned— guided beam. 
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FIGURE 9.3. Design diagram of guided-pinned— XX beams. The XX boundary condition is a free, or 
guided, or pinned, or clamped end. 



Assumptions 

1. The strains and displacements due to normal and shearing forces will be neglected. 

2. The difference in length between the original member and the chord of the elastic line is 
practically non-existent. 

Unknowns. The unknowns of this method represent the deflection and angles of twist of 
various joints induced by bending moments. The total number of unknowns is 



n = n d + n t 



(9.3) 



where n t is a number of rigid joints of a frame; 

n d is a number of independent deflections of the joints of a frame. 

The number of unknown angles of twist is equal to the number of the rigid joints of the 
structure. 



TABLE 9.5. Two-span uniform beams with different spans and one guided end: fundamental 
frequency parameter 2 



V = h/L 




End condition XX 




Free 


Guided 


Pinned 


Clamped 


0.00 


1.8751 H — 


2.3650 ]— ^Hol 


3.9266 !H^_ 


4.7300 hH 


0.05 


1.8813 


2.3778 


3.9608 


4.7777 


0.10 


1.8990 


2.4136 


4.0504 


4.8985 


0.15 


1.9276 


2.4696 


4.1817 


5.0591 


0.20 


1.9664 


2.5447 


4.3441 


5.2670 


0.25 


2.0153 


2.6379 


4.5107 


5.4462 


0.30 


2.0739 


2.7479 


4.6716 


Anax = 5.4800 


0.35 


2.1408 


2.8705 


Anax = 4.7000 


5.2177 


0.40 


2.2132 


2.9956 


4.5197 


4.8046 


0.45 


2.2842 


3.0991 


4.2254 


4.4056 


0.50 


2.3409 


^max = 3.1416 


3.9266 


4.0590 


0.55 


^max = 2.3650 


3.0991 


3.6582 


3.7461 


0.60 


2.3416 


2.9956 


3.4247 


3.5128 


0.65 


2.2725 


2.8705 


3.2229 


3.2971 


0.70 


2.1741 


2.7479 


3.0482 


3.1102 


0.75 


2.0631 


2.6379 


2.8960 


2.9469 


0.80 


1.9510 


2.5447 


2.7627 


2.8030 


0.85 


1.8438 


2.4696 


2.6453 


2.6752 


0.90 


1.7444 


2.4136 


2.5411 


2.5610 


0.95 


1.6534 


2.3778 


2.4482 


2.4581 


1.00 


1.5708 IDI^Tt 


2.3650 IDHH 


2.3650 ID HH 


2.3650 
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The number of independent joint deflections is equal to the degree of instability of the 
system obtained by the introduction of hinges at all of the rigid joints and supports of the 
original structure. 

Conjugate redundant system. In order to obtain the conjugate redundant system 
(primary system), the additional constraints introduced must prevent the rotation of all 
rigid joints as well as the independent deflections of these joints. 

Canonical equation. The equations of the slope and deflection method negate the 
existence of reactive moments and forces developed by the imaginary constraints of the 
conjugate system of redundant beams. According to the reaction reciprocal theorem, 
r ik = r ki (Section 2.1). 

The canonical equation may be written 

r n Z { + r n Z 2 + 
r 2 \Z] + r 22 Z 2 T 

r nl^\ + r n2^2 + 



' + r \r7‘n + R\p ~ 0 

' + r 2t,Z„ + R 2p = 0 



(9.4) 



' + r nn Z n + R np ~ 0 



Coefficient r ik is the amplitude of the dynamical reaction (moment or force) induced in the 
imaginary support i due to harmonic deflection (angle or linear) of the Mi constraint. In the 



case of the eigenproblem, the free terms R ip 


= 0. So the frequency equation is 






r \ l r l2 


■ ■ • f\n 






D = 


r 2 1 r 22 


^2 n 


= 0 


(9.5) 




r n\ r n2 


• • • r m 







Example. Statically indeterminant framed systems A, B and C are presented in Fig. 9.4. 
The uniformly distributed masses are m l for the cross bar and m 2 for the vertical element. 
Show the conjugate system (CS) and determine the coefficients of the unknowns in the 
slope and deflection method for given systems A, B and C. 



Solution 

Analysis of the structures. The systems A , B and C have one rigid joint. Systems A 
and B do not have a linear deflection, whereas system C has a linear deflection in the hori- 
zontal direction. Consequently, frames A and B have one unknown of the deflection-slope 
method, namely the angle of the twist of the rigid joint; frame C has two unknowns, 
namely the angle of the twist and deflection of the rigid joint. 

Conjugate system. Conjugate system for systems A and B: additional constraint 1 
opposes the rotation of the rigid joint included in the original system. 

Conjugate system for systems C: additional constraints 1 and 2 oppose the rotation and 
deflection of the joint included in the original system. 

The free-body diagram for r n and r l2 is the rigid joint; the free-body diagram for r 2X 
and r 22 is the cross bar. The dynamic reactions at the ends of the members and forces 
depend on the type of displacement (linear or angular), and on the mass distribution along 
the frame element, such as distributed, or lumped masses. These cases are presented in 
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i l, m\, EI\\ 
h, m 2 , El 2 



1 

Conjugate 

system(CS) 




"Cr-*) 4 i'l V2 (Xl) 
4/2 V2 (^2) 



1 



A 



A 

Conjugate 
system (CS) 




n 1 



PJ—^) 3 iiVi(A,i) 



4/2 V2 (^2) 



Z i = l 



‘| X ‘P S 






r 21 . 



Conjugate 
system (CS) 



Z 2 =l 



11 3 ('i \|/i (Xi) 

4/2 ^2 (^2) 




6/2 ^5 (^2)/ h 



< r ~ 

6i 2 \|/5 (X. 2 )/ h 



ri\ 



| — ► r 22 

\2i 2 \|/io (^ 2 )/ 



FIGURE 9.4. Redundant frames, primary systems and free body diagrams. 
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TABLE 9.6. 


Design diagrams of a 


single element of a frame 






Massless elements 
with one lumped mass 

M m = 0 


Elements 

with distributed mass 
m,EI 


Elements with distributed 
and one lumped mass 

M m.EI 








• 


Functions, 

related 

materials 


Table 4.3 


Krylov-Duncan: Section 4. 1 
Zal’tsberg: Section 9.5 
Smirnov: Table 4.6 
Bolotin: Table 4.7 
Hohenemser-Prager: 

Table 4.9, Section 4.5 


Kiselev: Table 4.8 



Table 9.6. The corresponding special functions are discussed in Chapter 4. We use 
Smirnov’s functions. The unit reactions are 



System A: 


r n = + 4i 2 4 / 2 (X 2 ) 


System B\ 


''ll = 3*it/ri(Aj) + 4i 2 ll/ 2 (X 2 ) 


System C: 


''11 = 3'i l /'i(^i) + 




II 

II 

a-| 21 
J5- 

i? 




12 1 2 f . 




r 22 ~ ~^2~ r 10 (^ 2 ) 



Note the indices with i and X denote the element ( 1 for a horizontal element and 2 for a 
vertical one); the index with t/r denotes the number of functions according to Table 4.4. 
The bending stiffness per unit length is 



Eh 

1 



The frequency parameters X l and X 2 are 



X { — /] 



4 m i co- 



EL 



h — 



EI 2 

~h 




Let the base eigenvalue be 



^■l — h i 



El i 



■ = X, then X 2 = X + 

/, V mi EI 2 



l 2 i\m 2 EIi 



The frequency equation should be written in the form of (9.5). 

Table 9.6 presents different types of design diagram of the elements and the 
corresponding functions that could be applied for dynamic calculation of a structure 
with these elements. 



Three-moment equation (Kiselev, 1980; Filippov, 1970). This method is convenient to 
use for multispan beams with a different stiffness for each span. The three-moment equa- 
tion establishes a relationship between the moments on the three series of beam supports. 
The notation of the spans and supports is presented in Fig. 5.6. The canonical form of the 
equations may be written in the form of (5.7) or (5.8). 

The system of equations ((5.7) or (5.8)) has a non-trivial solution if and only if the 
determinant obtained from the coefficients at the support moments is zero. This condition 
leads to the frequency of vibration. 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



BERNOULLI-EULER MULTISPAN BEAMS 



BERNOULLI-EULER MULTISPAN BEAMS 



281 



0 


i 


2 


3 


A 


X 


X 


A 


|< — 


z >= 4 >l< 


AA 


h=h ,| 



FIGURE 9.5. Design diagram of the uniform three-span symmetric beam. 



Example. Derive the frequency equation of the symmetric vibration of the uniform three- 
span beam shown in Fig. 9.5. Apply the three-moment equation. 

Solution. The equation of the symmetrical vibration is 



A-/ 2 (2, )M 0 + 2 



6El/ n v 6Eh ny 2! 



M 1 + ^/ 2 (/ 2 )M 2 = ° 



Because of symmetry M x = M 2 ; M 0 = 0, so 

EElJ x ^ + 6eT 2 ^ 2 \ 



Mi + 6 tr 2 m 2 )M2 = 0 



Since EI X = EI 2 = El, so 






Ml + — 0 



After reducing by 2/6EI the previous equation becomes 

4/i(Ai) + 6/j(/ 2 ) + 'if 2 (X 2 ) = 0 

The relationship between /j and / 2 is -=■ = j- = 1.5. This leads to 

h h 

4/, (A,) + 6/1(1.510 + 3/ 2 (1.510 = 0 

Consequently, the frequency equation in terms of lj = 1 is (Kiselev, 1980) 

3 cosh X sin / — sinh X sin X 3 cosh 1.51 sin 1.51 — sinh 1.51 sin 1.51 

4 x - x 1- 6 x - x 

2 A sinh a sin a 2 /sinh 1.52 sin 1.52 

sinh 1.51 — sin 1.51 

+ 3 x 3 x — = 0 

/sinh 1.5/ sin 1.5/ 

If the uniform beam has uniform spacing, then a three-moment equation may be presented 
in terms of Krylov-Duncan functions 



+ 2 (T„U„ - S„ V n )M n + V„ +l M n+l = 0 



9.2.2 Non-uniform two-span beams 

Frequency equation for non-uniform two-span beams by using special functions (slope and 
deflection method) are presented in Table 9.7. 
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9.3 THREE-SPAN UNIFORM SYMMETRIC 
BEAMS 



9.3.1 Beam on rigid supports 

A symmetric three-span continuous beam and its half-beam for symmetric and antisym- 
metric vibration are shown in Figs. 9.6(a), 9.6(b), and 9.6(c), respectively. 

The natural frequency of vibration is 



a 2 Iei 

“ = l2\ — 
l 1 V m 



l 2 

where / = /,+—. 

The frequency equation for symmetric vibration in terms of Hohenemser-Prager 
functions is (Anan’ev, 1946) 



C[A( 1 - l*)B(Al*) + A[> 1(1 - l*)]S^l*) = 0 (9.6) 



where the dimensionless parameter I* 



h 

r 



The frequency parameter A for the fundamental mode of vibration is presented in Fig. 
9.7(d). 

The frequency equation for antisymmetric vibration in terms of the Hohenemser- 
Prager functions is 



B[A{ 1 - /*)]5' 1 (A/*) + [A(l - l*)]B(Al*) = 0 (9.7) 



SA 



<a) i: 



2 



m, El 



X 



X 



X 



< l ' > 


< h 






< 


< 

-i — > 


< 


-i — , 



(b) 



\SA 



m, El 



X X 



0-5 In 



(C) 



SA 



1 m, El 2 ' 

X 



k — h >|< _ 0 - ^ - 5 - / - 2 - >| 

l< — J 



FIGURE 9.6. Three-span unifonn beam on rigid supports. SA — axis of symmetry. 
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3.9266 



FIGURE 9.7. Three-span uniform symmetric continuous beam: parameter 2 as a function of /* = l, // for 
fundamental mode of vibration. 



Special cases. Limiting cases for /, =0 and / 2 = 0 transfer the given system into a new 
system (Table 9.8). 



TABLE 9.8. Transformation of two-span beams: limiting cases of the span length and correspond- 
ing frequency parameters 





II 

o 

II 

o 

l/l 


h = o (/ = /,) 


Symmetric 


Clamped-guided 


Pinned-clamped 


vibration 


2 = 2.3650; 5.49878; 9.63938 . . . 
0.25n(4;j - 1) 


2 = 3.9266; 7.06858; 10.2101, . . . 
0.257t(4;i+ 1) 


Antisymmetric 


Clamped-pinned 


Pinned-clamped 


vibration 


2 = 3.9266; 7.06858; 10.2101, . . . 
0.25tt(4« + 1) 


2 = 3.9266; 7.06858; 10.2101, . . . 
0.25ti(4;i+ 1) 



9.3.2 Beam with elastic end supports 

A symmetric three-span continuous beam and its half-beam for symmetric and antisym- 
metric vibrations are shown in Fig. 9.8(a). 

The natural frequency of vibration is 



2 2 Iei 
l 1 V m 
l 2 

where 1=1, -I — . 

2 

The frequency equation for symmetric vibration in terms of Hohenemser-Prager 
functions is (Anan’ev, 1946) 



kP _ 3 C[2( 1 - - ^4 [2(1 - l*)]B(Xl*) 

El ~ C[2(l - l*)\B(ll*) + A[X( 1 - Z*)]^ (2/*) 



where the dimensionless geometry parameter 1* = 



(9.8) 
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The frequency parameter, X, for the fundamental mode of vibration is presented in Fig. 
9.8. 

Special cases. Limiting cases for k = oo and k = 0 transfer the given system into a new 
system (Table 9.9). 



SA 



(a) 

k 



m, El 



: A 

U 1 h 


— X — i 

/X 


< 


-L > 


< 


-L > 



\SA 



SA 



(b) m, El 
h 



/ 



X 



(c) 



m, El 



0 . 5 /, 



/ 



X 

->K 



X 



0.5/2, 




0 20 40 60 80 100 120 140 160 180 k" 



(d) 

FIGURE 9.8. (a) Symmetrical three-span beam with elastic end supports; (b.c) Three-span uniform beam 

on elastic end supports; (d) Parameter 1 as a function of l* = /, // and k* — kP /El for the fundamental mode 
of vibration. 
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TABLE 9.9. Transformation of three-span beams: limiting cases 
of rigidity of elastic supports 





Symmetric vibration 


Antisymmetric vibration 


k = oo 


Pinned-pinned-guided 


Pinned-pinned-pinned 




Fig. 9.2(i) 


Fig. 9.2(a) 


k = 0 


Free-pinned-guided 


Free-pinned-pinned 




Fig. 9.2(f) 


Fig. 9.2(b) 



9.3.3 Beam with clamped supports 

A symmetric three-span continuous beam and its half-beam for symmetric and antisym- 
metric vibration are shown in Figs. 9.9(a), 9.9(b), and 9.9(c), respectively. 

Analytical and numerical results for these cases are presented in Tables 9.3(c) and 9.5. 



9.3.4 Beam with overhangs 

A symmetric one-span beam with overhangs is presented in Fig. 9.10. 

The analytical and numerical results for this case is presented in Chapter 4 and Tables 
9.3(a) and 9.3(b). 
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FIGURE 9.9. Symmetric system and half-system for symmetric and antisymmetric vibration. 
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FIGURE 9.10. Design diagram. 
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Symmetrical vibration. In this case, the design diagram of half-beam is a free- 
pinned-guided beam (Table 9.3(b)). 

Antisymmetric vibration. In this case, the design diagram of the half-beam is a free- 
pinned-pinned beam (Table 9.3(a)). 



9.4 UNIFORM MULTISPAN BEAMS WITH 
EQUAL SPANS 



The natural frequency of vibration of uniform multispan beams with equal spans is 

Aj Iei 

j 2 \ 

/- V m 

The frequency parameters, A, for uniform multispan beams with equal spans and different 
boundary conditions are presented in Table 9.10 (Bolotin, 1978). 

Eigenfunctions for prismatic multispan beams (number of spans, n = 2,3,4) with 
equal spans are shown in Appendix B (Korenev, 1970). These functions satisfy orthogon- 
ality conditions 



= r r ^\ (9.9) 

where !; = x/l; i is number of the spans, and k and r are numbers of the eigenfunctions. 

The frequencies of vibrations of multispan beams with equal spans produce ‘ranges of 
extension’. In each of these zones the number of frequencies is equal to the number of 
spans, and the eigenvalues are closely spaced. 



TABLE 9.10. Multispan uniform beams with equal spans: frequency parameters A 



Type of beam 



A X X XX 




"XX — X 



ti — xx 



Mode 



umoer 

spans 


1 


2 


3 


4 


5 


2 


3.142 


3.927 


6.283 


7.069 


9.425 


3 


3.142 


3.550 


4.304 


6.283 


6.692 


4 


3.142 


3.393 


3.927 


4.461 


6.283 


5 


3.142 


3.299 


3.707 


4.147 


4.555 


10 


3.142 


3.205 


3.299 


3.487 


3.707 


2 


3.927 


4.744 


7.069 


7.855 


10.210 


3 


3.550 


4.304 


4.744 


6.692 


7.446 


4 


3.393 


3.927 


4.461 


4.744 


6.535 


5 


3.299 


3.707 


4.147 


4.555 


4.744 


10 


3.205 


3.299 


3.487 


3.707 


3.927 


2 


3.393 


4.461 


6.535 


7.603 


9.677 


3 


3.267 


3.927 


4.587 


6.409 


7.069 


4 


3.205 


3.644 


4.210 


4.650 


6.347 


5 


3.205 


3.487 


3.927 


4.367 


4.681 


10 


3.142 


3.236 


3.456 


3.582 


3.801 
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9.5 FREQUENCY EQUATIONS IN TERMS OF 
ZAL'TSBERG FUNCTIONS 



The Zal’tsberg functions arise from equations (5.7) or (5.8) and may be presented in the 
form (Filippov, 1970) 



4>j = coth A,- — cot A,-; 

cosh lj cos A,- + 1 
sinh A ; sin A,- 



t/jj = esc A ; — csch A,-; 



Vj = tanh A ; + tan A* 



(T; = 2 



cosh A,- cos A,- — 1 
sinh A; sin A,- 



(9.10) 



where index i denotes the number of a span. 

The natural frequency of vibration for a two-span beam with length of spans l\ and l 2 is 



[in Af Im /, +i 2 

P V m Zj V m ’ 1 /, 



l = h+l 2 



If parameter A[ is a basic one (frequency parameters A ; for all spans are presented in terms 
of frequency parameter A] for first span), then the transfer to the basic parameter is 




9.5.1 Prismatic two-span beams with classic boundary conditions 

Consider a pinned-pinned-pinned uniform beam with different lengths of the span (Fig. 
9.11). 

The frequency equation may be presented in the form 



01 + 02 = 0 

or, in explicit form, as 

coth Aj — cot A] + cothA 2 — cot A 2 = 0 
where the frequency parameter for the z'th span is 

4 2 = a>i?^§ 

Change from parameters Aj and A 2 to parameter A 

coth ccA — cot <xA + coth i/A — cot i/A = 0 

/, 

where a = r\ — 1 — a. 



(9.11) 

(9.11a) 



(9.11b) 



m, El 

X 

1 < / ' > ] < 4 



FIGURE 9.11. Design diagram. 
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L(coth Aj — cotlj) + -^-(cothl 2 — cot2 2 ) = 0 
EI\ EI 2 



Example. Find the eigenvalues of the two-span symmetric beam (/] = / 2 ) with a 
uniformly distributed mass. 

Solution. The frequency equation is 



coth/lj — cot 2] 4- coth2 2 — cot2 2 = 0 or coth2 = cot 2 



The minimal root is 2 = 3.927, which corresponds to symmetric vibration. As this takes 
place, the mode shape of each span coincides with the mode shape for the pinned-clamped 
beam. If, however, the beam vibrates according to the antisymmetric shape (in this case the 
eigenvalues of the system under investigation and the simple-supported beam are equal), 
then the bending moment at the middle support is zero. The frequency parameter values, 2, 
for the first modes of vibration as a function of the intermediate support spacing, /] //, are 
presented in Fig. 9.2(a). 

Consider a pinned-pinned-clamped uniform beam with different lengths of the span 
(Fig. 9.12). 

The frequency equation may be presented in the form (Filippov, 1970) 



Mi) 1 

ff(l 2 ) <£(2 2 ) 



(9.12) 



or, in explicit form as 



sin/,] cosh 2] — sinh2j cos 2] 
sinhlj sin 2j 



+ 2 



1 — cosh 2, cos 2, 



sin 2, cosh 2, — sinh 2, cos 2- 



= 0 



(9.12a) 



The frequency of vibration equals 



2 ? I El 

u = -o\ — 

/f V m 

The first five frequency parameters, 2 ; , as a function of ratio l t // 2 are presented in Table 
9.11. The data presented in Table 9.11 also define the frequencies of the symmetric 
vibrations for a four-span beam that is symmetric with respect to the middle support. 



m, El I 

X X 1 

I /l .1 . h J 

* *1* H FIGURE 9.12. Design diagram. 
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TABLE 9.11. Uniform pinned-pinned-clamped two-span beams with 
different spans: frequency parameters X 



k/h 


i = 1 


( = 2 


i = 3 


i = 4 


i = 5 


0.00 


3.9266 


7.0685 


10.2102 


13.3518 


16.4934 


0.05 


3.8804 


6.9824 


10.0985 


13.2106 


16.3253 


0.10 


3.8392 


6.9920 


10.0122 


13.0850 


16.2094 


0.20 


3.7693 


6.8181 


9.8832 


12.9517 


16.0016 


0.30 


3.7116 


6.7363 


9.7641 


12.6663 


14.4770 


0.40 


3.6627 


6.6892 


9.5168 


11.0086 


13.0935 


0.50 


3.6195 


6.5607 


8.5557 


10.0275 


12.8576 


0.60 


3.5796 


6.3666 


7.4931 


9.8186 


12.1594 


0.70 


3.5404 


5.9246 


6.9584 


9.6259 


10.8154 


0.80 


3.4992 


5.3602 


6.7670 


9.0887 


10.0668 


0.90 


3.4591 


4.8632 


6.6592 


8.2827 


9.8468 


1.00 


3.3932 


4.4633 


6.5454 


7.5916 


9.6865 


1.10 


3.3141 


4.1561 


6.3527 


7.1069 


9.3447 


1.20 


3.2063 


3.9349 


6.0306 


6.8533 


8.7561 


1.30 


3.0707 


3.7868 


5.6579 


6.7265 


8.1666 


1.40 


2.9200 


3.6895 


5.3043 


6.6316 


7.6554 


1.50 


2.7685 


3.6212 


4.9873 


6.5186 


7.2437 


1.60 


2.6234 


3.5673 


4.7077 


6.3407 


6.9594 


1.70 


2.4889 


3.5193 


4.4635 


6.0886 


6.7973 


1.80 


2.3663 


3.4709 


4.2524 


5.8099 


6.6965 


1.90 


2.2522 


3.4173 


4.0735 


5.5387 


6.6074 


2.00 


2.1487 


3.3538 


3.9266 


5.2858 


6.4952 



9.5.2 Prismatic beams with special boundary conditions, El = constant, 
m = constant 

Two-span beams. Table 9.12 contains the design diagrams of uniform beams 
(El = const, m = const.) with specific boundary conditions and corresponding frequency 
equations in terms of Zal’tsberg functions (Filippov, 1970). 

In the limiting cases, the design diagrams are changed. For example, limiting case 
l 2 = 0 transfers diagrams 3 and 6 into the pinned-clamped beam with frequency equation 



tan 2] = tanhl] (see Table 5.3) 

The limiting case l 2 = 0 or l { = 0 transfers diagrams 1 and 4 into the clamped-clamped 
beam with frequency equation 



coshT,! cos 2j = 1 (see Table 5.3). 

The equations presented in Table 9.12 may be used for calculation of three- and four- 
span symmetric beams. 
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TABLE 9.12. Uniform two-span beams with different spans and special boundary conditions: 
frequency equations in terms of Zal’tsberg functions 



Beam type 



1 

I x - 

L h J < I2 J 




L h 1 h J 



Frequency equation 




^2 

<t> 2 



= 0 



X-X = ° 

01 02 



01 "b v 2 — 0 



Beam type 




5 X — T' 



6 




J 



Frequency equation 



01 



1 - v 2 = 0 




Example. Derive the frequency equation of the symmetric vibration for the system 
shown in Fig. 9.13(a). 

Solution. One-half of the system, which corresponds to symmetric vibration, is shown in 
Fig. 9.13(b). 

In our case 2 2 = 1.5Aj (see Section 5.1.2). 

The frequency equation is (Table 9.12, diagram 6) 




In an explicit form, the frequency equation is given by 



cosh 2, cos 2, + 1 





sinh X- z 


sin2 2 (coth2! — 


The frequency equation in terms of 2, is 




tanh 2, + tan2[ — 


cosh 1.52! cos 1.52! 


sinh 1.52 


sin 1.52!(coth2 


1 SA 






(a) m, El \ 




(b) 


i 






1 . 2/i=4 


.l./ 2 =3 





= 0 



= 0 



ISA 



~ r - 

h .1. h 



FIGURE 9.13. (a) Design diagram of the symmetrical system; (b) symmetrical vibration: one-half of the 
system; AS is axis of symmetry. 
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The natural frequency of vibration is 



n 




Multispan beam with n different spans. Figure 9.14 shows the multispan beam with n 
different spans. 

The three-moments equations (5.7) for a continuous beam lead to the frequency 
equation 



~(fa + fa) ^2 0 

'Pi ~(fa + fa) 'Pi 

0 1^3 -(fa + fa) 



(9.13) 



where Hohenemser-Prager functions (see Table 5.2) are 

(J) k = coth/l^ — cot2. k 
i j/ k = cosech/l^ — cosec X k 

The frequency parameter for each element is 

fa = 




0 1 2 7J-1 n 

& — X X X — X X 

k h > l < — J k lnA fa — 

FIGURE 9.14. Multispan beam. 



The index k points to the number of the span and its parameters. 
The natural frequency of vibration is 




9.6 BEAMS WITH LUMPED MASSES 

9.6.1 Two-span uniform beams with equal spans and lumped masses 

Figure 9.15(a) shows the symmetric two-span uniform beam with lumped masses. 
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(a) M M 

dT -0 — X 0 X 




FIGURE 9.15. Design diagram and primary system of the slope-deflection method. 



Antisymmetric vibration. The principal system of the slope and deflection method is 
presented in Fig. 9.15(b). 

The principal unknown is the angle of rotation Z { . The canonical equation is r n Z[ = 0. 
The reaction r n due to unit rotation of the support 1 equals (Table 4.8, case 5) 

r, , = 2 ^ j r 2 - F 2 + [ TJV b + T b TV a — T a T b V — W a V b ] [ (9. 14) 



where T and V are Krylov functions at x = /; T a and V a at x = a; T h and V b at x = b. 
The frequency equation is 



T 2 — V 2 + nl[T a TV„ + T b TV a - TJ h V - W a V b ] = 0 



(9.15) 



2 sinh 2 sin 2 + n2(sin X sinh ^2 sinh^ 2 A — sinh2 sin ^2 sin = 0 (9.15a) 

co 2 M M a b 

where 3 = «2, n — — , C; = - , C 2 = 7 = 1 — Ci (see section 5.2). 

K HjI 171 L l / 

If a = b = 0.5/, then the frequency equation becomes 



( 2 a b 2\ 

sin 2 sinh - - — sinh 2 sin - 1 = 0 , 



/ 2 V m 



The fundamental parameters, 2, as a function of mass ratio, n, are given in Table 9.13. 
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TABLE 9.13. Uniform symmetric two-span beam with two symmetrically located equal lumped 
masses: Fundamental frequency parameters X 

n 0.0 0.25 0.50 1.0 2.0 5.0 10.0 20.0 50.0 100 500 1000 

X 3.142 2.838 2.639 2.383 2.096 1.720 1.463 1.273 0.987 0.831 0.557 0.468 



9.6.2 Uniform beams with equal spans and different lumped masses 

Adjustment mass method. A multispan beam with arbitrary boundary conditions, equal 
spans and different lumped masses is shown in Fig. 9.16; the boundary conditions are not 
shown. 

The natural frequency of vibration may be calculated by the formula 



to r 




The frequency parameter, X r , for the rth mode of vibration of the beams with different 
boundary conditions and without lumped masses is given in Table 9.10. 

The adjustment uniform mass, m r , corresponding to the r-mode of vibration is 

m r = m + \ ± Xfe k )M k , 4 = X ± (9.1 6) 

1 k= 1 1 

Eigenfunctions 4 = -j, for multispan beams with different boundary conditions 

are presented in Appendix B (Korenev, 1970). 



Example. Calculate the fundamental frequency of vibration for a pinned-pinned- 
clamped beam with two lumped masses M l and M 2 as shown in Fig. 9.17. 




FIGURE 9.16. Multispan beam with different boundary conditions and lumped masses. 



A 



M\ = ml 

Q rn, El 



X 



M 2 = 1.4 ml 

O 1 



0.4/ 






0.5 1 


' * 
< 


/ 


> 


< 



FIGURE 9.17. Multispan beam with distributed and lumped masses. 
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Solution. Parameter 2 for a pinned-pinned-clamped beam equals 3.393 (Table 9.10). 
The ordinates of the first eigenfunction at point x = 0.4/ in the first span and at 
x = 0.5/ in the second span are 1.276 and 0.5435, respectively. So the uniform adjustment 
mass 



m, = m + - (1.276 2 + 0.5435 2 x 1.4 )ml — m 4- 1.9236m = 2.9236 m 

The natural fundamental frequency of vibration is 

_ 3.393 2 j Yl 
" J ~ l 2 V 2.9236 m 

The adjustment mass method for one-span beams is presented in Chapter 7. 



9. 7 SLOPE AND DEFLECTION METHOD 



This method is convenient to use for frequency analysis of beams and frames with different 
stiffness, length and mass density of elements. 

Example. Derive the frequency equation for a three-span beam with different span 
length, stiffness and mass density. The system is presented in Fig. 9.18(a). 

Solution. This beam contains two rigid joints, 1 and 2; consequently, the number of inde- 
pendent joint deflections is equal to two. In order to obtain the principal system of the 
slope and deflection method, the additional constraints introduced must prevent the rota- 
tion of all the rigid joints. The conjugate redundant system is presented in Fig. 9.18(b). 
The canonical equations of the slope and deflection method are 

r i\Z\ + r n Z 2 + R\ p = 0 

r 2 \Z\ + tr 22 Z 2 + R 2p = 0 

where R lp and R 2p are the reactive moments developed by the additional constraints 1 and 
2 under the action of loads P; in the case of free vibration R lp = R 2p = 0. The unit 
coefficients r n and r 2 x are the reactive moments developed by the additional constraints 1 
and 2 (first index) due to the rotation of the fixed joint 1 (second index) through an angle 
equal to unity. Unit coefficients r l2 and r 22 are the reactive moments developed by the 
additional constraints 1 and 2 due to the rotation of the fixed joint 2 through an angle equal 
to unity. The elastic curves due to the rotation of the fixed joints are shown as dashed lines, 
and the corresponding bending moment diagrams are shown as solid lines. The reactive 
moments at the ends of the each element may be calculated by using Smirnov functions 
(Chapter 4). 

Consider Fig. 9.18(c), unit reactions are 

'1 2 l 2 

The indices of t/r (i j) x and t/r 2 ) denote the function number, i.e. a special type of function 
(Table 4.4), while the indices of 2 (2j and 2 2 ) denote the number of the span. 
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(a) 



(b) 



(c) 



(d) 



,0 Eh | £72= 1-6 £7, ? £/ 3 = 1.8££ 



I z 1 7 J • 3 

-X- m 2 = 1.4 mi -A- m3 =1.5 mi-X- 






_/] > | < h~ \2l± X 73 — 2 /i 



■ 6 ci ^ 

h=Ehlh X EI 2 /l 2 =\.333iY_EI 3 /l 3 =0.9iU m 




FIGURE 9.18. Continuous three-span clamped-pinned non-uniform beam, (a) Design diagram of multi- 
span beam; (b) conjugate reduntant system; (c) bending moment diagram due to Z l = 1; (d) bending 
moment diagram due to Z 2 = 1. 

Consider Fig. 9.18(d), unit reactions are 

4 EI 2 , 3£7 3 

r 22 — ~ ; — ^2(^2) 4 — ; — Vi(h)' r u — r 2\ 

l 2 ‘3 

The frequency parameters are 



— /, 



4/77z,ftr 



EL 



2-1 — li 



4 m 2 CO 



Eh 



Ai — li 



4/m 3 ar 



EL 



Let the base eigenvalue be 2, = /, — = 2, then 



l 2 4 \m 2 EI t 



2, = 2^ 7— =7= 1.09762; 2, =2^ /— TTL — 1.912 



h V ei 2 



h 4/ tit 3 El | 



/, V m, ££3 



The frequency equation is r n r 22 — r\ 2 = 0, where unit reactions in terms of the frequency 
parameter, 2, are 



r n = 4/i/r 2 (2) + 4 x 1 .333 i«A 2 (1 .09762) 

r 21 = 2 x 1.333it/r 3 (l. 09762); r n = r 2l 

r 22 = 4 x 1.333it/t 2 (1.09 7 62) + 3 x 0.971^,(1.912) 
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Smirnov’s functions, \p, which are required for calculation of the frequency of vibration are 

A 2 sinh A sin X 

1 3 cosh X sin X — sinh X cos X 
X cosh X sin X — sinh X cos X 

2 ^ 4 1 — cosh A cos X 

, ... X sinh A — sinA 

hW = AT 7 

2 1 — cosh a cos A 
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CHAPTER 10 



PRISMATIC BEAMS UNDER 
COMPRESSIVE AND TENSILE 
AXIAL LOADS 



This chapter focuses on prismatic Bernoulli-Euler beams under compressive and tensile 
loading. Analytic results for frequency equations and mode shape functions for beams with 
classical boundary conditions are presented. Galef's formula is discussed in detail. Upper 
and lower values for the frequency of vibrations are evaluated. 

NOTATION 



A 

E, v 
El 
G 
i 


Cross-sectional area of the beam 

Modulus of elasticity and Poisson ratio of the beam material 
Bending stiffness 
Gauge factor 

Bending stiffness per unit length, i = El /l 


I 


Moment of inertia of a cross-sectional area of the beam 


k 


Frequency parameter, k A = 


i 

M, N 
t 
T 
Te 

T’mi 


Length of the beam 

Dimensionless frequency parameters 

Time 

Axial load 

First Euler critical load 

Critical buckling load corresponding to mode i. 


U, U mi 


Tl 2 T mi l 2 

Dimensionless parameter, U = , (/,„,• = 

f 2 £7’ m 2 EJ 


X 

x,y, z 
X(x) 
y(x, t), w 
p, m 


Spatial coordinate 
Cartesian coordinates 
Mode shape 

Lateral displacement of the beam 

Density of material and mass per unit length of beam, m = pA 
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X Frequency parameter, X 2 = k 2 l 2 

o) Circular natural frequency of the transverse vibration of a compressed beam 

(relative natural frequency) 

co 0i Circular natural frequency of transverse vibration of a beam with no axial 

force in the ith mode of vibration 

Q Dimensionless natural frequency parameter of a compressed beam (relative 

natural frequency); D = col 2 /a, a 2 = El / pA 

D* = fl/Q 0i Normalized natural frequency parameter 

£f 0 , Dimensionless natural frequency parameter of a beam with no axial force in 

the r'th mode of vibration; £f 0 , = co 0 i l 2 /ot. 



10. 1 BEAMS UNDER COMPRESSIVE LOAD 



10.1.1 Principal equations 

The notation for a beam without axial load and under compressive constant axial load T is 

presented in Figs. 10.1(a) and (b), respectively; boundary conditions of the beam are not 

shown. Parameter a 2 = El / pA. 

Notation 

• co 0j and Q 0 , = co 0j l 2 /a are the circular natural frequency and dimensionless 
natural frequency parameters of the beam with no axial force in the zth mode of 
vibration; 

• co and Q = col 2 /a are the circular natural frequency and dimensionless natural 
frequency parameters of the compressed beam (relative natural frequency); 

• Q* = Q/Q 0/ is the normalized natural frequency parameter. 

Differential equation of vibration 



d*y tfv d 2 y 

EI ^ +T 3S- + pA 3? = ° 



( 10 . 1 ) 



Solution 

y(x, t) = X(x) cos cot 



■> 1 

T cooi; ^oi=co 0 i /2/ot ? 

i i 




b) 

7Vi 


! 


co; D=co l 2 /a 


f 


i i ~ ^ i 

f ( / j 


< 


l 


H > A 

-J 



FIGURE 10 . 1 . Notation of a beam (a) Beam without axial load; (b) Beam under axial compressed 
load. 
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Differential equation for modal displacement 



dTX d 2 X 

EI ^ +T <^- pA(OX = ° 



( 10 . 2 ) 



Modal displacement. Form 1 

X(x) = X(l£) = Cj sinhMc + C 2 coshM£ + C 3 sin7V£ + C 4 cos N£ (10.3) 

where £ = x/l is a dimensionless beam coordinate; 

Cfi = 1, 2, 3, 4) are constants to be determined from the boundary conditions; 
M and N are parameters, which may be written as 



M = /• 



N = I ■ 












(10.3a) 



U = Tl 2 /2EI is a dimensionless compression parameter (the relative axial force); 
Q = col 2 /a, a 2 = El /m is a dimensionless natural frequency of vibration. 

Form 2 (Initial parameter form) (Nowacki, 1963) 



X(£) = X(0 )[H(£) + oc 2 F(i)\ + x'(0 )[G(£) + x 2 E{£)\ + X"(0 )F(£) + X"\0 )E(£) (10.4) 

where X(0),X'(0),X"(0) andX"'(0) are lateral displacement, slope, bending moment, and 
shear force at x = 0 



E(£) = — f — sinliM<^ - - sin X; ) 

v N 2 +M 2 \M N 7 

HO = Nl ! at ( coshM c - cos N 0 

N + M ~ (10.4a) 

G(£) = n 2 I m2 (M sinh M£ + N sin NQ 

H(£) = cosh M£ + N 2 cos N£) 

Galef ’s formula is a useful relationship between the frequency of vibration and the critical 
load of the compressed beam. The existence of this relationship is obviously because the 
frequency of vibration and the critical load are eigenvalues of the deformable system. 

For bending vibration, it is worthwhile to cite Amba-Rao (1967) and Bokaian (1988) for 
Galef’s formula: 



The fundamental natural frequency of a compressed beam /natural frequency of 
uncompressed beam = (\ — compressive load /Eider buckling load) 0 5 . 



n* 

Q* 



s/l - U* 
Q co 

^0 1 w 0i 



i — I and U* 



T 

Te 



(10.5) 
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where T E is the Euler critical buckling load in the first mode and U* is the normalized 
compression force parameter. 

1. Galef’s formula for the fundamental mode of vibration is 

(a) exact for pinned-pinned, sliding-pinned and sliding-sliding beams; 

(b) approximate for sliding-free, clamped-free, clamped-pinned, clamped-clamped 
and clamped-sliding beams; 

(c) not valid for pinned-ffee and free-free beams. 

2. Galef’s formula is valid for the third and higher modes of vibrations for all types of 
boundary conditions. 



Example. Find the fundamental frequency of vibration of the pinned-pinned uniform 
beam under compressive load, if T/T a = 0.2 (Fig. 10.2). 



Solution. According to Galef’s formula 



a* = Vi - u* n* 



Q co 
^Oi w 0i 



U* 



T 

Y 

± e 



so the fundamental frequency of vibration of a compressed beam equals 




3.14159 2 

_ P~' 



,/^Vl - 0.2 



2.971 13 2 lEI 
I 2 V m 



T E,I,p,m,l T 

X 4- 



FIGURE 10.2. Pinned-pinned uniform beam under compressive axial load. 



10.1.2 Frequency equations 



Table 1 0. 1 . contains the frequency equation for compressed beams with classical boundary 
conditions (Bokaian, 1988). Parameters M and N are presented in Section 10.1.1. The 
relative natural frequency parameter and the frequency of vibration are 




a 



2 [ei 

ffl ' _ 7 2 "y^4 



Table 10.2 predicts eigenvalues for axial compressed beams. They include the critical load 
and frequency of vibration for beams with different boundary conditions. 

The critical buckling load parameter corresponding to the ;th mode is U mi = T mi l 2 /2EI. 



10.1.3 Modal displacement and mode shape coefficients 

The modal displacement may be written in the form 

X(x) =X(l^) = C| sinhM<^ + C 2 coshMc + C 3 sin Nt; + C 4 cos N£, (10.6) 

The mode shape coefficients C„ (n= 1, 2, 3, 4) for a beam with different boundary 
conditions are presented in Table 10.3 (Bokaian, 1988). Parameters M and N are listed in 
Section 10.1.1, fonnulae (10.3a). 
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TABLE 10.1. Uniform one-span beams with different boundary conditions under compressive axial load: 
frequency equations 

Boundary condition 



Beam type 


Left end (x = 0) 


Right end ( x = l) 


Frequency equation 


Free-free 


X"(0) = 0 


X"(l) = 0 


£2 3 [1 — coshMcos W] + 


T T 


X'"(0) + 


X’"(l) + 


(4 C/ 3 + 3UQ 2 ) sinhMsinAt = 0 




(T/EDX'(0) = 0 


(T/EI)X’(I) = 0 




Sliding-free 


JT(0) = 0 


X"(/) = 0 


M 3 cosh M sin N + JV 3 cos N sinh M = 0 


T T 


X"'(0) = 0 


X’"(I) + ( T/EI)X'(D = 0 


or M 3 tan N + N 3 tanh M = 0 


Clamped-ffee 


X(0) = 0 


X"(l) = 0 


Q 2 — Q.U sinhM sin A^+ 


T T 


X'(0) = 0 


X’"(l) + ( T/EI)X’(D = 0 


(2 U 2 + Q 2 ) coshMcos N = 0 


| 








Pinned-ffee 


X(0) = 0 


X "'(/) = 0 


N 3 cosh M sin N — M 3 sinh M cos N = 0 


T T 

" 


X"(0) = 0 


X’"(l) + (T/EI)X'(l) = 0 


or N 3 tanfV — M 3 tanhM = 0 


Pinned-pinned 


X(0) = 0 


X(l) = 0 


sinAl = 0 


T T 

“*■<£ X"* - 


X"(0 ) = 0 


X"(l) = 0 




Clamped-pinned 


X(0) = 0 


X '(/) = 0 


McoshMsinAl — N sinhM cos N = 0 


T , T 

x** - 


X'(0) = 0 


x"(i) = o 


or Mtan N — N tanh M = 0 


Clamped-clamped 


X(0) = 0 


x(D = o 


Q — U sinhM sin Af — Q coshMcos = 0 


T T 

V | 1 J 


X'(Q) = 0 


X’(l) = 0 




* 1 1 * 








Clamped-sliding 


X(0) = 0 


x’(D = o 


AlcoshMsinAt + MsinhMcos N = 0 


T |n| T 


X'(0) = 0 


X"'(l) = 0 


or N tan JV + MtanhM = 0 


Sliding-pinned 


X'(0) = 0 


X(l) = 0 


cos N = 0 


T T 


X'"(0) = 0 


X"(l) = 0 




“ MDI 








Sliding-sliding 


X'(0) = 0 


X'(l) = 0 


sinAt = 0 


T T 

—►ID! HP*- 


X"'(0) = 0 


X'"(l) = 0 





Special case: If compressed load T = 0, then U = V = 0 and M = N = /. 



Example. Find the frequencies of vibration for the simply-supported compressed beam 
shown in Fig. 10.2. 

Solution. The frequency equation is sin TV = 0, so N = in, i = 1, 2, or 




= in 
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TABLE 10.2. Uniform one-span beams with different boundary conditions under compressive axial 
load: frequency parameter and critical buckling load 



Beam type 


Critical buckling 
load parameter 
u m i 


Euler critical 
buckling load 
Te 


Parameter 

^0/ 


Galef formula 
for first mode 


Free-free 
T T 


iV/2 


tPei/P 


(2 i+ l) 2 7t 2 /4+ 


Not valid 


Sliding-free 
T T 


(2 i- l) 2 7t 2 /8 


iz 2 EI /4/ 2 


(4i — 1 ) 2 7T 2 /16 t 


Approximate 


Clamped-free 
T | T 


(2 i- l) 2 7t 2 /8 


ti 2 EI/41 2 


(2 i - 1) 2 ti 2 /4 


Approximate 


Pinned-free 
T T 

“X& * 


iV/2 


n 2 EI/l 1 


(4/ + l) 2 7r 2 / 1 6^ 


Not valid 


Pinned-pinned 
T T 

X"* - 


iV/2 


n 2 EI/l 1 


•2 2 
171 


Q* = Vl - U • 


Clamped-pinned 
T T 

—.1 


(2 i+ l) 2 7t 2 /8 


2.05ji 2 £7// 2 


(4i+ l) 2 7r 2 /16 


Approximate 


Clamped-clamped 
T T 

-1 1 K- 


(i+ 1) 2 ji 2 /2 


AttEI/I 2 


(2/ + l) 2 7r 2 /4 


Approximate 


Clamped-sliding 

T , T 

-► | mi-*- 


Z 2 7T 2 / 2 


n 2 EI/l 2 


(4 i- l) 2 7r 2 /16 


Approximate 


Sliding-pinned 
T T 

— ar 


(2 i- l) 2 7t 2 /8 


n 2 EI/4l 2 


(2 i - 1) 2 ti 2 /4 


Q* = Vl - U * 


Sliding-sliding 

T T 

— ►idi mi-*- 


iV/2 


n 2 EI/l 2 


i 2 7T 2 + 


Q* = Vl - U* 



^ The asymptotic formulas are also presented in Table 5.1. The numerical results concerning variation of Q with U 
for beams with classical boundary conditions are presented by Bokaian (1988). 



Because U = 



Tl 2 

2EI 



and Q = col 2 




the expression for N leads to the exact expression for 



the frequency of the system 



1 - 



EIi 2 n 2 
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TABLE 10.3. Uniform one-span beams with different boundary conditions under compressive axial 
loads: mode shape coefficients 



Beam type 


Ci 


C 2 


c 3 


c 4 


Free-free 
T T 


i 


N 3 (— coshM + cos N) 
N 3 sinhM + M 3 sin A 3 


At 

M 


M 2 N( cos N — coshM) 
At 3 sinhM +M 3 sin At 


Sliding-free 

T T 

-►lot 


0 


1 


0 


N sinhM 
M sin At 


Clamped-ffee 


1 


M 2 sinhM + MN sin At 


M 


M 2 sinhM + MN sin At 


+ 1 




M 2 coshM + N 2 cos N 


N 


M 2 coshM + At 2 cos N 


Pinned-ffee 


1 


0 


M 2 sinhM 


0 


T T 

" 






N 2 sin At 




Pinned-pinned 
T T 

X"* - 


0 


0 


1 


0 


Clamped-pinned 
T . T 

— 1 


1 


— tanhM 


M 
_ At 


M 

— tan At 
N 


Clamped-clamped 


1 


M sinAf — N sinhM 


M 


M sinA r — N sinhM 


T T 

-1 w- 




A/fcoshM — cos N) 


N 


At(coshM — cos N) 


Clamped-sliding 


1 


M(coshM — cos N ) 


M 


M(coshM — cos At) 


T T 




M sinhM + At sin At 


N 


M sinhM + TV sin At 


Sliding-pinned 
T T 

— ar- 


0 


0 


0 


1 


Sliding-sliding 

T T 

-►ioi mi-*— 


0 


0 


0 


1 



Let i = 1 (fundamental mode) and T/T E = 0.3. In this case, the frequency of vibration is 



co = co 0 V 1 — 0.3 = O.8366co 0 




Calculate the following parameters 



77 2 _ 0.3T e 1 2 _ 0.3 x k 2 EI l 2 
2EI~ 2 El P 2EI 



1.4804 



Q = col 2 — = 0.8336 co 0 l 2 — = 8.2569 



I El 



El 



Ju + y/lJ 2 + Q 2 = 7 1.4804 + V'l.4804 2 + 8.2569 2 



3.1415 
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The modal displacement is 



X(x) = sin[([/Wt/ 2 + n 2 ) 1/2 g = sin3.1415y 

Example. Find the frequencies of vibration for a clamped-pinned compressed beam, if 
T/T f = 0.3. 



Solution. The frequency equation is 



McoshMsinAf — N sinhMcos N = 0 
n 2 EI 

The first Euler critical force, T F = so parameter 

(0.7 if 

T! 2 p. 

U = — = 0.377 — = 3.0201 
2 El E 2EI 



and the frequency equation becomes 



V— 3.0201 + V3.0201 2 + Q 2 ( l 7= 

v ^tanl V3.0201 + V3. 

/3.0201 W3.0201 2 + fi 2 ' 

— tanh (f- 3.0201 + V3.0201 2 +n 2 j = 0 



201 2 + Q 2 



The root of this equation is Q = oj/ 2 y — = 12.954, so the fundamental frequency of 
vibration of a compressed clamped-pinned beam equals 



„ , 3.9266 1 

If T = 0, then to = — 

Parameters 

M = yj- 3.0201 + V3.0201 2 = 3.2064 

N = yj 3.0201 + \/3.0201 2 + £2^ = 4.0399 
The mode shape coefficients are 

Cj = 1, C 2 = — tanh M = -0.9967 

M M 

C 3 = -—= -0.7937, C 4 = — tan TV = 0.9968 
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The modal displacement and slope are 

X(x) = X(Iq) = sinh 3.2064? - 0.9967 cosh 3.2064^ - 0.7937 sin 4.0399f 
+ 0.9968 cos 4.0399£ 

X'(li) = 3.2064 cosh 3. 2064£ - 3.1958 sinh3.2064£ - 3.2065 cos 4.0399£ 
-4.0273 sin 4.0399^ 



10.2 SIMPLY SUPPORTED BEAM WITH 
CONSTRAINTS AT AN INTERMEDIATE POINT 



The design diagram of the compressed simply supported uniform beam with translational 
and rotational spring supports at an intermediate point, is presented in Fig. 10.3. 

The differential equation for eigenfunctions in the r'th mode is 

Xj v + k 2 X" - )*X { = 0, i = 1,2 (10.7) 



where 



r/ 2 

k 2 = — = 2 U, 
El 



Boundary and compatibility conditions are 



a = 0 Xj = X'{ = 0 

x = l — c Xt = X 2 ; x; = X£, kfX \ + X{' = X%, X{" - k%X x = X '{' (10.8) 

x — l X 2 = X'{ = 0 



where the dimensionless parameters of rotational and translational spring supports are, 
respectively 



kf = 



EI ’ 



« = ■ 



EI 



The fundamental natural frequencies parameter a for a simply-supported beam with 
axial compressive force and various restraint parameters and their spacing are presented in 
Table 10.4 (Liu and Chen, 1989). The normalized compression force parameter and the 





E,I,p, m 


J ^rot 






^ K < 


X' 




' 


< C > 






t l 







FIGURE 10.3. Compressed beam with elasic restrictions at any point. 
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0 0.1 0.2 0.3 0.4 n 0 0.1 0.2 0.3 0.4 

FIGURE 1 0.4. Buckling coefficient B for a simply-supported compressed beam with elastic restrictions at 
any point for various parameters kf= k^l/EI, k* = k^P /El and spacing ratio u = c/l. 



Euler critical buckling load in the first mode for a pinned-pinned beam without elastic 
constraints are 



T irBEI 

“ = jr, T cr = -p- 
1 cr 1 

The buckling coefficients B for a pinned-pinned beam with various values of £*, k*, and 
spacing ratio c/l are presented in Fig. 10.4. 



10.3 BEAMS ON ELASTIC SUPPORTS AT 
THE ENDS 



A uniform one-span beam with ends elastically restrained against translation and rotation 
and initially loaded with an axial constant compressive force T is presented in Fig. 10.5. 



Differential equation of vibration 



3*y <fy Spy 



(10.9) 
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Votl 



*rot 2 



*trl 



E,I,p,m 

l 



Mr2 



y 

FIGURE 10.5. Compressed beam with elasic restrictions at both ends. 



> X 



Boundary Conditions 



at x = 0: K rn 



at x = /: K rr 



9y(0, 0 r /y( o, 0 r 3 5 #, t) 



- = El- 



EI- 



dx dx 2 3x 3 

dy(l, t) rT &y(l t) r /v(/, t) 



= -Kt rl .v(0, 0 - T 



9 v(0. 0 

dx 



dx 



= —EI- 



dx 1 



EI- 



dx 3 



= -A^y(Z, 0 - T 



dy(U) 

dx 



(10.10) 



Solution 

y(x , f) = X(x) cos cot 

The differential equation for modal displacement is 



d 4 X £X 



EI ^ +T ^- pAmX = 0 



Modal displacement 



X(x) = X(l£) = Cj sinhM<^ + C 2 coshM£ + C 3 sinfVi!; + C 4 cos N £ 



M 



N 




= iJ-u + Vu 2 + n 2 
yju + 



( 10 . 11 ) 



where [/ = Tl 1 /2EI is the dimensionless compression parameter and fl = col 2 /ct is the 
dimensionless natural frequency parameter of the compressed beam, or 2 = El / p A. 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



PRISMATIC BEAMS UNDER COMPRESSIVE AND TENSILE AXIAL LOADS 



PRISMATIC BEAMS UNDER COMPRESSIVE AND TENSILE AXIAL LOADS 311 



The frequency equation may be written as follows (Maurizi and Belles, 1991) 

T l T 2 R l R 2 [(cos TV coshM - 1)[2M 5 TV 5 + 4 [/(M 3 TV 5 - M 5 TV 3 ) - 8[/ 2 M 3 TV 3 ] 

+ sin TV sinhM[(M 4 TV 6 - MV) - 8C/M 4 TV 4 + 4 U 2 (M 4 N 2 - M 2 TV 4 )]} 

+ (RJJ 2 + R 2 T t r 2 ){sin TV coshM[(M 5 TV 4 + M 3 N 6 ) - 2 U(M S N 2 + M 3 TV 4 )] 
+ cos TV sinh M[(M 4 TV 5 + M 6 TV 3 ) + 2U{M 2 N 5 + M 4 TV 3 )]} 

+ TJ \ sinTV sinhM(M 6 TV 2 + M 2 N 6 + 2 M 4 TV 4 ) 

+ + T?,T? 2 :T 2 )(sinTVcoshM[(M 5 TV 2 + M 3 TV 4 ) + 2U(M 3 N 2 + MTV 4 )] 

- cos TV sinhM[(M 2 TV 5 + M 4 TV 3 ) + 2[/(M 2 TV 3 + M 4 TV)]} 

- (T?! T 2 4- if 2 rj) cos TV coshM[(M 5 TV + MTV 5 ) + 8M 3 TV 3 ] 

- {Ri r, 4- T? 2 J 2 )[(MTV 5 + M 5 TV) + 2M 3 TV 3 cos TV coshM 
+ 2 [/(MTV 3 - M 3 TV)(cos TV coshM - 1) 

- (M 4 AT 2 - M 2 TV 4 + 4U 2 M 2 N) sin TV sinh M] 

- + T 2 )[(M 3 TV 2 + MTV 4 ) sin TV coshM + (M 2 TV 3 + M 4 TV) cos TV sinhM] 

- RyR 2 (M A + TV 4 + 2M 2 TV 2 ) sinTV sinhM - (M 2 - TV 2 ) sin TV sinhM 

- (T?! + T? 2 )[(M 3 + MTV 2 ) sinTV coshM — (TV 3 + M 2 TV) cos TV sinhM] 

+ 2M 3 TV 3 (cos TV coshM - 1) = 0 

where the dimensionless stiffness parameters are 



Ri = 



EI 

K^V 






EI 

KnP’ 



R 2 



EI 



T 2 = 



EI 



K n P 



To reduce the system presented in Fig. 10.5 to the system with classical boundary 
conditions, the stiffness coefficients in the above frequency equation must be changed 
accordingly, data presented in Table 10.5. 



TABLE 10.5. Special cases: compressed uniform beam with elastic 
restrictions at both ends: stiffness parameters for limiting cases 

Beam type R x T x R 2 T 2 



Free-free R x -» oo 

Sliding-free R x = 0 

Clamped-ffee R x = 0 

Pinned-ffee R x -> oo 

Pinned-pinned R x —> oo 

Clamped-pinned R { = 0 

Clamped-clamped R x = 0 

Clamped-sliding R x = 0 

Sliding-pinned R x = 0 

Sliding-sliding R x = 0 



Ti 


— > 00 


«2 


— ► OO 


T 2 


— ► OO 


Ti 


-* oo 


r 2 


— ► OO 


t 2 


— >■ oo 


Tx 


= 0 


r 2 


— ► OO 


t 2 


— >■ oo 


Tx 


= 0 


R 2 


— ► OO 


t 2 


— > oo 


Tx 


= 0 


r 2 


— ► OO 


t 2 


= 0 


Tx 


= 0 


r 2 


— ► OO 


t 2 


= 0 


Tx 


= 0 


«2 


= 0 


t 2 


= 0 


Tx 


= 0 


«2 


= 0 


t 2 


— > oo 



T x — >■ oo R 2 — > oo T 2 = 0 

T x — ► oo R 2 — ► oo T 2 -> oo 
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10.4 BEAMS UNDER TENSILE AXIAL LOAD 



10.4.1 Principal equations 

The notation for a beam without axial load and under tensile constant axial load T is 
presented in Figs. 10.6(a) and (b), respectively; the boundary conditions of the beams are 
not shown. 

Parameter a 2 = El / p A. 

Notation 

• c% and Q 0/ = co 0i l 2 /a are the circular natural frequency and the dimensionless 
natural frequency parameters of a beam with no axial force in the ith mode of 
vibration; 

• oj and Q = col 2 / a are the circular natural frequency and the dimensionless 
natural frequency parameter of a compressed beam (relative natural frequency); 

• O 1 = Q/Q 0 , is the normalized natural frequency parameter. 



The differential equation of vibration 



d*y tfv d 2 y 

EI J- T d +pA W = ° 



(10.12) 



Solution 



y(x, t) = X(x) cos cot 

The differential equation for modal displacement is 

El ^4 - T ^4 - pAw 2 X(x) = 0 (10.13) 

dv 4 ox 1 



Modal displacement 

X(x) = X(!£) = C, sinh M'c, + C 2 cosh Me + C’ 3 sin ,V£ + C 4 cos N£, </ = *- (10.14) 



a) 



b) 



f cooi; £2oi=co oi Tl a T 



L 



-I_L 



to; £ 2=08 r la 



FIGURE 10.6. Notation of a beam, (a) Beam without axial load; (b) Beam under axial tensile load. 
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As opposed to compressed beams (Section 10.1.1) the parameters M and N are 




The modal shape coefficients C k , k = 1, 2, 3, 4 are presented in Table 10.7. 



(10.14a) 



10.4.2 Relationship of the normalized natural frequency parameter, il*, 
with the normalized tension parameter, U* 



The Rayleigh quotient is 



co 



2 



where parameters and fl 2 are 



i 

\EIX" 2 dr 
o 

i 

\mX 2 dx 
o 




(10.15) 



i i 

ft = T\X' 2 dr fi 2 = jEIX " 2 , dr 
0 0 

so the normalized natural frequency parameter Q* may be presented in the form 



n* = yi + y u* (io.i6) 

This relationship (£2* — U*) is exact if the exact X(x) is employed and is only true if the 
vibrating mode shape is identical with the buckling mode shape. So, for pinned-pinned, 
sliding-pinned and sliding-sliding beams, the coefficient y = 1 . The values of coefficient y 
for a beam with different boundary conditions are presented in Table 10.9. 

For third and higher modes of vibration, the expression £2* = Vl + U* is valid for any 
boundary conditions of one-span beams. The exact frequency equations for a beam with 
different boundary conditions are presented in Table 10.6. 



Frequency equations. The dimensionless parameters M and N for tensile beams are 
(Bokaian, 1990) 



M = (U + s/u 1 +£2 2 ) 1/2 , N = (— [/ + s/u 2 + fl 2 ) 1/2 

The Table 10.6 contains the frequency equation for uniform one-span beams with different 
boundary conditions under tensile axial load. 

Example. Find the fundamental frequency of vibration of the pinned-pinned uniform 
beam under tensile load (Fig. 10.7) 



T 

<- 



y 

X 



E.I.p,?n,l 




x 



FIGURE 10.7. Pinned-pinned uniform beam under tensile axial load. 
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TABLE 10.6. Uniform one-span beams with different boundary conditions under tensile axial load: 
frequency equation 





Boundary condition 




Beam type 


Left end (x = 0) 


Right end (x = /) 


Frequency equation 


Free-free 








T T 


X"(0) = 0 


X"(l) = 0 


0 3 [1 — coshMcos N] 


% * 


X"' + ( T/EDX ' = 


0 X’" + (T/EDX' = 0 


— (4 f/ 3 + 3C/£J 2 )sinhMsinA r = 0 


Sliding-free 
T T 


X'(0) = 0 


X"(l) = 0 


M 3 coshM sin N + N 3 cos N sinhM = 0 




X'"(0) = 0 


A"" - (T/EDX' = 0 


or (M 3 tan/V + N 3 tanh M = 0) 


Clamped-free 
\ 1 


ATO) = 0 


X"(l) = 0 


£1 2 + CIU sinlrMsinAT 
0 + (2U 2 + Q 2 )coshMcos N = 0 




X'(0) = 0 


X"\ 1) - ( T/EDX' (I ) = 


Pinned-free 








T T 


X(0) = 0 


X"(l) = 0 


N 3 coshM sin At — M 3 sinhM cos N = 0 
0 or (TV 3 tanW — M 3 tanhM = 0) 


' A 


X"(0) = 0 


II 

1 


Pinned-pinned 
T T 


ATO) = 0 


AT/) = 0 


sin/V = 0 


— X - *- 


A"T0) = 0 


x"(i) = o 




Clamped-pinned 
T T 


ATO) = 0 


m = o 


M coshM sin/V — N sinhM cos N = 0 


■*-£ — X - *" 


Af'(0) = 0 


X"(l) = 0 


or (M tan/V — N tanhM = 0) 


Clamped-clamped 








T T 

i mi I L 


Af(0) = 0 


m = o 


Q + U sinhM sin Af — Q coshM cos N = 0 


* 1 II * 


A"(0) = 0 


X'(l) = 0 




Clamped-sliding 
T . ,J 


ATO) = 0 


X'(l) = 0 


N coshMsin/V + MsinhMcos N = 0 


■*- | HI— ► 


AT'(O) = 0 


X"V) = o 


or (N tan/V + MtanhM = 0) 


Sliding-pinned 
T , , T 


X'{0) = 0 


AT/) = 0 


cos N = 0 


2E* 


X'"(0) = 0 


X"(l) = 0 




Sliding-sliding 

T T 

◄—ID) (01— ► 


X’(Q) = 0 
X’"{Q) = 0 


X'(l) = 0 
X'"(l) = 0 


sin/V = 0 



Solution. The frequency equation for a pinned-pinned beam is sin N = 0, so N = in , or 
N = iJ-U + Suz + n 2 = in 

Because 



U = and Cl = col 2 

2EI 

the expression for N leads to the exact expression for the frequency of vibration of the 
tensile simply supported beam 




COj = 




1 + 



T 

Elfin 2 



N 



r- 
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Example. Find the frequencies of vibration for a clamped-pinned tensile beam, if 
T/T e = 0.3. 

Solution. The frequency equation is 

McoshMsinTV — N sinhMcos N = 0 
n~EI 



The first Euler critical force TV = - 



(0.71) 



r , so the parameter 



77 2 I 2 

U = — - = 03T e — = 3.0201 
2 El E 2 El 



and the frequency equation becomes 



^3.0201 +V3.0201 2 + £? 



= tan (f- 3.0201 + 3.0201 2 



7-3.0201 + V3.0201 2 + = ^ 

- tanh^y 3.0201 + V3.0201 2 + Or ^ = 0 



+ Q' 



The root of this equation is fi = co/ 2 /— = 17.519, so the fundamental frequency of 
vibration of a tensile clamped-pinned beam equals 



17.519 / El 4.1845 2 [El 



P 



P 



If T = 0, then w = 
Parameters 



3.9266 2 [El 



M = \/ 3.0201 + \l 3.0201 2 + £2^ = 4.5604 
N = y-3.0201 + V3.0201 2 = 3.84152 

The mode shape coefficients are (Table 10.7) 

Cj = 1, C 2 = -tanh M = -0.99978, 

C, = - — = -1.1871, C 4 = —tanAf = 0.99973 
N N 

The modal displacement and slope 

X(x) = X(lc) = sinh 4.5604^ - 0.99978 cosh 4.5604c - 1.1871 sin3.84152£ 
+ 0.99973 cos 3.84152£ 

X'(lc) = 4.5604 cosh 4. 5604c - 4.5593 sinh4.5064£ - 4.56026cos 3.84152f 
- 3.84048 sin 3. 84152c 
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„■ is the exact critical buckling load parameter in the /th mode. 
. is the exact critical load in the first mode. 



PRISMATIC BEAMS UNDER COMPRESSIVE AND TENSILE AXIAL LOADS 



PRISMATIC BEAMS UNDER COMPRESSIVE AND TENSILE AXIAL LOADS 317 



Control. At the left clamped end 

X(0) = -0.99978 + 0.99973 ~ 0 
X'(0) = 4.5604 - 4.5602 ^ 0 

At the right pinned end 

X{1) = 47.80563 - 47.80557 + 0.76468 - 0.76468 ~ 0 

10.4.3 Mode shape coefficients 

Exact expressions for mode shape coefficients for a beam with different boundary 
conditions under axial tensile load are presented in Table 10.7. 



10.4.4 Mode shape coefficients. The case of a large U 

The frequency equation and expressions for mode shape coefficients for a beam with 
different boundary conditions may be simplified if the dimensionless tension parameter U 
is greater than about 12. The approximate frequency equations are presented in Table 10.8 
(Bokaian, 1990). Additional dimensionless parameters 



a = 



£2 

U’ 



S= -1 + 




Q 2 

U 2 



Example. Find a value of tensile load T that acts on the clamped-pinned beam so that 
parameter U would be so big it would be possible to use the approximate results presented 
in Table 10.8. 



Solution. Let T /T E = k, where k is unknown. Parameter 



TJ _ Tl 2 _ Jrr l 2 _ , k 2 EI l 2 
L ~2E~I~ kTe 2EI - k (0.7/) 2 2EI 



= kx 10.07 



So parameter U equals 12 (the case of large U) starting from k = T/T E = 1.2. 



Example. Compare the frequency of vibration and mode shape coefficients for the 
clamped-pinned beam by using exact and approximate formulas; parameter U = 12. 



Solution 

Exact solution. Parameters M and N are 

M = -J U + s/u 2 +7? = 7 12 + \/l44 + n 2 

N = —U + Vu 2 + Q 2 = •/- 12 + 7144+7? 
The frequency equation (Table 10.6) is 

M 

— tanA — tanhM = 0 
N 

The root of this equation is £2 = 22.572, which leads to parameters 



M = V 12 + V 144 + Q, 2 = 6.1289 
N = J-12 + VT44 + Q. 2 = 3.6828 



Downloaded from Digital Engineering Library @ McGraw-Hill (www.digitalengineeringlibrary.com) 
Copyright © 2004 The McGraw-Hill Companies. All rights reserved. 

Any use is subject to the Terms of Use as given at the website. 



PRISMATIC BEAMS UNDER COMPRESSIVE AND TENSILE AXIAL LOADS 



318 FORMULAS FOR STRUCTURAL DYNAMICS 

TABLE 10.8 Uniform one-span beams with different boundary conditions under tensile axial load: 
approximate frequency equations and mode shape coefficients for tension parameter U > 12 









Mode shape coefficients 


Beam type 


Frequency equation 


Ci 


C 2 


C 3 


c 4 


Free-free 


[ t3n '( 4 + 3^) +(;+1)7t ] 


2 

1 


-1 


# 

M 


M 2 




= US 










Sliding-free 


tan VU3 = — 

a- 3 


- 


- 


- 


- 


Clamped-ffee 


tanV^ = 2 + “ 2 

a 


i 


-1 


M 

~~N 


1 


Pinned-ffee 


tan \/US = 4- 
5 3 


- 


- 


- 


- 


Pinned-pinned 


sin# = Of 


0 


0 


1 


0 


Clamped-pinned 


tan VUd = — 

(X 


l 


-1 


M 

_ # 


M „ 
— tan# 
# 


Clamped-clamped 


tan \/lJ5 = a 


l 


-1 


M 

~N 


-1 


Clamped-sliding 


tan VUS = — 
a 


l 


-1 


M 

~N 


1 


Sliding-pinned 


cos N = 0^ 


0 


0 


0 


1 


Sliding-sliding 


sin# = 


0 


0 


0 


1 



^Approximate and exact frequency vibrations coincide (Table 10.6). 



The mode shape coefficients are (Table 10.7) 

Cj = 1, C 2 = - tanh M = -0.99999 

C, = - — = -1.6642, C 4 = — tan# = 1.00030 
N N 

Approximate solution. The frequency equation (Table 10.7) 

+ I) 
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or 



tan 






= 0 



The root of this equation is Q = 22.569. Parameters M, N and mode shape coefficients 
practically coincide with results that were obtained by using exact formulas. 



10.4.5 Upper and lower bound approximation to the frequency of 
vibration 

Table 10.9 gives the upper and lower bound approximation to the frequency of vibration of 
tensile beams with different boundary conditions. The parameters £2* , £2 are given in terms 
of tension parameter U (Bokaian, 1990). 

U = TP/2EL £2 = col 2 /a, a 2 = EI/pA, U* = T/T E , 

£2* = £2/£2 0 , £2* = (1 +yU*) l/2 



Example. Find the fundamental frequency of vibration for a pinned-pinned tensile 
beam. 



Solution. The value of a dimensionless natural frequency parameter is 



£2 = VlniVU, 



so 





The frequency of vibration is co = — y — . This formula coincides with the exact 

expression for the frequency of transversal vibration of the string for which m = A / — k, 
where the wavenumber kl = ni (Crawford, 1976). 

The upper bound value for the normalize d natura l frequency parameter £2 
normalized tension parameter U* is £2* = *JT+ U*, so 



m 

in terns of 



which leads to 



£ 2 * = 




TP 
; rPEI 




TP 

n 2 El 



Example. Find the upper bound value for the fundamental frequency of vibration of a 
clamped-pinned beam. Parameter T/T E = 1.1915; in this case parameter U = 12. 

Solution. The upper bound value for 

£2* = Vl +0.978(7* = Vl +0.978 x 1.1915 = 1.47149 
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